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A1 WERLT, MERENF A M, M,, SROEBSHNAF, 7y, B 1.0pt
M7} + Myry = 0. (1)

BEXTRERARE—MIILRS, DIFEERNRRRT. FIBFWER, M,
ENMEEXRERRTN
d27, 7

——alt 2

dt? e’

Her = |7 ], ry = |7y, REFAEXPHIEK n c NBIE (NRTEH), FREFKE
X o =a(G, M, M,), B G2FWM5|77EE [C ~6.67 x 107''"Nm? kg 2]

A.2 EXMNERGURMNEERIASIETT, HREERRIEN: 1.0pt
Hrh
M, M, _
M= v MEMAM, )

Hbhu BREENANRE, MBRENERE, QO ENENARE, L ENEZEN
BEE L =7 + 190 WSHTRERX A(n,Q, L), AU, QK LKRT

A3 FHiE 3 AEILEINRA E = pGAeL , REHH 8 HEIE, 1.0pt

B &35 : SINMEMILHERR (7.0 53)

XTSI AREREICE 1915 FEEETBR BRI MARMIE, ZIZRFTUNEIS | AR EEAR LKL RER, #
HREFRERSNEEIRASI KR GW, SHEXINEN, BRXH5INKMERBTRAANEERL.
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HASHE ¢ ~ 3 x 10°m/s. W FHAEHETE « —y FELNRERRS, Q6 RERFBi1TH|T) IEMK:
22:]\?‘ (22% —v4) , ijvé"‘ 2y —2%) ., Qs = i%‘%ﬂm (6)
= ot =
2
Qu2 = Qo1 = A}jjl Mawaya, (7)
SFFRENEMER, WEQ,; =0. X8, (1,4,y,) BRLEPHRE ANMLE,
B.1 T A2 RERNEE, Q,; B0 EFTE NRBYX T8 ¢ BIREIRT: 1.0pt
Q= M—LQ (a; + b, cOSkt) , Qi el ﬁ ciySinkt., (8)
KHE k BIRIER, L,AQ?E/ o HREER ;) b, ¢ EIE,
B.2 ARHFAAHMSIIIRINE P, sTAUTREARETR: 1.0pt
P =i, 9)
KRB RN ¢ BEE, (BEANIFREERTS ¢ WEE, FEENRBIIREP, B

£ =6.4)o

B3 HEARTEBARFKUSITKGWHERT, XNERNHFEZNER— T EENELE, 1.0pt
BUERRGKRUSITIKE, NERAREZHT LU NKMAEEE, HEEE
MBRIET/N XBY, PUEARENEAER L HE T

(92) = e 2 o, (10

Heh M ARG E. #ESEBEMRE M NREN, B M & p&Rin. XMEM
Iﬁg&&&?lﬁ%ﬂ‘l%ﬁlﬂ LI RRFIRRAIE M, [ TR —EARB TS
FRRHHEE (RRLEFA) |

B.4 ERAULEHE, RENEARE Q 551 1ENARRMEME f,, BXR. EXE, ¥ 2.0pt
FERABRE F(t)Ea+ 1ERT:

d
PO _\rayr = O =X a1, (11)
%EF' X BB, t, RROEH, FALARXAIEAFER (10) XS] SEIME
(2/3
fow® = 8n8/3¢ ( GM, ) (ty —t)2P (12)
FREEE p WEE,

£2015F 9 14 8B, BRFK4QE L BIBMH LIGO HRMZFIER T GW150914 Hf, FEHPREEWK
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EHZ, WNE 1R, RNSHNHESEIR5| R AELIEAN, TR 7T 7 HER
Mo %5177 2 MLERAEEARRFIEERIRR~E; F5| KBNS REERKEENENHKEH
REEE, B 19, D REN&REERKRMIEN—Z,

1, LIGO #R28 H1 FRfitM B E KENENRTE, HPKFHRNE, SA, B, C, D&
FARFETIE] ¢ = 0.000, 0.009, 0.034, 0.040 Fbo

B.5 FIAE193EEENZ 1.0pt

_tpFic

tag = 5 and 7 3 5 (13)

B9 fow(t) BB,

BB AR ER SRR (12) L2 BN (BRATBKARBXEN), B2 124
REERNRE. GEHZARNEMRE M, UNERENME, UKHERE
M, ~ 2 x 10%0 kg &R,

B6 MM i B, 2 P EARZIENEEESE. #ELESREESIEGNE  1.0pt
KEZE R, 0 BULLEHEARLESZEROBALEZL R /R, (A5
MZ R, ~ 7% 100 km)o {EiHF—BZIENE AR NS BB NI HELEE .,
FEZRE S KR IE, v /c

MU EHERSHER: XRTERYRBREMARIFESEMIEEIEN,
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PRFETHIE?

YW RFEAREEFIEN (LHC) HLEFESMEEMIERN, ZMERRESEZMF, HIMBEF,
F, PRF, TR, UKRENZENRNF. KZEXLLERF 0] IR ERE S BB FRUSBIRUE, 7
WM, EEREH—MABTFHUNEED, SRMERTLEFRFIKRS, A “BUE,

Foh, WP EENEETEEFIEFESENTENFSHEICURERE, ATLAS RN FERESE
KERYL, BEERNZZNEBHIRIE S B E = IEEISIM 2.00 85 hilET, BFEmEEFE—HEN TR
NFRZIEH, UETFTENTERIPREEDHERATERERENE, BFPRFIEYE, BiBEdRNEkR
NAREZEMEER, EmTefA2wmiQnzl,

BB BFBHIERE m =9.11 x 103 kg BZAEBE, ¢ =1.60 x 10719 C;

Fic=3.00x10°m s ; EESNTEER =885 x1072Fm ',
A BB ATLAS FRIZ34IE
Al HEGEETRTCHREN, #SEBFEFNENEIGEHFE r BRANX, K 0.5pt

BFERTANEDE K;, BEE e; RE m M7 B RIEN, RIREBFI2IFETIL
EREZSE T TAEN

KRR RAERTIERAMIE ATLAS SR AER=ERE T, A, HEEBIICHHERN, BIEEm+RHNAIE
&R THEXIEIEE,

A2 IRagfERFLRRARERNFASNERIVE, RNSFNMEEER, F2H  0.5pt
11K, BFREFERFEEPRONHERTE. B MeV/c RXIRINESR,

LINREEETRER, B e MEELERE m MBS TR BEES, MARLES. ZHIER

62CL2")/4

- 3
6mege

Hep o BINEE, v=[1—(v/c)}] V%

A3 YN FEEIFFERET RN, FRERNBENICHF. X FBHETIEHF, &R5hE  1.0pt
ARIRA:

e

P=¢ E2B2,

egmbcn

Heh ¢ BSEE, n, kBB, E EHBAIFRIEE, BT, RH ¢ n K kBB,

A4 TEEEMIERIRT, BFEEEREREUE: 1.0pt

Hip £, RBEFHPGEEE, HFH o IRER, ERL e, ¢, B, ¢ Ml m RRHIRE

ﬁzl\o
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A5  EZEEMERLSERNET, BREASRSL, HEEEN 100GeV, HEBFREHFRM 0.5pt
B[R, HEEERRSRFNMBRKNEEE, U MeV HE(L

A6  EEBEMIERIRT, #HSHBFOIEAMENRER, EB—NXRTHERIEK, 0.5pt

B &5, FHhHF

ZE 19, mMRFZENHESZSENER () MRISR (), ENSESNIEENEINSENERLF-
MEREREM W REFHKER (b), MRSRRER W KEBFHIRESS (0). £E 1FRRNER
B, WRBFREARUF (") APFHF ), W REFRENTRMARER. FANESEEA L
NEIRHFRIBRERPHFHIFAEE. HERER, RIISRM W RAFI, AFPRIFREHRFHE
B WRR A TREN,

BT R0 - MHENE, HMFMEINESRRE~YNHER LIBIRIEKRE (WTFR). RUSFHRNE
ASHRFR S LM BNEEBTE (oy FE) LA, AEMELSR (2 4) WANZ. FHik, A7
LAMAE [0 F I R RVER R Eh 8 FR B R F RV E R Eh &

7£2015% 6 B 4 H, LHC BY ATLAS £387F 00:21:24 GMT+1 BHER TR F - B FhiiE, WE 1 Fir.

Jet1

Ou*
Ny
N\ O
.t
opocc?(-.ooo
\ p
¢ Mf;ﬂjf(:zi

Jet2

Jet4
Jet3

B 1. ATLAS IFNZZHEIRR () BT - BRFhE (B BnEE.
RKEMERETHN=1EXSHNFHIHE, 8EFETHFN, HEPDP9EE5E FH.

T [ 1, (Gev/e) | p, (GeV/e) | p. (Gev/e) |
RuF (uh) | —24.7 —24.9 —12.4
B 1 (5,) —14.2 +50.1 +94.1
FRF ) —104.1 +5.3 —
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B4 HRH—HE, BW' RBFHREFH ny S EXRPHPHFNR u FHHEDE  1.5pt
KREXR. AFHFNR 1 FEREIE.
57 = 054 5,5 R 5 = p 54,03,
URENN - WEhEHE, p." Mp." RRTFHER.

B2 {RIBWHIREFHRE my =80.4GeV /2, TEHE - MNP FHESEM . B 1.5pt
RAMRIVSE, M GeV/c NBERFRNER,

B.3 1.0pt
TEIERMES BN NS RRE, BRI GeV/c? FRFHER,
[ANRIRZETE B.2 PEHXT MR, FH
. =70GeV/e and p.") = —180 GeV/c

NFMERRENNE, F—WHRHES AR (RKRENER), BRIE2: Fy 557 HBERTFIE
RE)M B ERTHEAIEMAEENSREMN) . KRMENeSTXmMNIE, BE 2

P o4
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1 | L1 1 | | | I L1 11 I 1 I“ L=k | 11 Y "w L1 1 | 11 1 1 | ) N T | | L1 1 1
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m, | (GeV/c?)

E 2. ARENENNESRHmESDH, B, AEINSRAENEFLERNTKRET—LE, B3
N TR BENNT 557, AEMNTER.

B4 RIEEFMSRNRESDH, BIESHHORMED, B ErERERN? HFE  1.0pt
AIRERIEMRIAE, HEMLITEESR,

B.5 F BB EAIEIERAVE, TEIBERERTTATHNIEE, RIRMEREALLENS  1.0pt
FFMHN 5 x 10728 s,
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ERAEPHNYIERF

BB KSE3® P, = 1.013 x 10° Pa = 760 mmHg

A &Ry, IERENEIVIERF

EX—85, FEMNMEURE, KOMMEPRNME R, MERNAARTMERER, FHi1ME, EREEE
e, YFREN. IFERANTAEERE, BRERERANERETH FTEANAH:

_ 8y

AP="10Q, (1)

rd
Hep ¢l r SEEFAFENKENFER, n @REAMERY, Q 2EFRMEHESR, BIE(IE BN EFEmEmARE
T, MEANERE, BEIXNTREAN, SBEEBEIEHMNHRERN, TieREEEKE. IENAE
MR, BEFEZRMBFAE—MERIRGE, MEHBMMEIVEET. L, XTRERS
RUBERBEERNKEN, ATLUSERRMERERNBETR, EREEWNEE, BHF r= 29 E#NEHE,

BUE] 1 BRI FRES BB 0B, T ENBKILEIS T 5 A AR BB TR, X MNET, 156
AL HEN MBS RA MIRNLE, MESRRNNESALSE: EEHNELER M+ 1, LNE
ERHKERRER r,,, —r, /23 50, — (,/21/3

cap

Level 0 1 2 3 - N-1
1. /NGHRK LR

A1 REFEE—RR NIMERGEIRRDDER Q, WRER, ERENFRH N, #ER  1.3pt
o BORNMEFRR rg HKE (o« UK 0 K/NEhBkER Py MEMMEKER
Peap ZIBIBIESRE AP = Py — Py, BIEEL
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A2 IR 0RNEHEKEIFEN6.0 x 10° m, KE 2.0 x 103 m, I8 0 LNaphkd  0.5pt
RINREER Q) NEE. EF/NchBXNOLKERA 55mmHg, MEMNSEH
N =6 NRRER/NIRMEAMER, EMMENERN 30mmHg, MKKE
n=35x10"kgms !, IHEH Q) WEELR, K ml/hNE(L

MmEH LCR F5 B

RTF—ERE, NEEREDEREMNEFFEHRN. SHEBNE, BAEEEIAEMREZN, UAEHCOM
REHB9 MR TEAPERE U METRHZEN. I, EFFERR, FRANMER, —MEFRHMEZN
RA, MERNNNESR, ERKHDNVEER/IMGE, MARN/LFAREIEER,

H—NEEmENERIEAN, ENERIEM, MMIAWENEFEEFEESHIMAE, HEERTEIEHER
EZE. ATLUBSARNAEEANREPIIA—TEE, REEMENFHIET A s, HEEFMERR
ERESHEAXE, EBAEEE: MBRNREELLTERNERE p=1.05 x 10° kgm 3, ERMFIXMREA,
Egﬁuﬁ%@%ﬁ*oﬁg2¢,ﬁﬂ@&?ﬁfﬁﬂ¢$¢mgﬂ%ﬁﬁﬁo%W%@ﬂ%@ﬁ%&?ﬁ

3lmr3 9lp
=2mn M e

Hep, h NINEEEE, £ AXMBMENDRRE, ZAMER THRMINIMELARKNNNEL. HRERE
BHERENL, EIRKEIKIRETE E = 0.06 MPa £,

C (2)

R L
AV A
<~> B, cos ot C : iPout cos(®z+9)
y

B 2. BN MERFH B

A3  XNF—AMEN w NMRRE, EFEY, REMEHONEROIRE £, IR 2.0pt
R, ERANDERIRIE P« FHEME R, B LMBE C R, ERM,
ZRIEE OB ERRIENTF ANORBERIRIE, BBA 7. pv Ev ha r M LXTLD
SEZRERE—TFME, KEXTFMH.

A4 XTFA2HPHMENSE, HEKANIEERE L, UERS A3 FNFRAFEHERE  0.7pt
(fRi% h SLRRTERK)o

B 88453 MpEEK

MENERKE— T IERERNIE, ARIBENBAERESEDFINGSYEFANHZAT R, FXLE, &
EEMEARMEER, MORERMATINF. MAMEFEY 8. MEMEMNEALAR LB, EXERDRR
B, BITREEE—NECHNMEERRE, ErLURRSAMESE LAY EREMNAE .
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—HIEENABAR— AR, WA BNERESE, BERFEEEXMABKXRERNR: — M+
2R R. RKINAFZHIEKIE (B 3)o

3. ECRIRhE

&Y, ALFRREIREAN 0, UHMES T RINERSEFT AU

St =00, MEEXMNXENROFRERK, MEECHERK, ALARNMNEREMN, FEIAR (BFEERAHR,
AN®R, MEAR, BTHRT) BUEEN, ZHENNEE py M pr, BEERMAMIEK:

pN=%<1+£%>, ﬁ‘ﬂ%(1+£;>7 (3)

Heh p, RABRRZENERBREE, p EXERALAERSKRSERNERE, Ky, K 25 ARESEMM
BALRHNERERR (RAEREE), —ARIN, MERE, FIUAIRRERE.

B.1 HEEKEN, ERARNREFRNRE. RKEMEERS SARERNEILE 1.0pt
v="V/V, EX UM KR L AMBRE (M;) MEEALRRE (M) HLLE,
p= My/My; k RIEEALMMBALFREENE, = Ky/Ky

AT AN ST MBS —ER AT EE. ERTH, EBARSERIEMMIEREMR 37 °C IMAREI 43°C LLE,
MMSEEARTET. HRARBRIEERFA—MRAKELDY), EMPKE LEBSERBSHEARSES
BSHRERAR. HANREEAIMESE, HREFLFARNARRKEZHES, FiLA]UEEFEBINRS
ENEE—ERMEAR.

ZEEAR. ERARAUKEAEHAREEHERNEESAAN b, BIERFENREA, TR UNERETFERE
Ar NIKENRAERNEEEFTREXT r WSEHERU b, MAKEEMBARRNINDDH, HERUERA
RIRThE R P HIAEE.

B.2 SSKEHT, REMEFOREE, ER P b AREE. URMEFZE Ry HURE. 1.7pt

B3  Xf—1¥1FJ9 5.0cm BIMEIRINFAE] 43.0° C UL L, HEBAFKRMAEFEENZ/ANII  0.5pt
R Poin BE. ENMBALRNASEAN E=0.60WK ' m,

ZIEMER Al RERFIRESCR SR MEMS M. BEMERNIERK, SHER ) ATRANEAMERN
[E58 P,p B, XEMERFEFRLD oro SIRIBRIESR p EE—NaFE p BRZEIFRZRD or), RARY
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EMAMET S, MmEEMAEIMEN, ERMFERNTHAILUES L THERXRZRXKE:
D De 6r> or
1= P g (22 22 4
Pcap (Pcap ) ( ore ) Ore “)

ZRYMEERIEINN, RES/NNME (RN - 1) FRRETHE,

B4  TEAMKEN BNAN p — Py, B, RESANMENRIRRNESTHE  2.3pt
%, 0, ERMEERLE v = Vi/Ve MR Ky,N b, 07, Ty 15 Peap BIEIERG

N-1
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HREE (10 9)

MAHSHBFRABRIE—MEEMEANSEMFZ L RAE, REETLUMENFXNBRARE, FAXRREXTH
FEEMLERFER.

FELBRATE DI RIAE (FETs): JFET(SERUAHMMN RAE) M TFT(EEIAREE).

BTGB ZtERE—T FET UM ITIER, — FET 2—FIFL&MER0 3 R34 (= MR AFRIEMR G; IRk S;
itk D), BT IERTEMRARIRIE R BERIZHLRIRA Rk Z BB, B—1E8E, RATKTEALLME,
— N FET (O LYERIEBSEN Tk fesk, HesAB = Tk, ARIZHIKR.

- Z I (_
s =

B 1. n-@i@ JFET WFIRE (), ERAIZHIELERE () MBRAS (). JFET SMERHFX
RIRAR (S) MIEAR (D) Z BRI =R n-@iE (HEEE), AENFEEBUR TR (G) AR
1% (S) Z IBIFRHENNRYEE o

o

D

LENHM N BAERE (JFET) KEI TR SEMR (Ebil p #l n BUS50E) ZENENEYE, EmSE. JFET
B MREWEE, BT ZEEERERFRRZERED, £ n /88 FETH, Z/AEH n B¥EIEM6R. A
& BEE ] LUBE MR AREAR Z BIFEIN— PR EBIE Vs = Vg — Vs KAGHIEHl. STFEER Vs, BARFIRIKRZ
BINERS XA MR ZEINBE Vs = Vp — Vs IXARE %&E’Jo A, XF/NEY Vs BIE, AILUANBRS
FRIEANRYEBER RIS X R, Ft JFET RIMWAMIBITH. AT, BHEBPE Rys = Vps/Ips RAIZE _LBURTFHE
Y Vs BBIE, EAEELATRIZE:

(1)

Hrh RY 7 Vs = O BSRVAILHEEFE, Ve < 02 JFET 9—15#k, MAkiBE. B8, EXRMBET, FETS
BHJJ: EE/)lL/)lLEon

N FEMEER Vs > Vp B, BEE Vps BIEX, RIRFIRIRZ BINEREFIaRELEXR, ER—HNZSHE
Fiar, MMAE—JIFIEENE. 1§ Ves = 0 BEVEMERIEH Ihsso ERMIERT (HEMAKRY Vps), 1B
BRI RELT Vs, 2TVA0T:

Ins = Ipss (1 — Vgs/Vp)?. (2)

AN %58 JFET IR EEEBENFIE. 2AEH ML BENBERMRK, EREBABR (R =
Ves/Ios) SR ED, BEARTF 10°Q, UM HBHERIFTEZR VBB o, NE IFET WBFIEER,
XEHM AR RENR G, HFXEEART MHz,

MAERNBENBREXREN FET, TFTCHEESEE) W IR,
METE FET —#, TFT @BIES=MER (BIMR) LPrEey B EREHIRRARR Z BRI B

MRSFSEEREMELBRBLEEDT, EATEL—MEENEREFHFSEREFENEHIRF (IR
K)o #BLRRI LK —THEERRPRFRENA, BIINEFESIE FRAK (WE 2), EXMMERT, Tk EfEms
BEFSETEEREFNBFHERFSARE, mE—BEFRET, XEMAILUATESEMHREHER
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FHIRE (XMABRERRINITRAE-EGTs), BHIERERKAS (Universidade Nova) AR A G 2008 &£ “4f
mIAE” HRNAK, WEEMF L ZUEMEE,

E 2. EXNRBEARERFNAERRAE (TFT) FRIEE, S-FKR; D-Kk; G-k, A4 (4
%4K) ; B-HIK; C-HSAKE F-H-8HH (GI1Z0)): X-EEM=, FkRTERMENA M,

5 JFETs £, TFT RAERTUERMESRIREERNTIE, LEEXFNRMER, 5 JFETHLL, TFTHE
EREAESKREMEEXRN—T2H.

EARSEWREN, RISHR n /08 JFET MLERSAE (TFT) W ITIERE,

fRfES TEMR G iRtk D 2 3UMEMARRNEE (Vos) # (Vpg), KMWE S D ZEBIE (Ips), MIMHAER
LR HRYAFERRZ (CCs)o

REZNHMFELR I HMES L
- Gthehgk: TEibEhsrh, SRIRFIRIR Z BV (Ins) HRNE, HiahiZBRMEE RIRFMIFRZ B BE
(Vos) ZURIREKR, MWEE, Vps M OVESIEKRE+3V, FEBMRE Vis 18-

- BRIBHZ: WTRXFMLE, BRINE Ips, HEFIEHRES Vs TURNXRL, NEFP, Vs ®RIFA—E
BHE, EREETIEEEMES, B Vs RIERE; M Ves M-3VEFIEKRE OV.
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A2

&rE

AELWFRMET U T —EXLKEE (B 3):
1. 5%

2.JFET BAE (REMBIMSHERILSH)
3. HEEaERNSE (BF4HES 10)

4. RTEER (RS 4, EHTEERRE)
5.E8iH (4 T3 1.5V)

6. BBt

7. B EER

8. /NEEEEBRTATEENRLE (RS 3)
9.HB /%

10. $RLRZE (BERKILLE)

11 3tBY28

12 HRENRIBEHERN TFT ALK, Z TFT BRENESE (B 4) 13 BTHEENRTF (RS —KE, —X8H
£, RBK/EET], —8R)
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lcm

0.5 mm

-
!

E 4, mif: RWERERHHENRIBRAAK: 4K (1), RSL (2), MBEHE (3), RBANE (4), 7
ERBME (R, M R,). 18 nEBEN/LARTREER (R5RZEMNEEZEEEN 0.5 2XK)

EBRNTRERE: FEFBHFHEERBEARNRGENRK, BAXFREZIRITFE, EUELEFILE
ReETREMRIFFE, UEXRZIRFHINESER,

MERS, BAEERUTEEER.
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- ARRNBRZEETIRN TR(F

- DRARTEBMNERER, RFNZFANNEEERRESNER, IRALEBERNR, FAXRE
B ‘1" & 1" (BRAAENT), PANNEEMAE, Ak, MEZENEEFZERIER,

- REFCEE B —R 315mA BYRICZRIP, IR RERMMNAARZENEKIER, ANERINNE
H S IE R 22 G iy

- EREENTIER, BRRIAERN 10 MQ,

- HRFREITE, FAREERESBARIAEL T&RIT.

g1z Rint/Q

200 mA 1.0
20 mA 10
2mA 100

® 1. P ARFAERKRERN, FREERGEERAE.

Eit, SHARAEERBERAREKINN, NXF=1"dHANEREENEAN— 18R, TRERENR, FAR
By LR 2 BE =B =i 200 mV BIERE.

A &B%> HhRE FBER

7RI Vos 7l Vs BIE, BEGERIHENEAR LM M (R, 7 R,, WE 4) M9 ERBRNBE
HREEER, R, A R, ROESEEBAREE (R ). Y1E R, LHEI—MEREE FEAFIDR 3V #8s),
B R, EHE— MY 3V(V;,, BBOIEIRERE) B3t (0 V, NEITEFFIA, Bl IS st R RO EE Rl S f
1H55) BOPBERE. T GEVEEMAEE Vo, FILUE Ry SR (R, R,)(E 5

in

Rtot A

5. DEEBRK.

A1 HERBWHBE V. WRER, ERXTV,, M “BE R MR HEHK, 0.2pt
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A2 AAFRRVELKEI=NABFE (R, Ry, M Ry;) BRE, FIRMSBIAREG  0.5pt
B L, #TZRNE, FNEEENZET R, NFENLERE, TEETHE
HiGit A HER.

A3 EFA—EEXRRN p WIEFASERNEBEASENAKERX, XMEAKEXMEE 0.3pt
MAERRSBME, B Ry K&ETo

A4 MA2H¥EPITENRESBENTE, HitESHRENEEE p, HETTHSR  0.4pt
HWEE CANEEEE ¢ 7320 + 1 um),

A5  EEAEEFE R,. R, WEBREN R, = R, = kR, r ~ 14.2807, ME R, M R,, #F¥& 0.5pt
BIEREEEEPR. HE ~ WELRE, H5ECEHTHR.

EFRFTRMBVIRAE, AFTRMHIS T EBEEREH 7 FFENTEL (WA 6 Fin). XEIRINLARIEADE
2RAVIRAR =

H I J K L ™M N

s v O T

LN e e e —

A-B C D E F G

6. IFM R BB FIFM SR,

A6 EFTEXAEREIERE R, M R0 R, EXNEMRS < V(FEFE 1) 3t W(EFE 2) Zig  0.3pt
BEEME, R, EXNEMRSR Z ZENEHE, FNEEEATTERBREF,

¥ AAA BRI E T, IFFAMTEREMIRIEH BMRLERER. AR, RE 7R, EEFEb,
HRTERE AR RT K,
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<
<

B 7. RthiERE

A7  NESMEMSEVEERE Vo, Vou MEXNT Z RNBENEE, BHEEANEE 0.3pt
REIRAEH,

FEERBNERILLER, TEMREUFENE JFET RAENERL T

B &B43. #iR JFET &{FERIS{ErIL,

7R JFET RAENVISIE, ZAZIME 8 FinpIRE, Bit, ERMHAY JFET &AL LiR%IS, DM G =1H
R— B EERIRGZ =B, BABHHFEXNHN! (RO UEAMRHNNESRERE JFET &EE,
MBS/ B8R —EER,

ERRMENSLFREERNMRAURIERZ M (BRANRZAH0V), T2 B HINKEIEFR, JFETH
RIRRZIGE S E (REFERZ.
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8. AFHTE JFET FHEMLMILRES, B8 TFT EANELKIFINMNBEID FRELRHN
B #Eo R fER. A LRSS T MR JFET RBAEERMIE G, ik S KRk Do A THEEER
TRAFE SRR NEERDN, ER—HSHY LRIFEFARERRRERN, mSHEMHIE
LMZREFN. ERHBARMNERA: ERFBEREEEN, WERSENNERANEE,

BA  EERABIMIE G EETM (Ve = 0)0 AREERBHERT, SHERN—IRE  0.2pt
EEEE SAEHIRE, ME—IRRENEESFRNSEEEED, TEHAE IR
BI37% Tps MO

B.2  {RFfVes =0, ERRINEFRRNIERE, MEBNBIER Inso ARNEBE, £& 0.8pt
RERMRAER Z BN — T ABE (Vs < 0), HESBR Ihs BNE, Ips 2
IR AR Z B PRFENNRYLE B ERI R E . TEZERHIREFIENRBNEE,

WS EER BRI IR AR (E9), BESERFFIRMMEBEE VL, 555 0w e e E S AR E
Vo R, ELANRSFEH B ERAONE .
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B3  EEFBEHEILEENNE R OB BRERERTF f = Vi, Vo, WRAR, B 0.2pt
2 R.. R R, R,

Y Ves = 0BF, JFET RAERBR/NAVIHEBME R)g ~ 50 Qo 7AT, SMRAAXERBRIERAE, X MaH
HEASEZEM. T Vs <0, HWHEBASHE (1) SENMREERS.

B4 ERENNKRERT, WEFTETEB.2 RNESH Vs, BIRRAFR SN EER,  1.2pt
ZIERFRFIB) JFET BORRFRIRSZ T : RY = 509, Vp = —1.4V

B.5 ‘&l JFET RIAEBVRLELE Ins(Vps) 0.5pt

B.6 FREBEET/N Vs W ITIEFE. NFARE Vs, M= JFET B Rps BB, FHik  0.5pt
EHIBEY Ve XF Rps X RE,

B.7  EXVps ~+3V, &Ml JFET RAERHEBZE (Ips(Ves))o 0.3pt

Y JFET RABAFIMARSE, BRI 5/ (2) LHAEERRTE.
B.8  MNERVEIET, HTE Ipss MFETEBE Voo ik Vo SEARIHEMELLE, 0.4pt

JFET RAEN—MEERSH, FHHIRYENARSZDEAEN, MEMBENRAEERSE 3, HEXH

o 3ID5
I Vs

NFRPLENRE f(2,y), FFS5 Y REf3 2 RS, Iy REFFE,

B.9 KIBNEMNEBML, T8 Vs = —050VEIHNESE, BESMREFE (2) F  0.4pt
RENITREEH#ITIER.

CEZ%. REERRAFE (2.049)

MILFEFIE, ABES JFET, FRANESHIERES U TENR BRE EANAREREREE (TFT) BX. TFT
Mk, SRARFRAREEE 10 ARt 7o 3§ TFT kAR E, EXEREER, ER TFT BRIRN 29848
5B A RIREERE, ZRBEN OV, ME 10 Fir. B HER (B 10), RREERMPER Vs > 0o
OB RIERE BB,
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3V

3V

10. BB TFT BNEBRE, HARNERRIXEN T EMHEA: 7£5 BRI URBIEES
BTN E S AR E,

C1  I8E Vps = +3.0 V. BIMEBE Vs = —3.0 VRXMTEAEE, FiF19, XFR  0.8pt
FEME XM, EEARLE TXETNNERE FRABRERE) Liosedo AT
15 Vos = 0, FHBRAEE, FEIMRST Vps = +3.0Ve MITHRAERNBEFIREIE
D5, MEHIE Ins(t) , ERMEENEIMELAIRE, Hi2REZTE L,

C2  1EE In(t)e Ins(t) BFNFERSEIZS LA e IEXTIZHIBIN, Erh— RC BIESA9BT  1.2pt
BEM (r,) EE— RC BBMHEEN () ARS, BERIEHNIEEH .

D &%, R¥%EER

EHEFERD, REENBRZ —ERKE, EEBYRANEFHRITRE, FW, 0FR V,=high, B4
Vour=low, RZTFA. BEEBREAEXFIEERT, RELNIRTTZ—MMENARR ENREEM) KX
25, S0E 11 s, AT BIEEMRAFEBME (R ). EXMIERT, Vi,=Ves HB V,« ERFENFREE. FHit,
EX—EAH, HATEEN Ves M-3F 0V EUIERT Voo KENZ K,
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Ves —|°

11. ~BR (Fikizit) MASSH R ER,

FE 1 NEEPR, REERAR TFT, R RHREEFITARMMNAEENE, BIFRAERRKRS , RAH
ERLERER, NE 12 Fim. SIRERIK ERIAE, SELEAER AR T EENSRAER, FRURESR L
WMNEES, BEMSHER. TRAMEE®RME R N, —EEFLMBIECHEREE. NTE,, RAERET
0V, AHBANZEBEA, Flt, EEEEN, (RALUBREESRFELRAEL R FIRKRFFHRIENE, RHY
BfrN 22 R1F— 15 BIMEEETRES 10

G

3 P

3V

=3V .k;

B 12. BFRENLAAR (RIREM) BASREE,

fEF HB A%, FITLAHI—NRE R ~ 200 kO BIBREAES, (EAMRER TFT WHHEBAE, kEREBEEK (1
12),
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D.1 EEZEFERLEET™RUEN R B, EAEEEMATER TFT ERREBRK (B 12), 0.5pt
TENEZR, FiE, ¥NBIRNA Vg = —3VRTLXHARMBE, HEFEFAN1
Db AR Vos M-3REI OV T, WENNH V,y,, NE—MUESR, RENE
AT 100s, FAFIEE Voo EEBRLEE TNEE,

D2 4HIHV,, (V) BEEBEE, HEIRESEHTBOBEE, 0.5pt
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RSB R YA L EVFLETE (10 points)

EER, EREFIRZAASRALIR!
IMERMFTF B FT (FAREI AL ZE 10 9%, FEREBFITNIRE,

51

Ik

YEFMRR RSN, ESFERE, XTFNNND, IMPESHMILLE ARER) HFERIEN, 3
S s EREY, MEHRE BIEAGRRR,

NFE, ERANOMNENESSEESEEREMER. N o EXRN: SRUER SWIMERDF, M
Te, WEBKENBNEWE:

c== and e=-—2 | (1)

Hep (7 () DRIREANMRBKE, ERSHEETAR, NHSNEMIEL, Blo=FEc RER), Mt
PIRF, E, MAHKES,

SRR RE R HFEIAREME T AR —NEM, (BB NHINEEY. NTERNNE, EREBHERS, m
BHERAEE, EXMERT, DFEEHHBARAR, XUTAMERE. B2, WRIRSEREET
THRMARIR, MRS TR ERRE.

MR

REMBES T HEBANFELEMNS, BAEXMMEIERERNSE, FIRITNRBMEE,

TERMIEREEME M RIE, BRI AE RAEETANMMMNKEETH, XERETENE cMENEND o, 2
M o) = Eye, AMAGTRMEDN o) BOSH0:

0 =0y+0, (2)

1818 B RN TR B HRIBIRIES (c = ¢ = ¢, )o 2T, NIRITFHBSMITIIRILS ¢, , BB RIS A 3SR
T ¢ = 0, /E,, MAHEMRT & (R (CEWSIREENES 0, = of = oY)

€ =€ +¢f (3)
AL IR, WHENTNRESEZEFTEAMXR (SHIEREFBIEM)
deY

=g

Hep ), BMERK
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XMEARL MM RIRE, FAMVELMERER, NE 1R, EPRERREEMEAs, mEFH
RAGKEEER Do

g
!

Bl 1. SRR SRR S BUAIR L,

Ey

RIEULEFR, BEITXA:

de, 1 doy o

dat B A T (4)
BHILt, R EMIREh, ATLSH:

d d
U:E06+71(E0+E1)£_71£ (5)

Hp 7 = /B &MAT5ERA, NEMNNAZENXATBREMEN, NEMNHMENENRE. B8
Hlet), BIATERE o(t), RZINA
ERNLEFRRMEBIEHRER, R de/dt = 0T do/dt = 0 mIIER, BEI NN B EHIETE
o ERNSTMBEMT, WHMRIRAEMAHEE BTN ¢, B de/dt = 0, EXFERT, R o(t) (XX
AFN RS SIS 12 (5) BIfR:

o(t) = €(Ey + E,e /™) (6)

Hep, £t =00, REWERIIWRAFERLM, Bt o(t =0) = (B + E))o X MARREARENE N SRS
B 2IEHRRE, TREEEHN o

ZEMETEE

9NE 2 i, fRELMRBAILRE Sty REI SRS ErE iz,
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N

2. ZEMFEMEIIENT XIEEL,

i, EEE N HRERREEERS, B

UZJO+ZJk, k=1,2,--,N
k

Hep dee — 1 doy 4 oy deg _ de _ de
R G =4 @+ B, @ =g = §

ELLRIXS 52 (5) #ATHET .

de
0 =Byt — > Tk, k=12 N
dt - dt

EEP = Zk U & T = Uk/Ek'
ENTARTHERMET, SRR DN ENESERER, o, = Ae7 V™, NTMEHE:

ot) = (Eo + Eke‘“m) , k=12 N
k

(9)

P, RIRTE = 0B, REMLEEMEDEXNSNIETE, Bk oy = (Ey+ Y, By)o FRGEIRIREEME MR

ERIFAIER,
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¥*E

FEALRER, RETUT-RFIEE (ILE3)

1.

L PNIUNEN, FE—TXERS, AREERLE, N5 -1 EXERS, BTRFKLLABNAKRE
Bhiff, A EBRFHLSEAEENNE;

2. 1P RERA, A— M= O0ERRYEN—1R EAREIER 2R,

w

10.
11.
12.

v N o vk

I MRIVAREMREEE (TPU) ALk, ALERIIMEAHFNE—TEERL, BTRERYETELXE
Rat;

1 NEETEEIRZM5EH TPU £4;
1 N E R MR A2 1,

1 PNEEFHE

20NTEERE;

1 MHESES;

1BRF

11BEBER,

1 KIENRER A4 4K;

1 MRAREEMIT R ER AR E R
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A ERf5: RZAHGHNE (1.2 53)

AR EFRKRREA, BONRSYBLENERED, EESRANNONRESYRLRRMTES, &
MEGARRHER, ERZAZSSHAE LHHRKL, BSBMRIRIEAIETE,
ENEFEE, BFARER D &M BEDT NRAE, UETIFNAHETENIESRE,

A1 NERGVMALTRKERIKRST, ERMRLLZENKE, ARMERTE  0.3pt
L2 RERRY Smm KEVLREL, RIGLERNEKEN (o FIRZREANERKERHIRE
BEEEEEF L,

A2 IEHENESEE P, HURDBRAUERT. 1BF, lRHEXNNT 1 RHEMS, 0.3pt
(1gf =9.80 x 1073N), BFEXNMNEEMRHEREEEEERA L,

AT MESMHE T, BURENHHATKEENNANE, EEMERT, FEEALD 45 FHANNHEL
BREITNE,

fRELZFEHEITE R 1 & 2, FriaET, RFAFRRER,

SERT: MRLREAEFAFEEE R, Wkds:, SHUENGAER—RMNSE, XMERT, ")
MEEEMRE—IRE A,

Cil:Rpe > W NS vpuE -,

1. FREE T AR RBAMRERFITL, HUE 4R, BEAENS —IRRLLLERERRE, &
B A e AR L feR

2. EHITHER 1 BEHE, BFATTE R,
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Bl 4. BLRRMIESZ R EHE T HITIHE,

A3 HEEEFLENRERN, CREFTLMERERENRERY P(t) UAITNAYESE t  1.0pt
(SRIRAYIBIZY 45 S35).

A4 NERIKNERKE (, AEBEHIREE. FEZKENEERHREESEEE  0.3pt
+*L

B 837 : MERNMKLERMEEERR (1.5 9)

YINERMERIL! EAERIBRT, BXRIEALE
MRMMERSIIHERSEEREME, BER—IMHBEEE,

X85, MMEERAANTS, KNERSYALNER. RANABLBIITMERN 0.5 mm, IEWMIRFTA
BRY, BWEN JRREEHENTTHERSERN d NEREENITST ERFRM. Eix (RIRKELTSY) B9IE
AT, EREERZNRELE (ASALNEBTATALNER) NERITHER. T/NETHERT, 715
BB T AR EGH:

dsing=n\, n=123,, (10)

X, 0 ZHT5A.

K RERE ARV RYR 79 A=650 + 10nmo
BRITX—E5, FRUTSEHIT:
1. BRI ARSI ERLY, HARAY (WA 5)
2. IEEEEH BN THIB T WREMAL L,

3. FIRFMRMAISKIARL, Rt —1 7%, IBTHERRHTFREL, ATEBAQN (10) KitEHMAL
MEEEERR, VERFENEENE.
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Bf. FAMELIDEI e RS TFHITH A ES.
B.1 EEFR EBRRFNEITHNAENEE, 0.6pt
B.2 MEALSITTHERZBNER D, BEZEBMHREEEEEAF L, 0.3pt

B.3 I EITHBAZENTIYEE 2 REIREE, HIBZFYREBELRREESESEE  0.3pt
+*to

B4  FAAEN (10) UREKNENTTHEYE, HREHAMRTHABREEEERIR IRHE  0.3pt
REE, FRZERNAREETEEEF L,

C&ifn: ERFRKENESYHL (0.3 57)
31T D BHBVEIEDITAET (PartD), RUESUEEF—MSRREE, UEEREENAZHITIE (PartE),

BREANSRAYALNBRLAN, BRZEEER—FEENREWAL L, #BRELITE 55EE
6)o

INRIRTRFLABNILT, 15T KA

El 6. FRBRLIEREMAERELT
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c.1 EEALINT R, WEZBRALHNEKE (o FEZALNEKERRIZEESE 0.3pt
(il Sl

BXFEHNALET LENXERE, IFEREFATMETEEENN I, SIRETHREDSREY, ALK
BRB—NRIERNNE e = 0/E, HSIRMEBEDTHER, SRIZEVHERT 30 5%

D: 4B 531 (5.7 points)
BHANENINEER g = 9.80ms 2.

D.1  FEA3EXRD, HEERTREMALNAI F (U gf REA), HENFERPHXNN  0.3pt
o

D.2 HEEFEFRREMHHISEAL, LHIRE F(1). 0.4pt

HTFEFIHAR, AJURIRVENNEFRE, HAERAAR (9) . KX AN ¢ = gF, HA g 2EH. Fit
g
€

= BF(t)=E,+ E,et/" + E,e t/" 4 e t/™s 4 . (11)
0 1 2 3

AT HE, LERNMABUERR (1, > > 7 > ) HIF.

D.3  RIEEBINE (constant strain) e LB ERIRE, HREREBENETTERF, 0.3pt

D4 IHERAFsHE. HF o A SI 8. F A gf B, AFERLEH (FFITHEIRE) 0.3pt

D.5 &HEFD.2 PEANERTIHIE: ERERMAEMEIERER, EERAPRMS  0.4pt
BAENE L IRFTHIEER F(t) E48 M TSR,

REE IEMARE F(t), MIESBERZ WO XEHREMKRSK (relaxation parameters) AIZE LI EFE,
Alt, MESIRITERESHE . XAESERSEHBETEANTM. SHERUEENEEFRLR
FIERT, BRS¢, BIRER f(t) (—RFVEIR (11, £1), (ta, f), (t3, f3), ) BISEERERT R T RIS

df
dt

_ finn—fina - _
= 57 =2, ,N—1 (12)

X h ZRRZEMER (B, N RHERNERK
MRIERVIERNHNEERERRN, NWSBHBERLEMA

df _ h2 fin —hifia + (W —h2)f;
dt |, WZh_+ h, h2
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R h, = (t,, —t)and h_ = (t, — ¢, ,), N ERIEMBHME, ZRAXRTEESHENTIE, BHEER
BOEIAINAY,

ENMBIEHRBAXSH, YNERE—RPE, Eit, RiEAE (11), BHITUTIHE:

D.6 (RIRIFNEN—RIIIENLRIEEIT 7, BHITE ¢ > 1000 s BERIERHFH  0.5pt
de, FESTE A3 FRRIEH. MAERTATE 4, REREAFHRHNTIE
Ko

D.7 #HEHEFRH, HFERMEEEIRES, IF KM TIEARIE. 0.3pt

D.8 EREMGZEMD.6 NBUBFWESH £, M, UERRURT. A#EEFLEET 1.0pt
E, M NE FREETEIRE).

D.9 MD.6 MWEIEFHESH £), UEMRREMRT, FESAEEIFRL (RFEITEIR  0.3pt
E)o

D.10  y(t) TTA F(t) BEBEMERKAEE D EBHE, B7E A3 RBPHT y(t) EEN  0.3pt
WNHE, (RERFEEED.6 HEFEANSE-

D.11 fERERGZE, My(t) (W D.10) hHESE _MEMRS £, F r, B9E, UEPREM  1.0pt
Ko B E, M, EEEZERLE (FFEEITHEIRE).

HARBUREEME 5 2 7] IR MBI S R B

D.12 #HHS5E=THRSEENEMXBTERNERE ¢, o EEBRLEET ;M (FFEZit  0.3pt
BERRE),

D.13  MD.IIHNEHRMEE r, WE, BERFRRNURTE, EEFEFLEH (FFEHHIRE) 0.3pt

E &84 : (ERAHAIENIE E (0.6 points)

EZ C #OPHRIENAL, BRAZGEBERELIT 30 0%, XFMMALUANXREAHNIAE TR
EBec=0/E

E.1 RIBRHNALNKE, BIZRE £ AT R LS THME, UKRED HBIIHEN  0.6pt
E, BRENZENE (FREHTRIRE).
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GW150914 (10 points)

Part A. Newtonian (conservative) orbits (3.0 points)
A.1 Apply Newton'’s law to mass M;:

d*r M, M, 7, —7,
7’1:GH 1Mo To 71' 1)

M
b dt? [Py =712 [Py =7

Use, from eq. (1) of the question sheet

Ty =——+T, (2)
2 M2 1
in eq. (1) above, to obtain
d?r, B GM;3 [ 3)
de2 (M, + My)2r2ry
A.1 1.0pt
GM3
n =3, o= —- .
(M; + M,)?

A.2 The total energy of the system is the sum of the two kinetic energies plus the gravitational poten-
tial energy. For circular motions, the linear velocity of each of the masses reads

;] =782, |[Uy] = 1,82, 4)

Thus, the total energy is

E= %(Mﬂ% + Myr2)0? — LMLW[? , (5)
Now,
(M) — Myry)? =0 = Mr? + Myr3 = pL? . (6)
Thus,
B = our0r -Gt 7)
A.2 1.0pt

1
A(p, QL) = §,uL2§22 .

A.3 Energy (3) of the question sheet can be interpreted as describing a system of a mass p in a cir-
cular orbit with angular velocity , radius L, around a mass M (at rest). Equating the gravitational
acceleration to the centripetal acceleration:

GL—]\Z =Q2L. (8)

This is indeed Kepler's third law (for circular orbits). Then, from (7),

1 _Mu

E=-—-G—X.
29T

(9)

A3 1.0pt
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Part B - Introducing relativistic dissipation (7.0 points)

B.1 Some simple trigonometry for the z, y motion of the masses (in an appropriate Cartesian system)
yields:

(z1,y,) = r1(cos(Qt),sin(2t)) , (24,y5) = —ro(COS(Q), SIN()) . (10)
Then,
M2 M2 1 cos?(Qt) — 2sin*(Qt) 25in(Qt) cos(Qt) 0
Qi) = %“ 2sin(Qt) cos(t) 4sin®(Qt) — 2cos?() 0 |, (11)
0 0 -2
or, using some simple trigonometry and (6),
12 1 +cos20t  sin20¢ 0
Q,; = “7 sin20t L —cos20t 0 (12)
0 0 -2
B.1 1.0pt
1 2 i
E=20, ay=a=g.a5=—3. b=Lb=-Lb=0.cy=c,;=lc otherwise
B.2 First take the derivatives:
40 sin2Q¢t  —cos20t 0
dtSU =403ul? | —cos20t —sin2Qt 0 | . (13)
0 0 0
Then perform the sum:
dr G . 332G
—— = T (403uL?)?[2sin*(291) + 2 cos? (201)] = = — p2LAQ° . 14
g = 5o AP L?)*[2sin7(208) + 2 €0s%(20¢)] = ——p (14)
B.2 1.0pt
e=2 i
==

B.3 Now we assume a sequency of Keplerian orbits, with decreasing energy, which is being taken
from the system by the GWs.

First, from (9), differentiating with respect to time,

dE  GMupdL
G T 2m A (13)

Since this loss of energy is due to GWSs, we equate it with (minus) the luminosity of GWs, given by (14)

GMpdL  32G , ,

ETEI AL 1o
We can eliminate the L and dL/dt¢ dependence in this equation in terms of Q and d€/dt¢, by using
Kepler's third law (8), which relates:

M di  21do

3 _ [ —
=G dt 3Qdt a7
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Substituting in (16), we obtain:

do\? 96\ 3 N1 96\° Q!
(5 - () e = () e

B.3 1.0pt
M = (i*M>)'° .

B.4 Angular and cycle frequencies are related as Q = 2x f. From the information provided above: GWs
have a frequency which is twice as large as the orbital frequency, we have

Q  few
w2 (19)

Formula (10) of the question sheet has the form

dQ 96 (GM,)°/3

o XL x= g( C§> (20)
Thus, from (11) of the question sheet

1) = Sx(ty 1) @1

or, using (20) and the definition of x gives

_ 8m)%/% ( GM, "/

fowl(n) = ”g (55°) 0. (22)

B.4 2.0pt
p=1.

B.5 From the figure, we consider the two A¢'s as half periods. Thus, the (cycle) GW frequency is fow =
1/(2At). Then, the four given points allow us to compute the frequency at the mean time of the two
intervals as

| s | teo
t(s) 0.0045 0.037
few (H2) | (2 x0.009)7% | (2 x 0.006)!

Now, using (22) we have two pairs of (fgy.t) values for two unknowns (t,,M.). Expressing (22) for both
tzg and ¢tz and dividing the two equations we obtain:

_ At —tas (fGW<tAB>>8/3 53
a0 M ) 3

Replacing by the numerical values, A ~ 2.95 and ¢, ~ 0.054 s. Now we can use (22) for either of the
two values t;5 or t5 and determine M.. One obtains for the chirp mass

M ~6x 103 kg ~ 30 x M, . (24)
Thus, the total mass M is
M = 43/5M ~ 69 x M, . (25)

This resultis actually remarkably close to the best estimates using the full theory of General Relativity!
[Even though the actual objects do not have precisely equal masses and the theory we have just used
is not valid very close to the collision.]
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B.5 1.0pt
M ~30x My,  M=~69xM,.

B.6 From (8), Kepler's law states that L = (GM/9Q?)'/3. The second pair of points highlighted in the
plot correspond to the cycle prior to merger. Thus, we use (19) to obtain the orbital angular velocity
e Q,, ~26x10*rad/s. (26)
Then, using the total mass (25) we find

L ~5x10%2km. (27)

Thus, these objects have a maximum radius of R, ~ 250 km. Hence they have over 30 times more

mass and,
RO

Rmax

they are 3000 times smaller than the Sun and!

~ 3 x 103 (28)

Their linear velocity is
Veol = gQ ~7x10*km/s . (29)

They are moving at over 20% of the velocity of light!

B.6 1.0pt

R ,
Legjiision ~ 5 x 102 km | O ~3x10%, Vol | 0.9 .
max
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Where is the neutrino? (10 points)

Part A. ATLAS Detector physics (4.0 points)

A1

The magnetic force is the centripetal force:

v? muv
m— =evB=r=—.
T eB

First express the velocity in terms of the kinetic energy,

1 [2K
K=c-m?=uv=/—,
2 m

and then insert it in the expression above for the radius to get

A1 0.5pt
V2Km

r= .

eB

A.2

The radius of the circular motion of a charged particle in the presence of a uniform magnetic field is
given by,
muv
rT=—.

eB

This formula is valid in the relativistic scenario if the mass correction, m — ym is included:
ymuv p
T ) eB =p re

Note that the radius of the circular motion is half the radius of the inner part of the detector. One obtains

[1 MeV/c=5.34 x 10722 m kg s ]

A2 0.5pt
» = 330 MeV/e.

A3

The acceleration for the particleis a = ‘;er ~ €8 in the ultrarelativistic limit. Then,

ym!

6402’}/432 84’}/26432

6megc3y?m?  6regc®m?’

Since E = yme? we can obtain /2¢* = £2 and, finally,
o ~
m
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P = 2B2.
6mregm*cd
Therefore,
A3 ) 1.0pt
E=—, n=5and k=4
67
A4
The power emitted by the particle is given by,
4
p—_9F S— o

dat 6megmicd

The energy of the particle as a function of time can be calculated from

E(t) 1 t e4 )
—dE=— | ————Bdt
.[50 E? Z 6meymicd ’
where E(0) = E,. This leads to,

1 1 e*B? E,
=" 4+ = E{f))=-—"0
E(t) E, 6megmic® ®) 14+ aEyt’
with
A4 1.0pt
etB?
~ 6megmics
A.5

If the initial energy of the electron is 100 GeV, the radius of curvature is extremely large (r = -£- ~ 167 m).
Therefore, in approximation, one can consider the electron is moving in the inner part of the ATLAS
detector along a straight line. The time of flight of the electronis t = R/c, where R = 1.1 m is the radius
of the inner part of the detector. The total energy lost due to synchrotron radiation is,

Ey

R
Ey~ —aEgz

and

A5 0.5pt
AE = —56 MeV.
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A.6

In the ultrarelativistic limit, v ~ ¢ and E =~ pc. The cyclotron frequency is,

wit) = — = ecB _ ec’B
r(t)  p(t)  E()

A.6 0.5pt

ec’B e*B?
w(t) = <1 + Gregmich Eot) .
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Part B. Finding the neutrino (6.0 points)

B.1

Since the W' boson decays into an anti-muon and a neutrino, one can use principles of conservation
of energy and linear momentum to calculate the unknown p”) of the neutrino. Moreover, the anti-
muon and the neutrino can be considered massless, which implies that the magnitude of their momenta
(times ¢) and their energies are the same. Therefore, the conservation of linear momentum can be ex-

pressed as
P = pwpp@)

and the conservation of energy as,

EW) = cpt) 4 cp®)

In addition, one can also relate the energy and the momentum of the W boson through its mass,

miy = (EW)? /et — (pW))2 ¢

which leads to a quadratic equation on p, Y,

miy = (" +p")? =B ® +p)] /e
(2pp¥) —2p 1) . p 1)) /2

B.1
1 ) v v > (n) = (v ) (v
m2W = - (2]?(#) (p%— >)2 + (pg >)2 — 2pT(/ ) pT< ) — prg/ >p(z )) .

1.5pt

B.2

The numerical substitution directly in the answer of B.1, using
p) =37.2GeV/c  mZc? = 6464.2(GeV/c)2  pl”)? =10864.9 (GeV/c)?

B ) = 2439.3(GeV/e)?  p) = —12.4GeV/c,

6464.2 = 74.4/10864.9 + p'*) 2 — 4878.6 + 24.8p") .

This is a quadratic equation, equivalent to

leads to

0.88889p) 2 + 101.64pt” — 12378 = 0

whose solutions are:
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B.2 1.5pt

pY) =740GeVie  or ) = —188.3 GeV/e.

The general solution of the equation above in B.1 leads to

p(”> _ 2]3T(u) ,ﬁT(V)pgu) +m%V02pi”)

2(p")?

P A 202+ 4G )2 + 4 B et + iy
:
2(pTu))2

Numerical substitution leads to the above mentioned values for pi”’.

B.3

The final state particles of the top quark decay are the anti-muon, the neutrino and jet 1. Since the
neutrino is now fully reconstructed the energy and linear momentum of the top quark can be calculated
as,

&
I

ep® 4 cp®) 4 eplin)
pO = pW4p® 4pU0,

The top quark mass is,

me = \J(BO)2 /et — (p0)2/c2
2

= (o) £ p0) £ ) — (500 +50) 4 U2

The substitution of values leads to two possible masses:

B.3 1.0pt
m; = 169.3 GeV/c? or m, = 311.2 GeV/c?

B.4

According to the frequency distribution for signal (dashed line), the probability of the m, = 169.3 GeV/c?
solution is roughly 0.1 while the probability of the m, = 311.2 GeV/c® solution is below 0.01. Therefore,

B.4 The most likely candidate is the m, = 169.3 GeV/c? solution. 1.0pt
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B.5

The top quark energy for the most likely candidate is E® = cp*) 4 ¢p¥) + ¢plit) = 272.6 GeV .

® E®?

p
d=vt =vyty = —ty = ctg\| —— —
Yo my 0 0 mt204

B.5 1.0pt
d=2x10"1%m.




IPhO 2018
Lisbon, Portugal

Solutions to Theory Problem 3

Physics of Live Systems

(Rui Travasso, Lucilia Brito)

July 24, 2018

v1.0



IPhO 2018
Lisbon, Poctugal Theory -
English (UK)

Physics of Live Systems (10 points)

Part A. The physics of blood flow (4.5 points)

A1

Since the vessel network is symmetrical, the flow in a vessel of level 7 + 1 is half the flow in a vessel of
level i.

In this way, we can sum the pressure differences in all levels:

N-1 N-1 R.
:ZQiRi:QOZ?;'
i=0 i=0

Introducing the radii dependences yields

8¢, 8ln 80yn = 2%/3 80yn
AP = QOZ = Qo1 Z oas = QN—Ir .
e = 2'2

2’71'7“ Ty
Therefore A
T
=AP—9 .
o 8NLon
Hence, the flow rate for a vessel network in level i is
A1 ) 1.3pt
r,
Q,=AP— 0
22+3N€0n

A.2

Replace values in the formula and change units appropriately

APTI’T% B
8Nlyn
(55 —30) x 1.013 x 10° x 3.1415 x (6.0 x 107°)4

— =4.0x10"1"m3/s
760 x 48 x 2.0 x 1073 x 3.5 x 10-3 0>10 /

Qoz

to obtain the final value in the requested unites:

A2 0.5pt
Qp~15m¢/h.
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A3
The current is given by
_ I:)ineiwt
 R+iwL+ L
The pressure difference in the capacitor is
]Jineiwt 1 Bneiwt

Poutei(wt+¢>) _

R+iwl+ i iwC  iwCR—w?LC+1°

The amplitude is
b

Py = .
U /A —wPLC)? + W?CPR?

(]

To be smaller than P, for w — 0:

(1—w?LC)? + w?C?R? > 1 «= —2CL+ C?R2>0.

640202

Replacing the expressions for L, C, and R we get: 355, > L
A3 P 2.0pt
Fout = 2 I2 20202
V(1 —w?L0)? + w2C2R
Condition:
64202
>1.
3Ehr3p

Alternative way to obtain P, :

The amplitude of the current in the equivalent circuitis I, = % , where

2
2o fre (1)
wC

is the modulus of the impedance. Hence, the voltage amplitude in the capacitor is

P
P =—x1I,= ' )
T wC T JWPCPR2 + (WPLC — 1)?

A4

The previous condition can also be expressed as

641202
3Erp
For the network referred to in A.2
64202 x 2¢ 64 x (3.5 x 1073)2 x (2.0 x 1073)?

= X 213 =77 % 107% x 2¢/3

3x22/3Fr3p 3% 0.06 x 10% x (6.0 x 10-%)3 x 1.05 x 103
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For ¢ = 0, in the worse case scenario,

Pmax = 7.7 x 1075 x 20 = 7.7 x 107°> m

This value is certainly observed in these vessels since their radius range from 18 ym to 60 ym. A wall
width smaller than 80 um is certainly reasonable.

A4 Maximum h =8 x 107° m 0.7pt

Part B. Tumor growth (5.5 points)

B.1

The expressions for the masses of tumour and normal tissue are written as:

My = Vapr = Vapo(1+ )

My =Vpo=(V—=Vi)po(1+ )

The pressure, p, can be expressed as
M; K-
—TT Kt
Vrpo
and, then, used in the equation for My:

M, K\ MVIE;
My=(V—V) 2N (121 2 VAT
NV [( KN>+VTMNKN

Simplifying and rearranging the terms, the equation for v becomes
1—rk)v*—(1+p)v+pu=0,

for which the solution is (the other solution of the quadratic equation is not physically relevant since does
not lead to v = 0 for . = 0)

B.1 1.0pt
s L=+ p)? —dp(l—r)
2(1 — k) ’

B.2

For r < Ry, the conservation of energy implies that

dr

4777“2(—19)5

4
= ?gwr3 .
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Therefore, the temperature difference to 37 °C =310.15 K, AT (r), is given by

P 2
AT(r) = 76—; +C,

where C'is a constant.
For r > Ry, the conservation of energy implies that

dT 4
Therefore, the temperature difference to 37 °C s

PR3
AT(r) = 3]4:72- .

In this case there is no constant, since very far away the increase in temperature is zero.

Matching the two solutions at » = Ry gives
PR?
2k
Therefore the temperature at the centre of the tumour, in SI units, is

C:

B.2 Temperature: 310.15 + T;ff. 1.7pt

B.3
The increase in temperature at the tumour surface (the lower temperature in the tumour) is
PR?
AT(R;) = —*.
(Br) = —

This increase should be equal to 6.0 K. Therefore,

_ 3ATE  3x6x0.6

P — — = 4.3 kW/m®.
R2 0.052 ;

B3 Py = 4.3 kw/m?®. 0.5pt

B.4

We can relate §r with the pressure in the tumour, using the relation given in the text up to leading order

iNp — Peypt 07 = 2(117):532,)) dr. . Therefore, if p — P, is very small, also it is or.

ap

The pressure can be related with the volume. We know that

MN_ POV_Po_ ( p)

VN V—Vr_l—’l]
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And so p = Y,

When the thinner vessels are narrower, the flow rate in the main vessel is altered

N-1 N=2 54i/3 4(N—1)/3
8¢, 7] 8£077 2 2
= (Qp + Q) E 9 = (Qo + 5@0) Z 9i9i/3 + 4
i=0 2N-19(N-1)/3 (1 — %)
To/2! /

AP 44
— AP~ (Q+0Qu) - (N—1+1+ r)
NQ, "N-1
Noting that 5=+ — %82, we obtain

L+ 0Qn 1 1 . Aor
Ryt 1+ #fv: Nry_y
And so:
6QN—1 i 57"
Qn_1 N ry_y
Putting all together
B.4 2.3pt
Qnoy 2 Kyv— (1 =v)Pegp  dr,

QN1 N (1_v)(pc_Pcap) TNo1




