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Problem mix (10 points)

Part A. Cubic oscillations (2.5 points)

A1 A narrow straight channel passes through the center of a fixed cube with aside  2.5pt
a. The cube is uniformly charged, the charge density is p. The distance from
the cube center to the point of intersection of the channel and a face is L. In
the channel there is a particle of a mass m and a charge ¢. Find the period of
small oscillations of the particle near the center. The gravitational interaction
of the particle and the cube can be neglected. The cube and the particle are
oppositely charged.

“ 0

/

Part B. Suspension in magnetic field (3 points)
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B.1 A current I flows through a loop made of a weightless flexible wire. The loop  3.0pt
upper point is attached to the ceiling and a weight is suspended to its lowest
point. The half length of the loop is L. The loop is placed in a vertical mag-
netic field B. The system has reached a stable equilibrium in which the point
of suspension at the ceiling and the point of weight suspension are not on the
same vertical. Find the wire tension 7" and the weight P if the distance from the
ceiling to the lowest point of the loop is H.

Part C. Rod in magnetic field (4.5 points)

C.1 A weightless rod of a length 2R is placed perpendicular to a uniform magnetic  4.5pt

field B. Two identical small balls of mass m and charge ¢ each are attached at
the rod ends. Let us direct z-axis along the magnetic field and place the origin
at the rod center. The balls are given the same initial velocity v but in opposite
directions so that one of the velocities is precisely in the z-direction. What are
the maximum coordinates z,,, of the balls? Express your answer in terms of
q,B,m,v, and R. Find the magnitude of the ball accelerations at this moment
and express your answer in terms of ¢, B,m, v, R, and z -
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A% LHIET (2.5%)

A1l —EFRENELEEFI—NEKAN a WEEILGENRL, IHEHYSHE, 8 2.5pt
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B &84 : Win2F (34)
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C &5 : WinPEvFt (4.553)
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c1 —RKENRRNEEEFEETHRED BNAHE. ETNHEEES 2 MNREY  4.5pt
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A1 (2.5 pt)

T =

B.1 (3.0 pt)

T =

P=

C.1 (4.5 pt)

Zmax =

a=
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Anisotropic friction (10 points)

Force of friction is not always isotropic. Often the magnitude and direction of a friction force depend on
the direction of body motion. For example, friction anisotropy can arise in the presence of "grooves" of
a certain orientation on the contact surface of bodies (it is known that the coefficient of friction of oak
against oak along and across the grain is equal to 0.48 and 0.34, respectively). Friction anisotropy can
lead to unusual properties of motion which are studied in this problem.

What you need to know about anisotropic friction

Suppose that a surface is made of an anisotropic material. One of the most popular models of anisotropic
friction suggests that there are perpendicular axes X and Y’ (they are called primary) so that the friction
force F acting on a body will depend on the direction of the body motion as

[N
Fac = T MUy
M (1)
F, =—,
y B oy Uy

where F, and F, are the friction force components, N is a normal reaction force acting on the body,
v, and v, are components of the velocity vector v, and ., and p, are the friction coefficients along the
primary axes.

Hereinafter, it is understood that the coordinate axes on the plane coincide with the primary axes. The
friction coefficients are p, = 0,75 and 1, = 0,5 unless otherwise stated.

In parts A and B a body can be considered as point-like. The plane, on which the bodies move, is hori-
zontal in all parts of the problem.

Provide a numerical answer wherever possible.

Part A. Motion on a horizontal surface (4.0 points)

A1 Atwhat angle o, to the X axis should the body velocity vector be for the absolute  0.5pt
value of the power of the friction force be at maximum?

A.2 Atwhat angle o, to the X axis should the body velocity vector be for the absolute  0.5pt
value of the power of the friction force be 1.2 times less than maximum?

A3 Let the initial velocity have components v,, = 1 m/sand vy, = 1 m/s. After some  1.0pt
time the velocity component along the Y axis equals v;,, = 0,25 m/s. What is the
velocity magnitude at this moment?

A4 Letthe velocity be v, = 1.0m/s. Atwhat angle o to the X axis should the velocity  1.0pt
vector be for the radius of curvature of the trajectory be minimum? What is this
radius equal to? The free fall acceleration is g = 9,8 m/s”.
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A5 In a single diagram on the XY plane, sketch the trajectories of the body 1.0pt
launched at the angles «, = 7/6 and a5 = /3 for the friction coefficients spec-
ified above. The magnitudes of initial velocities are the same. Solve the same
problem for the friction coefficients p, = 0,4 and p,, = 0,7.
Part B. Conditions for the beginning of body movement (2.0 points)
B.1 A body of mass m is at rest at the origin. A force has been applied to it atan  2.0pt

angle « to the X axis. The force magnitude F(t) = ~t linearly grows with time.
Find the dependence of the moment the body starts moving on «. Ignore the
stagnation phenomenon.

Part C. Circular motion (4.0 points)

Two identical point-like masses m are connected with a weightless inextensible rod of length L = 1 m,
the system lies on a surface with anisotropic friction. The rod is aligned with the Y axis and does not

touch the surface. One of the masses is given an initial velocity perpendicular to the rod.

IS Vomax?

CA1 For a given initial velocity v, find the dependence of its velocity v on the angle  1.5pt
of rotation of the rod ¢ assuming that the other body remains at rest.

C.2 Find the maximum value of the initial velocity v,,,,x at which the other body will ~ 1.5pt
remain at rest.

Cc3 What distance will the body travel until it stops completely if the initial velocity  1.0pt




Theory

N\I‘PhO Q2-1

2020 - CHN-S-1 T-2 Q-1
Chinese (People's Republic of China)

BREFEER (10 53)

BERNAFSEREARMNN. BE, BEEAONA/NITE R A EEURTYMABNIEEI AR, 0, EYARRERE £
FHEEEAEN AE N, SFEEREZARE (BAGRABARGARTHELSIZS ANERRBEFT 0.48,
MIRARNEAR OB T ERIX G RANERREN 0.34), EENTEZOFENFESSREINFERE, 209
AR SRR M

XTERREERD, FREMENMTRE

BT REEA—MIAFEMBEIRN. HP—TRATHNSAREERNRERE, FEEEEENMH
XFY (¥R ), EEEREDELNERN F,BUATYHNIEEAE, BAENT:

[V

Fa: __||/’L:r:v:z:
v
1
g N W
Yy |7J| vy

Hp F,, F, RERINDE, N BEREWRLNERIEES, v, Mo, BEEXE IHDE, p, M, B8
S RBER R

TEHRSTFE LRSS THES. FIESHEWRE, BEEREN b, =0.75, p, = 0.5

EA. BREDH, AJLUANYEERR. ERENFIEEDH, YIKEohiFERKFN.
RAlgERRE— TR FER,

A &Ry . ATk FE LRIERD (4.0 53)

A1l ERNREXENS XHRZAAE o, BERNHENENMES ZRK? 0.5pt

A2 YEHNRERES XHREABE o, AUEERNINREMEN 1.2 /N F&K  0.5pt
&?

A3 IRMMEBIIERERREN vy, = 1 m/s, vy, = 1m/s. —EkBYEIfE, REEYHM LN 1.0pt
BREFT vy, = 0.25m/so WIRERENANESD?

A4 RMENERERNETF v, = 1.0m/s, FERES XHMHABE oy B, ¥KiEE)  1.0pt
HMIBRRF RN XPMFREFTSZ? BRFZEIMEERN g = 9.8 m/s%

A5 NTRIEHEHNERZY, T—KEBLEUMAEBEEZNASF N o, = 7/6 70 1.0pt
ay = m/3 B, ¥EE XY FEBNDT. YERENKNEER. MREEBRHN
Ky = 0.4, /JU =0.7, *ﬁﬁﬁ"ﬁﬂﬁo

B 8853 . ¥MAFEERNRIF(F (2.0 53)

B4 — M REN mBYFERLERR, SHEMN—17, #5 XHWAA o, DK 2.0pt
F(t) = vt SEYERRIELL, BBREHMA, RHZVAEMERRFIQEE SRS E RS Z)
t 5HE a XK.
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MABREN m WEDEMA B RBE, ITFEaREERNNREL, FEKEN L=1m BNERERFIHET
&%, HAEYHARKE, HEFSTREEM. LHEP—MIE—EETHHGEERE,

C1 IREVENVIREEN v, REBFEERE v STREERAE o WXR, RIZFLRIE  1.5pt
5B — R FER LIRS

C2 REMEEERIRAE vyma> EXNMEL, H—TWEIDFERT KRS, 1.5pt

C.3  ZMELIAIARE vymay BEIES, MAFREIRSELEZMESHNEERES? 1.0pt




] HE
Theory

/\l ’ dPh o"' CE;:. T-2 A-1 Az - 1

2020 Chinese (People's Republic of China)

FRFERIEET (10 points)

A.1 (0.5 pt)

0412

A.2 (0.5 pt)

a2:

A.3 (1.0 pt)

A.4 (1.0 pt)

Gf3:
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Laser technologies (10 points)

When solving the problem, use the following values of the physical constants:

the speed of light in vacuum ¢ = 3.00 - 10® m/s;
Planck's constant = 1.055-10734] - s;

N-m?.
CZ 1

constant in Coulomb's law and electric constant k = ﬁ =28.99-10°

elementary charge e = 1.60 - 10719 C.

Part A. Classical superradiance model

A laser is a source of coherent optical radiation. Laser radiation is generated when a large number of
atoms transferred to an excited state by external action (pumping) emit photons with the same phase
and polarization. A consistent theory of laser radiation is based on quantum mechanics but some aspects
of this phenomenon can be understood by means of classical electrodynamics.

Let us first consider emission of a photon by a single atom. According to classical electrodynamics, an
atom can be regarded as dipole emitter. In this model an electric dipole is associated with an atom
comprised of an immobile atomic nucleus with a positive charge +¢ and a negative charge —q oscillating
harmonically around it (the negative charge is located at the center of the charge distribution of electron
cloud).

Here the atomic dipole moment oscillates according to the law p(t) = p,, cos(wt+¢). The cyclic oscillation
frequency is related to the energy of emitted photons by the Planck relation £, = hw. Hereinafter the
frequency of photons means cyclic frequency. The radiation power of a classical system with a variable
dipole moment P(t) is given by the formula

L\ 2
2k AP
W:3c3<<dtQ> ) (1)

where the angle brackets stand for the averaging over the oscillation period.

A1 An atom emits light with a wavelength A, = 300 nm. Using the classical model  1.0pt
estimate an emission time 7 (that is, the period of time it takes the atom to emit
the energy equal to that of a single photon). This time coincides with the charac-
teristic time, during which the atom emits a photon, by the order of magnitude.
All radiation is due to a single electron located at a distance about a, = 0.1 nm
from the nucleus. Express your answer in terms of the physical constants, X,
and ay.

Suppose N atoms in a certain volume are transferred to an excited state by a short-term pumping action.
It is known that one atom emits a photon with a frequency w for a characteristic time 7.

A.2 Estimate the power W, of electromagnetic radiation of all N atoms in the spon-  0.25pt
taneous emission mode, i.e. when the direction of atomic dipole and the phase
of its oscillations randomly change from atom to atom. In your answer write
down the formula for the power in terms of N, w, and 7.

A3 Estimate the duration of the spontaneous emission pulse of this system of 0.25pt
atoms. Express your answer in terms of the same quantities.
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A4 Estimate the power W, of electromagnetic radiation of all N atoms in the su- 0.5pt
perradiance mode, i.e. when the direction of atomic dipoles and the phases of
their oscillations are the same for all atoms in the excited state. Express your
answer in terms of N,w, and 7.

A5 Estimate the duration of the radiation pulse of the system of atoms in the su-  0.25pt
perradiance mode. Express your answer in terms of the same quantities.

Part B. Nonlinear optics and pulse compression

Pulses of even shorter duration can be obtained by reducing the duration of already generated laser
pulses. A pulse duration At and a dispersion of frequency of pulse oscillations Aw (spectral width) are
related by the inequality AwAt > 2x. Laser pulses generated in the superradiance mode already have
the shortest possible duration for the given dispersion of frequencies, At ~ g—go. Therefore, the pulse
duration can be reduced in two steps: first, increase the spectral width of the pulse (without changing
the duration) and second, compress the pulse in time.

One of the most common ways to solve the first problem is pulse chirping. This method is based on
the use of nonlinearity of a medium, i.e. dependence of the refractive index of the medium n on the
amplitude of oscillations of the electric field E,,, of the wave. The dependence is of the formn = ny+n,E2,,
where n, and n, are some constants specific for the medium. Nonlinear effects are small, e.g. in quartz
at a light intensity I, = 10° W/cm? the refractive index increases only by n, E2,, ~ 3.2-1077. The intensity
50nocE2

m*

of an electromagnetic wave in a medium is determined by the formula I =
Consider a pulse of duration At, with a small dispersion of frequencies Aw, ~ ﬁ*ﬁ,' the average pulse
frequency is w,. An approximate dependence of the electric field on time in such a pulse is shown in the
Figure. The speed of the wave maxima is the same at the pulse edges and in the central part it decreases
due to the nonlinearity effects. Because of that the total pulse duration does not change, the frequency
increases at the rear part of the pulse and decreases at the front. Such a pulse is called "chirped".
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B.1 Let the amplitudes of two wave maxima be E,,; and E,,,. Find the difference  0.5pt
in their propagation speeds Av. Express your answer in terms of ng,no, ¢, E, 1,
and E, .

B.2 A light pulse with a wavelength in vacuum of A\, = 300 nm and a maximum  2.0pt
intensity of I, = 3 - 10° W/cm? propagates along the axis of a quartz fiber. As-
sume the envelope of a time dependence of the electric field squared E2,(t) of
the wave to be a parabola. How far (find the distance s) does the pulse propa-
gate along the fiber before its spectral width increases by the factor of K = 200?
Express your answer in terms of K, Ay, n,, E,, and calculate the numerical value
(in meters, rounded to an integer).

To compress a chirped pulse in time one can pass it through a medium in which the group velocity of the
wave depends on its frequency. For the medium under consideration, the dependence of wavenumber
on frequency in the vicinity of the mean frequency w, can be represented as k(w) = ky + 3;(w — wy) +
%2 (w—wy)?, where 3, = 5ns/mand |3,| = 20 fs2/mm.

B.3 What sign should the constant 3, have in order for the pulse chirped accord-  0.5pt
ing to the scheme described above to be compressed in time in this medium?
Please, indicate "+" or "-" in your answer. In what follows consider that 3, has
exactly this sign.

B.4 A pulse described in B2 has a duration At, = 10 ps and an initial spectral  1.0pt
width Aw, ~ 27/At, (before chirping) and propagates in the medium described
above. Find the distance the pulse should travel in order to achieve the mini-
mum possible duration after chirping with spectrum broadening by the factor
of K = 200. Express your answer in terms of physical constants, K, A¢,, 8;, and
B, and calculate the numerical value in meters, rounded to an integer.

B.5 Nonlinearity of a medium leads to disappearance of diffraction of a light beam  1.5pt

of sufficiently high intensity. Estimate the minimum power of a light pulse W,
at which it does not experience diffraction, i.e. propagates inside a narrow
cylindrical channel of constant radius. Express your answer for W, in terms of
physical constants, frequency wy, ny, and n,. Assume the intensity distribution
over the channel cross section to be approximately uniform. Find the numer-
ical value of the power for a pulse with a wavelength in vacuum A, = 300 nm
propagating in quartz. Coefficient n, = 1.47.

Part C. Exoplanets

In astronomy observations of luminous objects are being made for long periods of time. This makes it
possible to study variations of their emission spectra. Spectral measurements can detect planets orbit-
ing distant stars -- "exoplanets". Exoplanets do not have their own radiation so one is bound to study
radiation spectra of their stars. If the line of sight from Earth to an exoplanet lies almost in its orbital
plane, such an exoplanet can be discovered by a decrease of the star brightness at a moment the exo-
planetis crossing the star disk. However, if the orbital plane is tilted with respect to the direction to Earth
this method does not work.
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CA1 Propose a method that would allow one to detect an exoplanet with a notice- 1.0pt
able inclination of its orbital plane with respect to the line of sight by means of
studying the spectrum of its star in the optical range. As an answer name the
physical phenomenon underlying your method.

C.2 Suppose an exoplanet of mass m orbits a star of mass M in a circular orbit of  1.0pt
a radius R and the period of revolution is T. The orbital plane is at an angle ¢
to the direction to Earth. Estimate the accuracy of the relative frequency mea-
surement, Aw/w, required to detect such an exoplanet by your method. In your
answer express Aw/w in terms of the fundamental constants, R, 7,60, m, and M.

c3 Assume the mass of the exoplanet and its star to be equal to the mass of Earth  0.25pt

and the Sun, respectively. Assume the radius of the circular orbit to be equal to
the distance from Earth to the Sun (R ~ 1.5-10!! m), the angle § = 60°. The Solar
mass is 330,000 times of the Earth's mass, the period of the Earth's revolution
around the Sun is 1 year. Find an integer n such that 107" is the accuracy of
relative frequency measurement required by your method. Usage of ultrashort
(femtosecond) laser pulses makes it possible to measure frequencies in the op-
tical range (10'° Hz) with an accuracy of about 10 Hz. Is this accuracy enough to
register the exoplanet?
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AR, ERTIYREEHRE,

BEEHRRMIRE c = 3.00- 105 m/s

YU EBATREE h=1.055-107%4J - s,

BECTE R REAERE k= L =899 10° M,
BAREE e =1.60-107 Co

AEB53. FHEBIRTIREY

HOtSRERTRRSICR. BENNTEMERTAERFEMNIER CRE) TRAMAS, RFHAESR
MERUMRRE L F. BRI— 1 —EBVEOCRNIEE, SEERETFNE, BHIENELESE R UER)
FL2 BN KIBAE,

IBRIMNEEZEBRBENRFRNAFHNER. NEHRBHAFNEERE, —MEFIUREER— P BEBER
REE, EXMERRP, — P BEEILRFSRFEXEK, A— P FEINFEBRNRFZIIN, SHBREAN +q,
ARBREN-q, TERAREREMIRE (UTFBEFNEAIHR0), EXHERT, RFNERERERR
P(t) = Dy, COS(wt + ) Bibo BIFRHIMRS KGN FHIRBEREMRRR £, = w XK. TELL, HFHIIAR
AT, —MEGATBIENZHRAZKNIERINE P(t) ARTURE,

ok (&P’

Hp, AESRANRZEAMINFYE,

A1l REFRHRIFKKI A, =300 nm, FIAZHEKR, EitRFHOLHFIE T (BREF 1.0pt
ASREEEFT— M FREEFMARNE), XPIESRF &K — DI FRIIFHIERE]
EHEL LAME. FMENERNHRREERFZY 0 =0.1 nm B—TEBF~EN,
BERYIEER N M o) KRTRIMPER,

RIRE—EAHRA, N TRFEDEHRBEARENALS, BERM—TMRFEFILENE r ARFH—TAMEN
w BIHEF

A2 FERIEERESRE, AARRFIBRFISRMEIRHEMNMENZN, EitFr  0.25pt
BN NRFHIBKBHIBHIIR W, ERNERT, UN, oM r ARUTHESR,

A3 EEZEFRABRAZGEOPNFSENE,. EAERNYIEERRTFNESR, 0.25pt

A4 HBEFA N PNRFEBREIMRTRIRBENIIER W, BFERFERARKETH  0.5pt
RFBRF 75 B RERHBAEREARSI IR, LN, oM r HBEMUEHESR,.

A5  (ETBESEA TRFRGEFMOPRSE,. BERNYEERTMIINESR, 0.25pt

B 8843, IELRMESEFRIBK R ESLE
BT ELE BEF ERHICBORRIREETIE], RIS RIS BIERERIBKA. RRAPREEETIE] Ar MBKRRIFEIE BL
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Crystallography

Errors - no evaluation required. A list of equipment and recommendations for its use are at the very end
of the problem.

Introduction

Crystallography is when a football stadium-sized synchrotron is used to measure distances on the order
of several angstroms (the length of the peptide bond between amino acids 1.3 A).

The main object studied in crystallography is a crystal. It can be thought of as one periodically repeating
element in space - a unit cell. (Fig. 1)

Figure 1: Unit cell represents whole crystal.

If p(Z) is some real function that describes the structure of the unit cell (for example, the positions of
atoms or the density of electrons) and a}, a,, a5 - lattice vectors (may not be perpendicular to each other),
then a complete crystal can be generated using the following equation:

p(f+651+f62+gd3):p(f>7 e,f,g,EZ. (1)
In the case of 1D or 2D crystals, one (a;) or two vectors (a; and a,), respectively, is sufficient to create a
crystal from a unit cell.

The main task of the crystallographic experiment is to determine the crystal structure (in particular,
p(f>7(fl7(f27(f3)'

photographic
plate o S i
crystal e AR WA
— --\&{‘r--
—’ - > - el -
X-rays — L L
B Ao AP TRENIN A
diffracted iy

beams r
difraction pattern

Figure 2: Scheme of a crystallographic experiment.

Due to the periodicity of the crystal, one method that can be used to determine the structure is radiation
diffraction.
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In the crystallographic experiment (Fig. 2), an incident beam with intensity I,, wavelength A and wave
vector k;, (|k;| = 2w /)) passes through the crystal (in the case of a 2D crystal k,, it is perpendicular to the
crystal plane). The diffracted beam has the same wavelength ), wave vector k., |k,| = |k;| and can be
denoted by the scattering vector ¢ = k, — k; (Fig. 3). It is clear that ¢ = 2k, sin(6/2). The angle ¢ between
k, vk, can be considered much less than one, that is, ¢ << k;.

Elastically scattered beam |k s| = ’k,|
2 /\ka -k,
pan ﬂ//e

L

Incident beam |k‘| = 27[//1 Sample

Figure 3: Scattering vector.

The complex amplitude F(q) of the diffracted ray ¢ is called the structure factor (since it is determined
by the crystal structure) and is denoted F(g). It has a module |F| and ¢ phase:

F(q) = |F| - exp(ip). )

The measured intensity I(g) is the square of the modulus of the complex amplitude:

I=|F|?=FF*. (3)

Further processing of these intensities gives the densites p(Z). Usually the crystals under investigation
contain small inorganic (salts or complex compounds) or even large organic molecules (proteins or DNA),
and the density p(z) determines the atomic positions of the compound. In this case, coherent X-rays with
awavelength of 1+10 A(for example, synchrotron radiation) are used, corresponding to typical distances
between atoms. If the distances are greater, a different wavelength should be chosen (for example,
visible light can be used for optical gratings).

Now you will try to become a crystallographer. In Part A, using the example of a diffraction grating
(1D crystal), we will study the basic laws. In Parts B, C, D you will define the lattice parameters, unit cell
symmetries and then the detailed structure.

A. From slit to crystal

The simplest example of a crystal is an optical diffraction grating - it can be viewed as a one-dimensional
crystal. Such a crystal has a slit (width b) and an inter-slit gap as a unit cell (Fig. 4A). The lattice period
a, = a is a one-dimensional vector that generates the crystal.


xunk
高亮
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A \x

Figure 4: Unit cells (A and B) of a 1D crystal (diffraction grating). The non-transparent areas
are shown in black.

When observing Fraunhofer diffraction on a diffraction grating, the light intensity I depends on the light
propagation angle 6 as follows

2 2

z<9>10(5m(w)) ~(Si”(ﬂb§m6)) , @

T N2 sin(rraiin0> (ﬂbi\ine)

where I, istheintensity atd =0, N isthe number of illuminated slits of the diffraction grating.

To understand equation 4, you need to know that:

. sin
lim >=2 = 1. (5)
z—0 T

A.1 Write the formula 4 using the scattering vector ¢ (¢ < &;). 0.3pt

A.2 Find scattering vector ¢ for the maximum numbered A for a diffraction grating  0.2pt
with a period a.

A3 Let ¢, be the scattering vector for the first maximum. Express ¢ in terms of ¢;  0.2pt
for intensity maxima. How are ¢; and a related?

A4 Observe the diffraction of samples DG1-DG5. Determine experimentally ¢;, and  1.0pt
a for each sample. Draw a scheme of your setup, write the quantities you mea-
sure, and write down the formulas for the calculations.

A5 Conduct an experiment and determine the a/b ratio for samples DG3, DG4, DG5.  1.5pt
Explain your solution using formulas, diagrams, and pictures. It is known that
b<a/2.

It can be noted that the period of the crystal a; = a is responsible for the periodicity of the diffraction
maxima, and the unit cell parameters (slit width b) are responsible for the intensity of the maxima. This
fact is used to simplify the calculation of the relative intensities of the maxima by using the structure
factor F(q):

Fg) ~ / pl) expliqr)d, (6)

where p(x) - is transmission (the ratio of the amplitudes of the transmitted wave to the incident wave), ¢
- the scattering vector, which describes the position in the diffraction pattern. Integration is carried out
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over the entire unit cell. If we replace ¢ with the position of this or that maximum, it will be possible to
find the relative intensities of the maxima as I = |F|?. Here and below p(z) € R.

The positions of the intensity maxima for crystal diffraction (called reflexes) can always be represented
as a sum of vectors (called reciprocal lattice vectors):

1-D:¢=h-q,, where h € 7,
2-D:G=h-q, + k- g, whereh,kcZ,
3D:G=h-q +k-G+1- Gy whereh,k,l € Z.

Thus, each reflex for a 3D crystal can be denoted by three numbers (h, k,1) (and (h) for 1D and (h, k) for
2D) and has its own complex amplitude F(h, k, 1) and intensity I(h, k,1).

A.6 Write down p(z) for the unit cell of the diffraction grating from A1 (Fig. 4A).Use  0.7pt
the coordinate system as shown in the figure. Suppose that the unit cell is such
that the period of the lattice a is p times the width of the slitb: a = pb, p € N.
Calculate the structure factor F,(h) for this unit cell for reflex . Record your
answer using h and ¢;. What maxima have intensity 0? Write the equation for
h for such maxima.

A7 Consider another unit cell (Fig. 4B) of the diffraction grating. Calculate the 0.7pt
structure factor Fiz(h) for this unit cell for reflex h. What reflexes of this diffrac-
tion grating have an intensity of 0? Write the equation for i for such reflexes.

A.8 These two diffraction gratings described above are illuminated with light of the  0.4pt
same intensity. Find the quotients 1, ;,_/Ip o and I ;,_1/Ip ;.

B. 2D crystal
In this part you will go through the first step in defining the structure - finding the lattice parameters.

The reciprocal lattice vectors in the case of 2D

Figure 5: 2D crystal with vectors a; and a;, as lattice vectors. The points represent the positions
of the atoms in this crystal.

Let us consider diffraction on a two-dimensional crystal. A schematic 2D crystal of point atoms is shown
in Fig. 5. Lattice vectors a; and a, has an angle « < 90° between them.
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If the plane of a given 2D crystal is placed perpendicular to the beam, then a periodic diffraction pat-
tern appears on the screen behind the crystal, the position of the maxima of which is described by the
expression g =h-q, + k- g, where h,k € Z.

You can get an idea of such a diffraction pattern by looking at the diffraction patterns of UC1-UC7 sam-
ples.

B.1 Find the angle 3 between the vectors ¢, and ¢, and their lengths ¢,, ¢,. Please  1.0pt
note that these vectors must be of minimum length and the angle between
them must be < 90°. Express your answer through the crystal parameters
aq, a4, (Fig. 5)

Samples UC1-UC4: the simplest 2D crystals

Consider four 2D crystals A, B, C, D (Fig. 6). These crystals have a square unit cell with perpendicular
lattice vectors of equal length. The unit cell of each crystal contains an atom (a non-transparent square
with a side b on a transparent film). Unit cells C and D also contain displaced atoms of the second type.
In crystal C, the size of an atom of the second type ¥’ is larger than that of the first: ¥ > b. In crystal D,
the second atom is the same size as the first, and is displaced half a period to the right and half a period

up.

B.2 For crystals A and D, find the complex amplitude modulus |F(h, k)| for the reflex ~ 1.0pt
(h, k). Express your answer in terms of a (crystal period) and b (atom size). It
is enough to indicate an expression that is true for all reflexes except for the
central one (h =0, kK = 0)

A B
b b
a"\ a’lf é/l)

Figure 6: The unit cells for crystals A-D are square. It is known that ag > a,. No other size
ratios are known.

B.3 Look at the diffraction patterns of samples UC1-UC4. For each UC1-UC4 sample,  0.6pt
experimentally determine the crystal lattice period ay 1, aycar Ayes: ayca-

B.4 For each UC1-UC4 sample, find the corresponding crystal structure among Fig.  0.4pt
6. Explain your choice using diagrams, pictures and formulas.

B.5 Determine the size of the atom b. 0.8pt
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Samples UC5-UCé6: Still Simple 2D Crystals

B.6 Observe the diffraction patterns of samples UC5, UC6, UC7. Determine experi-  1.2pt
mentally the parameters a,, a, and the angle « for each sample. Explain which
parameters of the diffraction pattern you are using with the help of diagrams
and figures.

C. Crystal Symmetries

The second step after calculating the parameters of the unit cell is to determine the symmetry of the unit
cell.

Symmetries: Understand Theoretically

The unit cells of real crystals often contain several molecules with some symmetry between them (Fig.
7). Knowing these symmetries greatly simplifies the process of defining the structure. The symmetry of
the unit cell causes reciprocal symmetries and systematic absences (reflexes with zero intensity for each
unit cell with this symmetry). Systematic absence is determined by special conditions for k and & (Fig. 8).

Typical Symmetries for Reflex Intensities:

* mirror symmetry about some straight line. This line is called the axis of symmetry and is denoted
by the equation of this line;

* rotational symmetry of order m (denoted as C,,, for a specific center of rotation, m € N). When
rotated through an angle of 360° - n/m, n € Z, the picture transforms into itself).

Figure 7: This unit cell has the rotation symmetry C,: rotation around the red axis by n - 90°
degrees, n € Z gives the same cell.
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B :ﬂ: D
P T I
-4 : : : 4

Figure 8: Reflexes (h = 2n+1, k = 0) are systematically absent. Note: Reflex (0, 0) with relatively
high intensity is omitted here for clarity.

Figure 9: Diffraction image of 2D crystal.

Consider a diffraction image (Fig. 9) from a 2D crystal with perpendicular lattice vectors equal to each
other (a; = a,). This diffraction image (only reflexes with |A[, |k| < 2) is shown in the figure.

C.1 Specify h and & for the point that will be the center of rotation. What orders of  0.3pt
rotational symmetry m are possible for a given image? Draw all possible axes
of mirror symmetry in the image. Name your lines.

The axis of symmetry is - a straight line, which means it can be indicated as an equation of the straight
line ¢, - q, + ¢, -q, =d, wherec,, c;, d are some coefficients.

C.2 Specify the equation of the straight line for each axis of mirror symmetry drawn  0.2pt
in the previous task. Do not forget to note which equation corresponds to which
line.

c3 For each rotation symmetry and axis of mirror symmetry, write down the corre-  0.4pt
sponding notation (C,,, for rotation and equation for mirror symmetry) and the
equation for the intensities (q,, g,), which should take place if this symmetry
element is present.

c4 Write down the equation for the intensities of the reflexes (h, k) and (—h,—k).  0.2pt
What symmetry from question C1 corresponds to this equation? Explain your
answer.

Let us consider some crystals with unit cells as in Fig. 10. Black squares represent non-transparent
elements, white squares represent transparent elements. The unit cell of crystal 2 was obtained by mirror
symmetry of the initial unit cell relative to the = 0 axis. The unit cell of crystal 3 was obtained by the
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mirror symmetry of the initial unit cell about the y = x axis. Crystal 4 is obtained by shifting the original
one by the vector (z,, y;).

C5 Using the definition of the structure factor and symmetry find the structural  0.4pt
factors fz(qgﬂ,_qy), f3(a,,a,)s fala,,q,) for crystals 2, 3, 4, respectively. Express
your answer in terms of the structure factor F(q,,q,) = f,(q,,q,) of crystal 1.

c.6 Consider an arbitrary 2D crystal (Fig. 5). Indicate what orders of m symmetry  0.5pt
of rotation can be in 2D crystals. Explain the answer.

:ﬂ F:

-

I
1. initial 2.x=0 3.y=x 4. moved

Figure 10: The unit cells of crystals 2, 3, 4 were obtained from 1 using different symmetries.

Symmetries: Observe Experimentally

The answer sheet contains unit cells for the patterns PG1-PG9. Having studied the symmetry of unit cells
and diffraction patterns, and reflex absences, we will find a correspondence between them.

Cc.7 Determine what symmetries the crystals with unit cells K, L, M, N, and P, Q, 0.9pt
R, S, T have. (Fig. in the answer sheet). Draw the axes of mirror symmetry, at
the bottom of the picture indicate which rotational symmetries are present on
it.

cs8 Observe the diffraction patterns of the samples PG 1, 2, 5, 8. These samples  0.8pt
correspond to the unit cells K, L, M, N. Determine what symmetries the given
diffraction patterns have. Find the correspondence between patterns and unit
cells.

The symmetries of diffraction patterns can be calculated using the sum rule (the complex amplitude of a
complex object is the sum of the complex amplitudes of the parts of that object) and knowledge of how
the symmetries change the complex amplitudes of the terms. In addition, the sum rule allows you to
define absences.

co Observe the diffraction of the samples PG 3, 4, 6, 7, 9. These samples corre- 1.0pt
spond to the unitcells P, Q, R, S, T. Find the correspondence between samples
and unit cells. Explain your solution using formulas, diagrams and pictures.
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C.10  Observe the diffraction pattern of the UC8 sample. Could this sample beacrys- 0.3pt
tal? Explain your answer.

D. You still need phases ...

When you know the parameters of the unit cell and the symmetry of the unit cell, it is time for the last
step - to determine the complete structure of the crystal.

Phase problem ...

When radiation is scattered by a crystal, the complex amplitudes can be calculated using the formula
(the so-called Fourier transform)

F@ ~ [ p(@)- explida)ds. @)

To determine the density of a crystal using a diffraction image, it is necessary to perform the inverse
Fourier transform:

(@) ~ [ F@)- exp(~ita)da ®)
Since we have discrete reflexes, the above formula can be written as follows

p(E) ~ Y |F(q)|e’ - exp(—igi), (9)

where summation is performed over all reflexes. In fact, it is enough to take only the brightest reflexes,
since their contribution to the sum is the largest.

The experimentally measured intensities I(g) make it possible to determine only the modulus |F(q)|.
Unfortunately, the intensities do not contain information about the phases ¢, so itis impossible to directly
calculate p(Z) from the intensities. This problem is called phase problem.

The usual way to solve the phase problem is to get some approximate phases, then calculate the density
of the crystals using them, then update the phases using that density, and repeat this until you are
satisfied with the resulting structure.

There are several methods for obtaining initial phases. One assumes that you already have a known
crystal structure, and that the known and unknown crystals are structurally similar. In this case, you can
simply use the phases calculated from the known structure with the measured intensities in the inverse
Fourier transform (9) for the unknown structure.

... which you successfully solve

You have 3 different 2D crystals: MRO, MR1, MR2. The unit cell of each of them is a 4x4 square, with
some squares non-transparent (p = 0), and others transparent (p = 1). The unit cell MRO is known (Fig.
11). The structures MR1 (possible variants are shown in Fig. 12) and MR2 (contains 7 white squares) are
unknown, but you know that they are quite similar to MRO.
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Using the above approach, you will define the structures MR1 and MR2. Reflexes phases (in radians) with
|h], |k] <2 were preliminary calculated (Fig. 13) for the MRO structure (in the coordinate system shown in
Fig. 11). Hint: the imaginary parts of the densities Imp(Z) vanish with good accuracy, which means that
it is enough to take into account only the real part of each term (9).

0 X
Figure 11: MRO structure with coordinate system. White squares - transparent, black - non-

transparent.
W X Y VA

Figure 12: Possible unit cells of the MR1 crystal.

2 (3.142 0.4636 0] -0.4636 3.142
1 0 -0.4636 2.034 -1.571 0]
0 (3.142 -1.571 0] 1.571 3.142
k -1 0] 1.571 -2.034 0.4636 0]
-2(3.142 0.4636 0] -0.4636 3.142
-2 -1 0] 1 2
h

Figure 13: Reflexes phases (in radians) for the MRO structure for the |h| <2, |k| < 2 reflexes.

D.1 The crystal (MRO or MR2) is illuminated with light with an intensity of 1,. Find  1.0pt
the intensity of the maximum at ¢ = 0.

D.2 Determine the structure of the unit cell of the MR1 crystal. The MR1 crystal has  2.0pt
one of the indicated units cell (Fig. 12). Describe your solution.

D.3 Determine the unit cell structure of the MR2 crystal. The structure of MR2 is  2.0pt
similar to MRO: two non-transparent squares have become transparent.
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Equipment

Equipment list

© v x No Uk WwWDN =

Figure 14: Equipment. In the upper left corner - details of the intensity detector.

Multimeter

Photodiode with magnet

Battery

Resistors 10 kOhm and 200 kOhm
Splicing Connectors (4 pcs.)
Battery holder

Red laser (wavelength A = 630 nm)
Laser stand

Needle

Masking tape

. Screwdriver

Ruler

. Large clips (2 pcs.)

. Tape Measure

. Slides ("Diffraction grating", "Unit cell", "Plane group", "Molecular replacement") with samples
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16. Film for reducing laser intensity

17. Small clips (4 pcs.)

18. Slide holder (needs to be assembled)
19. Graph paper

20. Cardboard

21. Tablet with magnetic layer

Samples

L/

| IPhO" |

Lo/ =]

// /‘

// ///

Figure 15: Place and illuminate the samples as shown.

Samples should be illuminated with a laser as follows. Position the sample so that the caption (slide title
in English) is on top of the slide and reads from left to right. In this case, the laser should be in front of
the slide, and the screen for observing should be behind the slide (Fig. 15).

Intensity detector

Figure 16: Items of the intensity detector.

To measure intensities, use a photodiode connected to a voltmeter, resistor and battery according to the
circuit shown in Fig. 17. In such a circuit, the current through the diode is proportional to the intensity
of the incident light.

Pay attention to the polarity of the connection. On the battery block, the red wire is positive. By default,
use a 10 kQ resistor, in case the measured intensities are very small - use a 200 kQ resistor.

To use the connectors (fig. 18), do the following. Lift the lever up, insert the wire into the connector,
lower the lever. All three connector points are electrically connected to each other.
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N red
%

)

+

|
I\ red

Figure 17: Intensity detector circuit. Pay attention to the polarity of the connection.

Figure 18: Scheme of splicing connector. All three connector points are electrically connected
to each other.

Laser

Mount the laser in the stand 8. Use a large clip to fix the laser on. If you need to make the laser beam
narrower, then seal the laser hole with masking tape and make a hole in it with a needle. If you want to
reduce the intensity of the laser - use a darkening film. Figure 19 is for your reference about that.

IWARNING! Direct exposure to the laser beam is hazardous to the eyes. Do not point the laser beam at
yourself or other people. If you don't use the laser - turn it off.

IWARNING! A sharp needle is dangerous: you can get hurt! Use it carefully. When not in use, put the
needle in the protective cover.

Figure 19: Laser is kept switched on using large clip. To reduce beam size use sticky tape and
a needle. Darkening film in a holder (large clip) to reduce laser intensity.
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Pho.rs: Cubic oscillations

Cubic oscillations

Pemenne

[

4

Ycaosue

Pemenne

Pazbannoska

A1*" A narrow straight channel passes through the center of a fixed cube with
aside a . The cube is uniformly charged, the charge density is p . The distance from
the cube center to the point of intersection of the channel and a face is L . In the
channel there is a particle of a mass m and a charge ¢ . Find the period of small
oscillations of the particle near the center. The gravitational interaction of the
particle and the cube can be neglected. The cube and the particle are oppositely

charged.

We will use a coordinate system with axes parallel to the cube’s edges, with the
origin set at the cube’s center. Assuming the particle is at coordinates (z,y, 2)
r<a,y<a,z<a,wewill find the force F acting on the particle, by splitting
the cube a x a x a into a rectangular cuboid (a — 2z) % (a — 2y) x (a — 2z) and

three sauare plates of thickness 2z . 2y and 2z .

\

£Z,
____}rl__
L @

A

Events

s 4

A

The particle is in the center of the cuboid, so there is no force from the cuboid.

Let us find the force between a particle with a charge g and a uniformly charged
square plate of small thickness h and edge length a . The plate’s charge density is p

, the particle is placed above the center of the plate at distance a/2 .

&

a
/2
L N [~ 5
or
Due to symmetry and Gauss’s law, the flux of the particle’s electric field through
the plate is
oL,
6e¢
Hence, the force
h
F=0%= ﬂ,
6eg

where o = ph is plate’s surface charge density.
Three square plates act on the particle with forces 1*:1 = Zﬁ.i s F-Z = q}ﬂy ,and
320 3%
Fy = gi . Net force F = Fy + F5 + F3 = ;f'a?, where 7 is the position vector of
0 €0
the particle.

The particle’s equation of motion

o ap -
mi = —7
0

3e

is an equation of simple harmonic motion with period

3meg
T =2m %
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Suspension in magnetic field

Pemenne

I YcaoBue

[

Pemenne

4

Pazbannoska

http://pho.rs/p/111/s

B1* A current I flows through a loop made of a weightless flexible wire. The

loop upper point is attached to the ceiling and a weight is suspended to its lowest
point. The half length of the loop is L . The loop is placed in a vertical magnetic
field B . The system has reached a stable equilibrium in which the point of
suspension at the ceiling and the point of weight suspension are not on the same
vertical. Find the wire tension 7" and the weight P if the distance from the ceiling to
the lowest point of the loop is H .

First approach .
The Ampere's force acting on a short piece of wire of length di is

Fony = 1d1  B.
The net force acting on this piece is

F=T +T,+Idlx B=o. (1)

Here 1:1 and 7:2 are tension force of the wire acting on the two end points of the
piece. .
Projected on the dl, this equation reads:

T =T

Therefore, the tension is constant along the wire.
Let 73(1) be the tangent vector of the wire at the distance I from the point of

suspension. The equation (1) reads

T+ Ty + Idl x B =di(T di(l)l + If(l) x B) =0,

i)l = 7%%) « B.

This equation implies that

B-di(l)l =0 = B-n(l) = const.

The tangent vector of the wire 7 is at constant angle to the magnetic field. In the
horizontal plane the tangent vector is rotating at a constant speed. Thus, each side
of the loop has the cylindrical helix shape, i. e. it is winding around some cylinder
and making the constant angle

\marginnote {\textbf{0.3 pt} - helix shape} « to the magnetic field. To find the
radius of this cylinder, let's write the equation in the projection on the horizontal
plane:

Arigylay sin(a) = —%ﬁwy x B.

The tangent vector of the wire 7 is at constant angle to the magnetic field. In the
horizontal plane the tangent vector is rotating at a constant speed. Thus, each side
of the loop has the cylindrical helix shape, i. . it is winding around some cylinder
and making the constant angle

\marginnote {\textbf{0.3 pt} - helix shape} « to the magnetic field. To find the
radius of this cylinder, let's write the equation in the projection on the horizontal

plane:

Arigylyy sin(a) = — =iz x B.

R= %sin(a). (2)

At the point of the weight suspension we have the balance between three forces:
two forces of tension(from each side of the loop) and the gravitational force of the
weight, which is vertical. These three forces should be in the same vertical plane.
Therefore, both sides of the loop are winding around the same cylinder. Each half

of the loop should make a half-turn around this cylinder.
Thus, the length of the half of the loop is

L=,/H”+ (7R)*

Therefore,

1

R=—=\I"-H'= %Lsin(a). 3)

™
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The tension force of the wire can be found from equations (2) and (3)

IBR _ IBL

sin(a) 7
The suspended weight is

H
P = 2T cos(a) = ZTT.

2IBH
P= .
g

Second approach
Stable equilibrium corresponds to a minimum of potential energy. The potential

energy is a sum of the gravitational energy of the weight and of the energy of the
loop in the magnetic field. Let S be an area of the loop projected on the horizontal

plane.

E, = —PH—ISB.

E, depends on two variable parameters: H and S . Note that we can change the
form of the projection (not changing its length) of the loop onto horizontal plane
without changing H . Thus, the minimum of the potential energy corresponds to the

maximum area of the projection with fixed length — a circle.
Now, if the projection is fixed, the height H is maximal if the wire makes a

constant angle with the vertical axis. Thus, the wire has a shape of cylindrical helix
— each side is winding a cylinder, while making constant angle a with vertical
axis.

Let R be the radius of the cylinder.

Then

§= R = —(I - H?).

B, — —PH - IBL(1? — 1.
™

The condition for the minimum of the potential energy is

12234

— =o.
OH

2IBH

The force balance equation at the point of weight suspension:
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C1* A weightless rod of a length 2R is placed perpendicular to a uniform
magnetic field B . Two identical small balls of mass m and charge g cach are
attached at the rod ends. Let us direct z -axis along the magnetic field and place the
origin at the rod center. The balls are given the same initial velocity v but in
opposite directions so that one of the velocities is precisely in the z -direction. What
are the maximum coordinates 2y, of the balls? Express your answer in terms of
g, B,m, v, and R . Find the magnitude of the ball accelerations at this moment and

express your answer in terms of ¢, B,m, v, R, and zpay .

The equations of motion of the centre of mass of balls is:

2mﬁc:q[(51+iz)xl§] :q[icxé],

where 9 is the velocity of the centre of mass, v7 and v are velocities of balls.

Notice that ve = 0 at the start of motion then ve remains equal to 0 always.
The equation for the rotation of the ball about the centre of mass is:

Now let's use the formula of a triple vector product:

[f%x [EXBH zi(é-é) —B(R»B)A
So balls move around the sphere with the center in the middle of rod. It means that

R1%then R - = 0. Hence

Firstly, B directs along z -axis, then (ﬁ’, . é) = Bz, where z is a coordinat of the

ball. Secondly, let look at projection of vector equation onto z -axis:

dL dz
dtz =qu.Bz = quE.

Multiplying to dt and integrating gives us this equation:

B2?
L,= qT +C,

where C' = 0 because L, = 0 at the start of the motion when z =0 .
When z is maximum v, = 2 = 0 . It means, that L = L, = mur , where r is a

distance between the ball and z -axis, u is the velocity of the ball at this moment.
Recall that the ball is moving around the sphere then 72 + 2% = R? .

The Lorenz force and the contact ball-rod force don't do the work. It means the
kinetic energy of the system is constant. Together with ¥ = 0 , it gives that

velocities of the balls don't change i.e. u = v.

To summarize, L, = mv\/R2 — ZRax -

Let's combine the results of the two last blocks as a biquadratic equation for zyay :
q! q
2
4B \" , )
(—) Zhax + 22ax — R2=0.

2mu

Solution is:

Zmax =

w 3anaun

Page 1 of 5

ABTOpHU3anus

2020/12/10



Pho.rs: Rod in magnetic field

http://pho.rs/p/110/s

Page 2 of 5

This result can be obtained in a faster way by those who are familiar with the

generalized momentum of a charged particle in a magnetic field,

ﬁzmﬁ-ﬁ—qﬁ,

where 4 is the vector potential which is defined by the condition curld = B. We
can choose A = %%Br , where r denotes the distance from the z -axis, and 7 stands
for the unit vector perpendicular both to the radius vector and to the z -axis. This is
a vector field obeying cylindrical symmetry around the z -axis and because of that,

the corresponding generalized momentum is conserved,

- 1 1
L.=RxP-z=mrv,+ EqBr2 EEqBR2;

here v, denotes the velocity component perpendicular to the z -axis. Noting that at
the topmost position of the ball's trajectory, v, = v due to the fact that the speed is

constant and horizontal (i.e. in z — y -plane), we obtain a quadratic equation for
-

T
mv

2 _
+26p—-1=0, kK= .
P p 8 B

We select the positive root p = /k2 + 1 — k. Now we can write the final answer

Zmax = Ry/1— p* = Rev/2,/ /s 2+1—1

which coincides with the previous result.
Consider three orthogonal unit vectors: 1-st is along with the velocity, 2-nd along

as

with direction from ball to the middle of the rod, and 3-rd is perpendicular to the
other two.

As we found earlier that v = const , so a; = 0 . Further, as coinsides with v?/R

because ball is moving around sphere. Finally, the projection of 2-nd Newton law

20 Hence

onto the 3-rd axis is: mas = quB

e (YL quzm)?
R mR
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Anisotropic friction Y saam
A1™" At what angle a to the X axis should the body velocity vector be for
Pemenne
the absolute value of the power of the friction force be at maximum?
T Yeaosue Power of the friction force is given by the equation:
P = (F,v) = — (uzmgcos® a + p,mgsin® a) v
S Pemenne

M Pa3zfajioBka

http://pho.rs/p/113/s

since p1, > p,, , then maximum of the power is reached when o = 0

Otser:

A2"% At what angle a to the X axis should the body velocity vector be for

the absolute value of the power of the friction force be 1.2 times less than
maximum?

From the previous point it follows that:

5 1
pzmgu cos? a + fymgu sin’a = Eua,mgv

From where we get:

Otger:

ay = +7/4; £3m/4

A3 Let the initial velocity have components vo, = 1m/s and vg, = 1m/s .

After some time the velocity component along the Y axis equals vy, = 0,25m/s .

‘What is the velocity magnitude at this moment?

Newton's equation:

dv, Vg
Me— = — g Mg—
X HaTg m
I —
dt Y v
Dividing one equation by another, we get:
vy pava
dv, vy
Integrating these equations, we obtain:
My
v,
— = Const
o

From the initial conditions we find:

v, = 0.125m/s

So the absolute value of velosity is

Orset:

v =0.28m/s

A4 Let the velocity be vy = 1.0m/s . At what angle a3 to the X axis should

the velocity vector be for the radius of curvature of the trajectory be minimum?
What is this radius equal to? The free fall acceleration is g = Q,Sm/s2 .
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Projection of the friction force onto the direction perpendicular to the velocity is

given by equation:

F, = mg(pe — 1) sin acos o

Newton's second law projected onto the direction perpendicular to the velocity has

the form:

= mg(pta — 1) sin acos av,

where R is the radius of curvature of the trajectory. It's obvious that

2 202
R= v - -
9(pz — py)sinacosa g(pe — py) sin 200

The minimum radius of curvature will be when:

Orset:
a=mn/4
and
2%
Rpin = ————
9(uz — py)

In a single diagram on the XY plane, sketch the trajectories of the body
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launched at the angles ay = 7/6 and a5 = 7/3 for the friction coefficients
specified above. The magnitudes of initial velocities are the same. Solve the same
problem for the friction coefficients u, = 0,4 and y, = 0,7 .

If pt; = p,, , then the accelerations along the x and y axes will be proportional to the
ratio of the initial velocities and the body will move in a straight line. If y1, > p,, ,
then the speed along the x-axis will decrease faster than in the previous case and the
body will deviate from a linear motion as shown in the figure. The direction of
deflection does not depend on how the initial velocity is directed. If yz, < 1, , then

the body will deviate in the opposite direction.

RN Yy
M | N

/1,-’0,?5- /"!7 0,4
[9=0S A

A body of mass m is at rest at the origin. A force has been applied to it
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at an angle a to the X axis. The force magnitude F(t) = ~t linearly grows with
time. Find the dependence of the moment the body starts moving on a . Ignore the
stagnation phenomenon.

Let us notice that the body will start the motion with the angle ¢ # « . Then

projections of the forces at this moment are given by

Fp = pamgcos ¢ = ytcosa
Fyyy = pymgsing = ytsina

Dividing these equations by j1,mg and 1, mg correspondingly and summing up

squares, we get
2 . 2
(mg)? = (y1)? (cosn) N (sma)
Ha Hy

So the answer is

Otser:

Hzftymg

’)’\/ui cos? a + p2sin’ a

For a given initial velocity vy find the dependence of its velocity v on the

http://pho.rs/p/113/s 2020/12/10
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angle of rotation of the rod ¢ assuming that the other body remains at rest.

Newton's law projected onto the direction of motion of a point-like mass is:
dv 2 i 2
m— = —mg( cos” ¢ + p, sin” )

dt

Since v = Ly , then:

L = —g(z cos” ¢ + py sin’ )

Multiply this equation by ¢ dt we get

Lpdg = —g(p, cos’ p + pu sin® p)dep
Integrating this equation, we obtain:

Orser:

5 sin 2¢ )
0* 4 gL ( (Hz + 1) + (10 — py) 5 ) =%

Find the maximum value of the initial velocity vgmax at which the other

http://pho.rs/p/113/s 2020/12/10
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body will remain at rest.

Newton's law for a moving body in projection onto a rod has the form:

T + Fysin 8 = m@*L

where f is the angle between frictional force and direction of velocity.
Using the result from C1, we find that:

2
TFLUU .
T=—- mg(pz + py)p — mg(pz — py) sin 20

Using the result from B1, we find that:

2
mug . ey
7= — M9t + )P — mg(pz — puy) sin 2 < e — g

\/u,zl sin® @ + p3 cos?

Note that with increasing ¢ , the left hand side decreases, and the right hand side

increases, so the body starts to move right at ¢ = 0. So

Orsert:

Vomax = 4/ pygLl = 2.2m/s

What distance will the body travel until it stops completely if the initial

Page 6 of 10
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velocity iS vomax ?

Substituting Ygmax from the previous section in the final equation of the C1, we get
the equation for the ¢ at the stopping point (v = 0) :

sin 2
9L { () + (pz — ) —— | = gL

Numerically solving this equation, we get the answer for the ¢ , and so the travelled

distance is equal to

Orser:

L = 0.34m
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A1 Anatom emits light with a wavelength 4 = 300nm . Using the classical
model estimate an emission time 7 (that is, the period of time it takes the atom to
emit the energy equal to that of a single photon). This time coincides with the
characteristic time, during which the atom emits a photon, by the order of
magnitude. All radiation is due to a single electron located at a distance about
aq = 0.1nm from the nucleus. Express your answer in terms of the physical

constants, 4 , and a;, .

The power of radiation is
42
2% 2% kerp,

- 2
W= 007 = Swlpeosiort o) = —=

Here p,, is the dipole moment amplitude which can be estimated as p,, = eay, .

Time of radiation is

Here we used the relation @ = 2zc/4 .

Otger:

(L)’ 15-1078
T= - =15- S.
kugez 2

A2°%  Estimate the power ¥ of electromagnetic radiation of all N atoms in the

spontaneous emission mode, i.e. when the direction of atomic dipole and the phase
of its oscillations randomly change from atom to atom. In your answer write down
the formula for the power in terms of N, @ , and 7.

System of the atoms' dipole moment is

7”(1) = Zﬁmcos(wl +9).

i

The power of radiation is

2% ko'« 5 kot
= S PO) = Tt T 2 B Bp)0s(e;~ 0)).
3(:] 3¢ n mi 3(,] by mi nj- t J

1 1
We used (cosz(mt + ¢)2) =3 and (cos(wt + g )cos(wt + 9,)) = Ecos(w, - (p/») LAl
dipole moments have the same magnitude, are oriented randomly and their phases
are not correlated. Therefore the second sum equals zero. The first sum consists of

N equal terms and te power is

, kot o
W= N3C3pm'

For one atom we have

42
ko', ho

3¢ a

and thus

Orsert:

A3°*  Estimate the duration of the spontaneous emission pulse of this system

of atoms. Express your answer in terms of the same quantities.

The energy emitted by all atoms is £ = Nh . Hence the time of radiation is

mhtml:file://D:\19-20\idpho\ix #\Q3-Pho rs Laser technologies.mht
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A E
[, =T =1
SW,
Otser: At = 7.
A4°%  Estimate the power W, of electromagnetic radiation of all N atoms in the

superradiance mode, i.e. when the direction of atomic dipoles and the phases of
their oscillations are the same for all atoms in the excited state. Express your

answer in terms of N, w , and 7 .

In this case all dipole moments are oriented in the same direction and oscillate with
the same phase ¢; = 9;- All terms in both sums in the expression for power in A2

are the same. The first sum has N terms and the second has N(N — 1) terms. The

power is
. o ket 2 ,zhm
W;=(N+NN- l));pm =N py
Orset:
ho
W= N*"—.
T

Estimate the duration of the radiation pulse of the system of atoms in the
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superradiance mode. Express your answer in terms of the same quantities.

Emitted energy is the same as in A3. The time of radiation

E 4
A= —==.
LW N

r
Otser: Aty =5 .

Let the amplitudes of two wave maxima be E,,; and E,, . Find the
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difference in their propagation speeds Av . Express your answer in terms of
ne Ny, ¢, E,p and E, 5

Wave propagation speed is

So the speed difference is

Orser:

A light pulse with a wavelength in vacuum of 4, = 300nm and a

Page 4 of 15
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maximum intensity of 7, = 3 - 10°W/cm? propagates along the axis of a quartz
fiber. Assume the envelope of a time dependence of the electric field squared Ei](l)
of the wave to be a parabola. How far (find the distance s ) does the pulse propagate
along the fiber before its spectral width increases by the factor of K = 200 ?
Express your answer in terms of K, 4, 11,, £, and calculate the numerical value (in

meters, rounded to an integer).

First approach.
The intensity is proportional to the square of electric field amplitude. Pulse

envelope equation is

4t 10)?

EX(=E3[1
() =Ej @y

m

Here £, is a time when the center of the wavepocket crosses given point in space.
Value of ¢, depends on the coordinate along the wave. Electric field in the wave is
equal to E,(t, z) = E, (t)cosp(t, z) , where the coordinate z is measured along the

direction of wave propagation, and the phase is

[N

, )
olt, 2) = oot —ny =27 ok (1)

‘We neglect initial frequency difference because spectral width increases by
hundreds of times. In this way, nonlinear effects lead to additional phase shift,

proportional to the square of (¢ — ¢,) :

4t - 19)* o,

s 1
dp = nyEg|1 (Ato)z =z

Angular frequency is the the rate of phase change with time. So quadratic phase
shift leads to linear frequency shift
t

59 2% lo
dot, z) = 7 =- 87125072(A10)2.

Spectral width of the pulse after propagating the distance z in the medium is equal

to the difference of frequencies at 7 = ¢ = Aty /2 :

8 1%
Aw = — — =~ zAw,.

To obtain this formula we used Aw, = 27/ Aty . The ratio of spectral width at

distance z = s and initial spectal width is

PRI )
B Aoy I
Therefore the required distance is
Kc K2y

§=—=—.
2 2
anyEL w0 8nyE,

To calculate the numerical value of s , one should remember that the peak pulse
intensity value is three times higher than the one mentioned in the problem
description. Thus the value ofani7 is three times higher: an2 ~9.6-1077.

m
Second approach.
Let us consider the propagation of two adjacent electric field maxima. Due to

nonlinearity this maxima move with slightly different speed:

eny 5
wE=SEp By
ng

For the given pulse duration and mean frequency it consists of

N = Aty/ Ty = wy/Aw oscillations. The electric field maxima can be enumerated
from —N/2 to N/2 . Then the amplitude of electric field maximum with number / is
(the maximum with large number arrives at a given point later):

Consequently, the speed difference between adjacent maxima with numbers / and
1+ 1 equals

L8
2

['Vlz

Av) = v~y = —Fr—
1TV T VEE TRy
ng N

Initial frequency is equal @, . After propagation over distance s the frequency of

the maximum with number / is:
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R
2 2r @q o <y 8l

- = = =wyt E 5.
) —s/v 0 2 2 72
T, 2mlog+slvi =sivp 1= sAviwy/Qavd) m? w2 0N

o=

Frequency linearly depends on the maximum number. The maximal frequency

difference is between the first and the last maxima and equals

Hence (v, =v = ('/110 and Wy = NAruo)

-2
Ao SmE,
= —— —y,
Aw, Ao
and the answer is the same.
Orser:
Kiqy
5= =~ =~ 7.8m.
8nyE"
m

What sign should the constant /3, have in order for the pulse chirped
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according to the scheme described above to be compressed in time in this medium?
Please, indicate "+" or "-" in your answer. In what follows consider that £, has

exactly this sign.

To squeeze the chirping pulse, the relatively high-frequency tail of the pulse should
propagate faster than its low-frequency 'head’. This is called 'anomalous dispersion'.

Speed of the wave propagation is the group velocity

do 1

dk B+ Pofe — )

Anomalous dispersion (larger group speed at larger frequencies) is observed for
pr<0.

Orger: ff, < 0.

A pulse described in B2 has a duration Az, = 10ps and an initial spectral
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width Aw, = 27/ At (before chirping) and propagates in the medium described
above. Find the distance the pulse should travel in order to achieve the minimum
possible duration after chirping with spectrum broadening by the factor of K = 200
. Express your answer in terms of physical constants, K, Atg, #, , and £, and

calculate the numerical value in meters, rounded to an integer.

Since the term associated with £, is much less in absolute value than £, for the
given range of frequencies, we can use approximate expression for the group

velocity

=t -2

=== ==(w —wg).

<7 > 0.
Bop

The length of the chirping pulse that just has entered into the considered medium is

1
Al = V Aty = /;_A’o . The difference in group velocity of the ‘tail” and the ‘head’ is
1

155 1Bl 2m
AVy= —ho = —7 K

R Ay

The time in which the “tail” will catch up with the ‘head’ up ( which corresponds to
the minimal duration of the pulse) is

Al B &0y
1= =T———(A1p)".
v, 2aK|p,|
LI . . .
Since V, = 7 in this period of time the pulse will pass the distance
g7 p
1=v, <4
= gINZEK\/iZ\( to)” = 4m.
Orser:
! . (Atg)? = 4
= T—(Aty)" = 4m.
K|y |0

Nonlinearity of a medium leads to disappearance of diffraction of a light
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beam of sufficiently high intensity. Estimate the minimum power of a light pulse
W, at which it does not experience diffraction, i.e. propagates inside a narrow
cylindrical channel of constant radius. Express your answer for /7, in terms of
physical constants, frequency w,, , 7, and n, . Assume the intensity distribution
over the channel cross section to be approximately uniform. Find the numerical
value of the power for a pulse with a wavelength in vacuum 4, = 300nm
propagating in quartz. Coefficient ny = 1.47 .

Let be a radius of the channel. Diffraction divergence angle of the beam can be
estimated as
A 2c

0,5 = = :
d a nywya

However, due to nonlinearity, the refractive index inside the channel n = ny+ lzin’
is larger than refractive index n = n, outside of it. The beam deflecting from the
channel’s axis due to diffraction will not get out of it if its angle of incidence will
be greater than the angle of total internal reflection ., . So the critical power

T
corresponds to the condition 6, = 5 —a,. =0, .

Since
2 2
) 9. ng I ok,
cosf, = 1 = = =sing, = ——— = | - —,
¢ 2 € ng+ B2 o
0 2%m

we have the following condition

L 22 1

" 2n,

E >3
nghy ) d

Corresponding value of the intensity is

EOIIOC ) 80(f3
e 9 Em 22"
IZZ(IJOII
Finally, “critical” power is

TE, L‘3

W, = Ina®
c 2
nzu)D

and does not depend on the channel diameter.
The numerical value of the power for the pulse of wavelength 4 in a vacuum is

equal to

2yl
W, = = = 26MW.
32:.1077

Comment: The expression for the diffraction divergence of the circular beam is
approximate. Therefore, it is possible to use alternative estimations, for instance
0y4=Ala,or0,=2/2ma .

Orset:

3 .2
e\ 2an ol

W, = = 26MW.

nyog  32-1077

Propose a method that would allow one to detect an exoplanet with a
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noticeable inclination of its orbital plane with respect to the line of sight by means
of studying the spectrum of its star in the optical range. As an answer name the
physical phenomenon underlying your method.

The most natural way is to detect the Doppler shift of some element (e.g. hydrogen)
spectral line. The shift is caused by the star rotation with respect to the star-
exoplanet system barycenter. This shift should be observed with the exoplanet
rotation period.

Orget: Doppler effect

Suppose an exoplanet of mass m orbits a star of mass M in a circular
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orbit of a radius R and the period of revolution is 7. The orbital plane is at an angle
0 to the direction to Earth. Estimate the accuracy of the relative frequency
measurement, Aw/® , required to detect such an exoplanet by your method. In your

answer express Aw/® in terms of the fundamental constants, R, 7, 6, m , and M .

N 27R

Planet’s orbital motion velocity is v = = - The corresponding velocity of the star

. wm . - I

isv; =77 The Doppler effect is sensitive to the velocity sightline component only
(the nonrelativistic case is considered). Its maximum value is v cos(6) . Thus the

relative frequency shift is

Orser:

Lo _2uRm o
w  Te MO

Assume the mass of the exoplanet and its star to be equal to the mass of
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Earth and the Sun, respectively. Assume the radius of the circular orbit to be equal
to the distance from Earth to the Sun (R = 1.5 - 10''m ), the angle & = 60° . The
Solar mass is 330,000 times of the Earth's mass, the period of the Earth's revolution
around the Sun is 1 year. Find an integer » such that 10 ™" is the accuracy of
relative frequency measurement required by your method. Usage of ultrashort
(femtosecond) laser pulses makes it possible to measure frequencies in the optical
range (10'°Hz ) with an accuracy of about 10 Hz. Is this accuracy enough to

register the exoplanet?

Even for @ = 607 the star velocity sightline component is at most half v, . In order
to estimate this component, one could assume the exoplanet orbit is circular. Since
the same assumption is valid for the Earth's orbit, the maximal sightline projection
is

27R

2R o~as
V= 773300009 T

Vi

Aw
The corresponding frequency shift is of order f =T 10719 Thus, a

frequency variation in the tenth significant figure should be detected once a year.
OHz

1
1015

The accuracy of an optical frequency comb is of order =107, So,

exoplanet detection is quite possible.

This method is indeed applied in practice. However a number of difficulties had to
be overcome to actually use this technology. In fact, most of the stably generated
femtosecond pulses have carrier frequencies outside the visible spectrum, in the
microwave and infrared regions. In order to use the method in visible spectrum, a
different nonlinear phenomenon should be used -- higher harmonic generation in
nonlinear medium. Moreover, to increase the spectral device resolution, frequency
filtering should be used which increases the narrow frequency intervals between the

lines.

Orser: n = 10, exoplanet detection is possible.
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2020 -- We are what they grow beyond.
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A1 030 write the formula 1 using the scattering vector q (¢ < k;).

OrseT:

;D <sin(Nqa/2)>2. (sin(qb/z))2

N2\ sin(ga/2) (ab/2)

A2 020 Find scattering vector g for the maximum numbered h for a diffraction grating with a period a.

OtBeT:

DISCLAIMER. Here and below we use the notations:
Z - integer numbers: {...,—2,-1,0,1,2,...}
N - positive numbers: {1,2,...}

A3 020 et g be the scattering vector for the first maximum. Express g in terms of g; for intensity maxima. How are g; and a related?

OtBeT:

g=q-h, hel

ql-a=27

A4 190 Observe the diffraction of samples DG1-DG5. Determine experimentally g1, and a for each sample. Draw a scheme of your setup, write the quantities you

measure, and write down the formulas for the calculations.

_ 2w SN

A NL’
where sy - distance between zero maximum and maximum NN; L - distance between DG and screen.

Orset: DG1: q1 = 320 + 32mm ! a =20+ 2um
DG2: g1 =130+ 13mm 1 a4 =50+5um

DG3: q =79+ 8mm ! a = 80 £ 8um

DG4 @ =79+8mm '  a=80+8um

DG5: @ =79+8mm !  a=80+8um

A5 150 Conduct an experiment and determine the a/b ratio for samples DG3, DG4, DG5. Explain your solution using formulas, diagrams, and pictures. It is known

sl - /o



mato <~ a/ 4.

From formula A1 one could note that intensity I of maximum depends on its number h:

sin(nb/a - h) )2.

0=

Measured intensities for two different maxima gives us a transcendental equation

I(1
mb/a = arcsin (% IEQ; sin(27rb/a)).

Root of this equation (7b/a) could be found numerically.

For DG3 measured intensities are I(1) = 790mV, I(2) = 630mV, and solution of equation is wb/a = 0.397. This leads to a /b ~ 8.3, which is quite close to
theoretical value 8.

For DG4 and DG5 one could note that each 4th and each 2nd maxima (respectively) are dimmed. That's why a/b = 4 for DG4, and a/b =2.

Ortget: DGT: a/b=2
DG2: a/b=4

DG3: a/b < [7;10]
DG4: a/bc [3.2;4.8]
DG5: a/b € [1.5;2.5]

A6 070 Write down p(z) for the unit cell of the diffraction grating from A1 (Fig. 4A). Use the coordinate system as shown in the figure. Suppose that the unit cell

is such that the period of the lattice a is p times the width of the slit b: a = pb, p € N. Calculate the structure factor F4(h) for this unit cell for reflex h. Record your
answer using h and g1. What maxima have intensity 0? Write the equation for h for such maxima.

OtBeT:

_J1, z<]|0,b)
p(m)_{o, z € [b,a)

OtBeT:

in(7h, ) 2r (1 _
FA(h)=2~w-e“’h/’7= { q1 (p)’ h=0
q1

OreeT: Equation for zero reflections:

h=+pm, meN

27070 Consider another unit cell (Fig. 4B) of the diffraction grating. Calculate the structure factor Fg(h) for this unit cell for reflex h. What reflexes of this

diffraction grating have an intensity of 0? Write the equation for h for such reflexes.

OtBeT:

. . ) 1 B
Fp(h)=2- —Sm(ﬂh) e o —Sm(m/p) -elmh/p — a (1 B 5) » h=0
qih qih —F1(h), h#0

OrseT: Equation for zero reflections:

h=+pm, meN



A8 040 These two diffraction gratings described above are illuminated with light of the same intensity. Find the quotients IA,h:O/IB,h:O and T4 h=1/1Bh=1.

OtBeT:
IA,h:O_( b )2_( 1 )2
IB,h:O a—2>b p—1
OtBeT:
IAh=1
1
Ipp—1

81 100 Find the angle 8 between the vectors 71 and G and their lengths g1, g2. Please note that these vectors must be of minimum length and the angle
between them must be < 90°. Express your answer through the crystal parameters a1, a2, « (Fig. 5)

OtBeT:
~ 2w . 2
71| = ——, @3] = ——
a2 sin o a1 sina
or
R 2T R 2T
71| = ——, 32| = ——
a1 sino a2 sin o
OtBeT:
B=a

82 100 For crystals A and D, find the complex amplitude modulus |F'(h, k)| for the reflex (k, k). Express your answer in terms of a (crystal period) and b (atom
size). It is enough to indicate an expression that is true for all reflexes except for the central one (h =0, k = 0)

OrtseT:
b b igzh iqyb/2 —iqyb/2
F(h,k) = / / i ity gy — S — L € P2 TR by
0o Jo Gz 2igza
o? |sin(whb/a) sin(wkb/a) imb(h-+K)
-2 . . e

w2 h k

Otset: |F'(h, k)| = %% . —Sin(?b/a)- s—in(‘[};kb/a , h#0, k#0

83060 Look at the diffraction patterns of samples UC1-UCA4. For each UC1-UC4 sample, experimentally determine the crystal lattice period ayc1, auce, avcs,
ayCc4.

OrgerT: Periods of samples:
ayc1 = 30pum

aycy = 20pm



ayc3 = 20um

ayc4 = 30pum

For each UC1-UC4 sample, find the corresponding crystal structure among Fig. 6. Explain your choice using diagrams, pictures and formulas.

Orser: Corresponding samples:
uct -B
ucz2-A

uc3-D
Uc4-cC

Determine the size of the atom b.

Orget: b = 10pum, estimated like in A5 for UCT.

Observe the diffraction patterns of samples UC5, UC6, UC7. Determine experimentally the parameters aj, as and the angle o for each sample. Explain
which parameters of the diffraction pattern you are using with the help of diagrams and figures.

OrtBeT: sample UC5:

a1 = 20pm, ag = 40pum, a = 90°
sample UC6:

a1 = 36.1um, az = 22.4um, a = 63°
sample UC7:

a1 = 40pm, ag = 36um, a = 56°

UCe6

40.0 um




ucCr

36.1 um, 67.4 36.1 um

Specify h and k for the point that will be the center of rotation. What orders of rotational symmetry m are possible for a given image?

Draw all possible axes of mirror symmetry in the image. Name your lines.

Omget:h=0,k=0
m=1,2,4

All axis of symmetry are presented on figure.

Specify the equation of the straight line for each axis of mirror symmetry drawn in the previous task. Do not forget to note which equation corresponds to
which line.

Oreer: Equations for all possible axis symmetry:

1:gy =0
2:qy = qz
3:q, =0
4qy = —qz

For each rotation symmetry and axis of mirror symmetry, write down the corresponding notation (Cyy, for rotation and equation for mirror symmetry) and
the equation for the intensities (g, qy), which should take place if this symmetry element is present.

Oreer: Designation (Cyy, for rotational and equation for axis symmetry) and equation on intensities (g, qy)
Cu: I(ge,qy) = I(gz,qy)

Co: I(ar.a:) = I(—a~r. —a)



- e \aw 2y, N aws ayy

Cu: (g2, qy) = I(—ay, 4z)

qy = 0: I(‘hy ‘Iy) = I(‘I:u *Qy)
q; =0 I(gz, Qy) = I(7szqy)
Gz = qQy: I(sz ‘Iy) = I(Qy7 Qm)

@ =—a0 (4 q) = I(—qy, )

¢4 020 Write down the equation for the intensities of the reflexes (h, k) and (—h, —k). What symmetry from question C1 corresponds to this equation? Explain

your answer.

Structure factor for reflex —h, —k:

.
F(-hy k) = [ pla,y)e 00 2 dady - ( / p(x,y)e*“qm“*q?’“y)dxdy) = F*(h, ).

Here F'* is a complex conjugate of F. This property of —h, —k reflex is only possible because p(z, ) is real function.

Intensities are equal

I(=h, —k) = F(—h, —k)F*(—=h, —k) = F*(h, k)F(h, k) = I(h, k).

Orteert: Equation on intensities
I(—h,—k) = I(h,k)

Which symmetry corresponds? Co

€5 040 Using the definition of the structure factor and symmetry find the structural factors f2(gz, ay). 3(qz> ay). f4(qz, qy) for crystals 2, 3, 4, respectively.
Express your answer in terms of the structure factor F(qz, gy) = f1(qz, qy) of crystal 1.

Let p(z, y) be unit cell for initial crystal. Structure factor for it is:

z0 Y0 .
F(qz,qy) = / / p(m,y)ez(qxx+qyy)dzdy,
—z0 7 —Y0

here g = yo = a/2, a—is a period of lattice. Below limits are presented only when necessary.

For symmetry = 0 unit cell is p2(z,y) = p(—z,y), structure factor is

E ] ) z0 Y0 )
flana) = [ [ e widaay — [ [ g et aiday -
—z0 Y —Y0 —z0 4 —Y0

—z0 Y0 X
= / / p(z,y)e'C @I Y d(—z)dy = F(—qz, qy)-
z0 —y0

For symmetry z = y unit cell is p3(z, y) = p(y, x), structure factor is

Palaora) = [ palo, )@= mdady = [ ply0)e 02 dady ~

= /M%Mei(qyﬁm)dydw = F(qy, qz)-

Point (z,y) moves to new position (z’,y’) = (z + 1,y + y1). That's why pa(2’,y') = p(z,y).

fa(ge, qy) = / pa(e!y )@ Tay) da'dy —

- ( [ nin q,\pi(mﬂyy)wm,\ A1 tayyl) — Fla. a)\et(gzl+ayul)



\j Py g wwwa} - -\ Yy )

Oteet: f2(qz, qy) = F(—ges qy)
f3(qz,9y) = Flay, 9z)

F4(gws ay) = F(ga, qy) - €901 091)

Consider an arbitrary 2D crystal (Fig. 5). Indicate what orders of m symmetry of rotation can be in 2D crystals. Explain the answer.

na
C ®

Let's consider two nearest atoms A and B (fig.), that means AB - lattice vector, |AHB| = a. If rotational symmetry of order m is present, atom C could be obtained from
B by rotation by angle § = 2—7]717 The same way gives atom D from atom A. These two atoms C and D should also be connected by translation symmetry, it means

CD=n-AB, neZ.

It leads us to equation

cosf =

All possible n, cos 6, 6, m are listed in table.

n cos @ 0

1/2 60°

0 90°
~1/2 120°
1 180°

N w0~ (S

WiN | = O

Orser: All possible rotational symmetries: C1, Ca, C3, C4, Cé.

Determine what symmetries the crystals with unit cells K, L, M, N, and P, Q, R, S, T have. (Fig. in the answer sheet). Draw the axes of mirror symmetry,

at the bottom of the picture indicate which rotational symmetries are present on it.

Symmetries of unit cells:

: |

r
== &
e

ﬁ
3

2
Q=
Q
Q
Q
Q
Q
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Observe the diffraction patterns of the samples <strong>PG 1, 2, 5, 8</strong>. These samples correspond to the unit cells K, L, M, N. Determine what

symmetries the given diffraction patterns have. Find the correspondence between patterns and unit cells.

PG| q,=0 qy = 0 x =qy | 9x = —Qy Cs

+/-* +

o w N =
+
+

For PG1 vertical axis of symmetry (q_x=0) must be presented theoretically, but real diffraction pictures could be without that symmetry.

OrtBeT: One needs to match symmetries of unit cells and diffraction patterns.

PG1-L
PG2 -M
PG5-N
PG8 - K

Observe the diffraction of the samples <strong>PG 3, 4, 6, 7, 9</strong>. These samples correspond to the unit cells P, Q, R, S, T'. Find the

correspondence between samples and unit cells. Explain your solution using formulas, diagrams and pictures.

PG| ¢x=0 | =0 | x:=0qy |&x=—qy| G
3 + +

4 + + + + +
6 + + + + +
7

9 + +

Diffraction patterns from PG4 and PG6 have C4 symmetry (as unit cells R, T), and all other don't have. In this group symmetries are not enough to match unit cells and
diffraction patterns. One needs to use sum rule and to understand that absences are presented for unit cells S and T (as for PG6 and PG9).

PG9. Elements are designated as on fig. Elements 2, 3, 4 were obtained by C symmetry and move.

f1(h, k) = F(h, k).

fa(h, k) = F(—h, —k)e>™h/T

f3(h, k) _ F(—h, k)efiﬂ'(Qh/'H»k).

fa(h, k) = F(h, —k)e btk

For reflexes (0, k)

fPc9(0,k) = (1 + cos(nk)) (F(0,k) + F(0,—k)),



each odd k = 2n + 1,n € Z is absent. The same is true for another axis (h, 0).

F(k,h)e~™h+k) Each

—a/2), that's why f5(h, k)

)

F(h, k). Element 5 could be obtained by mirroring z = y and by moved by (—a/2

\textbf{PG6.} Let f1(h, k)

o

next pair of elements were obtained by rotating 90°.

Structure factors

fi+ f5 = F(h, k) + F(k, h)e "("+H)

F(k, —h) + F(h, —k)e ™h—H)

fo+ fe

f3+ fr = F(—h,—k) + F(—k, —h)e ™"k

fa+ fs = F(~k, h) + F(~h, k)e "-TH)

For (0, k)

(1 + cos(rk)) - (F(0,k) + F(k,0) + F(0,—k) + F(—k,0)),

frce(0, k)

each odd k = 2n + 1,n € Zis absent. The same is true for another axis (h, 0).

OtBeT: PG3 - P

PG4 -R

PG6 - T

PG7 -Q

PG9 - S

Observe the diffraction pattern of the UC8 sample. Could this sample be a crystal? Explain your answer.

Oreet: No. Diffraction picture has symmetry C5. Transnational symmetry for C is not possible.
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Structure used as UC8



The crystal (MRO or MR2) is illuminated with light with an intensity of Ij. Find the intensity of the maximum at ¢ = 0.

Electric field is Eg = /T in plane exactly before the diffraction grating. Electric field of the reflex ¢ = 0 is proportional to transparent area of an unit cell and should
be Ej if the whole unit cell is transparent (i.e. there is no any diffraction grating):

Ntransparent
= ———Fj

E=
Nail

Intensity

Ntransparent 2
I=——— ) Iy
Nan

OrseT:

Determine the structure of the unit cell of the MR1 crystal. The MR1 crystal has one of the indicated units cell (Fig. 12). Describe your solution.

MR1

2 | 5.7 19.1 1.6 24.6 15.8
1 |36.5 49.2 40.2 3 20.8
© 2.3 20 336 33.5 0.9
-1 22 3.1 23.2 46.5 25.5
-2| 2.9 23.9 2 38.5 T.3
-2 -1 0 Iy 2
h

One needs to measure intensities I(h, k) of each reflexes |h| < 2, |k| < 2 of MR1.

Transparency of a square with position (x, 7):

2 2

p(x,7) = Z Z JI(hK) - gle(hk) -exp(727ri (%h + %k)),

h=—2 k=—2

here x €0,1,2,3,7v€0,1,2,3.

Because p(x,7) € R, its enough to calculate only real part:

2 2 -
p(x:7) = Z Z +/I(h, k) - cos(ap(h, k) — E(Xh +ryk)>_

h=—2k=-2
MR1
3(5.4 4.4 22.6

-9.7

2 -13.5
¥ 1 -14.4
0 =L« 8.l
0] K 2 3



Calculated transparencies for MR1 are on figure. It is not necessary to calculate whole 16 squares. One needs to calculate transparency of squares (0,0), (3,3) to
understand which values corresponds to transparent and non-transparent values. After that square (3, 2) should be evaluated. It has value close to transparent, that's
why structure X is the answer.

OrtseT: Unit cell of MR1 - X.

Determine the unit cell structure of the MR2 crystal. The structure of MR2 is similar to MRO: two non-transparent squares have become transparent.

The same formula should be used to find structure of MR2. Intensities of diffraction patterns and calculated transparencies for MR2 are shown on figures

MR2

43.3 45.2 39.7
8.5 69.8 47.9
11.7 508 4.7

40.4 69.7 10
56.9 25.8 54.8
0] 1
h
MR2

-10.5 5.8

8.9
3.2
Ll
9.3
1.3

2

7.3 -19.4

X

-0.4
-5.9 46.7
2 3

@ B N W

1l.9
i

X

Because it is known that two non-transparent squares become transparent one needs to calculate transparency only for 11 black squares. Two of them (0, 2) and (3,0)
are transparent for MR2.

Oreer: Unit cell of MR2 is on figure:
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