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In this task, we place the cylinder on the ground so that it can freely roll to the left and right. See Fig. 1 for

a side view and a view from the top of the setup.

FLtES, BARREREERKFREEME L, AREERATUEEEHRR, RE 1. MRESIE,

The goal of this task is to determine the size and the position of the metal disk.

AESHNEFEREEBENRT r, M w, UREARBREFHHUE d

In what follows, when asked to express the result in terms of known quantities, you may always assume

that the following are known:
A TENREFAENMEERTIHELER, HARZREUTSENEM,
Ty, Wy, Pr, anM'

The goal is to determine r2,w2 and d, through indirect measurements.

BirRWHEERBENRYT r, M w, MNRERREREPHUE, FEZNE,
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Figure 1: a) side view b) view from top
1: a) MULE; b) fHFLE

b is the distance between the centre of mass C of the whole system and the symmetry axis S of the cylin-
der. In order to determine this distance, we design the following experiment: We place the cylinder on a
horizontal base in such a way that it is in a stable equilibrium. Let us now slowly incline the base by an
angle (see Fig. 2). As a result of the static friction, the cylinder can roll freely without sliding. It will
roll down the incline a little bit, but then come to rest in a stable equilibrium after rotating by an angle

which we measure.
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Figure 2: Cylinder on an inclined base.
2. (ARRVERE K E AT

A.l Find an expression for b as a function of the quantities (1), the angle  and the
tilting angle  of the base.
SLH b IRAT, A (1) FRZELIK ¢ M 0 KRR

0.8pt

From now on, we can assume that the value of b is known.
EERRE, BENATURE b HEH.

Figure 3: Suspended cylinder.
3. 2EMNEE,
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Next we want to measure the moment of inertia IS of the cylinder with respect to the symmetry axis S. To
this end we suspend the cylinder at its symmetry axis. We then turn it away from its equilibrium position
by a small angle , and let it go. See figure 3 for the setup. We find that describes a periodic motion
with period T.

BETRENEBERSXT S WNEDIRE I At ERETERE S MBEENE, AREZAENFEUER
—NINEEFARR, WE 3R, AIUBRRSEA ¢ ARG, BN T,

A.2 What motion does  describe? Express the moment of inertia IS of the cylinder  0.5pt
around its symmetry axis Sin terms of T, b and the known quantities (1). You may
assume that we are only disturbing the equilibrium position by a small amount
sothat isalwaysvery small.
el o NIESHFEF1E, 18l ¢ MM ARIEsh? BHARLKXTH S WEMRE I, A
T,b % (1) PFHNERSERT, BRE ¢ B/

From the measurements in questions A.1 and A.2, we now want to determine the geometry and the posi-
tion of the metal disk inside the cylinder.

A A LM A2NNE, BNAEA—PHRESBENRT r, M w, UREARBEZFHUE do

A.3 Find an expression for the distance d as a function of band the quantities (1).  0.4pt
You may also include r2 and w2 as variables in your expression, as they will be
calculated in subtask A.5.
fat d REN, Ao (1) PHEMSERT. KEARNFPNAEELEE r, M w,, X
BIEFiRIE A5 P#HITIHE,

A.4 Find an expression for the moment of inertia IS in terms of b and the known  0.7pt
quantities (1). You may also include r2 and w2 as variables in your expression,
as they will be calculated in subtask A.5.
S[HEDRE I WREAR, Ao (1) PFEMNSERT. REXAPNHAIEEEE
o M wy, XIGFEFEIA A5 FHITIHE,

A.5 Using all the above results, write down an expression forw2 and r2 interms of b,  1.1pt
T and the known quantities (1). You may express w2 as a function of r2.
BULELER, B r, Ml w, WFRER, Bo, TH (1) PEHNBSERT. NBEHEE,
RE]LATE w, NREARHFEE ryo (BINHZE)

B &F%3. HedERIZSiEl (6.5 43)

Alice is an astronaut living on a space station. The space station is a gigantic wheel of radius R rotating
around its axis, thereby providing artificial gravity to the astronauts. The astronauts live on the inner side
of the rim of the wheel. The space station itself is so light that we will neglect its gravitational attraction.

EMLR—MEEZRIENFMR. TEEZNEANFEN R BEE, HXTHhmhek, Aty FhaEMH
T—MRENESN. FMREFERLNRNLSG, TEUERERE, HESIAURE; TEGMERERZ
B&o
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B.1 With what angular frequency w,, does the space station rotate so that the astro-  0.5pt
nauts experience the same gravity g as on the Earth’ s surface?
TEUEUZ R ABIAR w,, ek Al UEFM R R E SEMEBRNENMNERE?

Alice and her astronaut friend Bob have an argument. Bob does not believe that they are in fact living
in a space station and claims that they are on Earth. Alice wants to prove to Bob that they are living on a
rotating space station by using physics. To this end, she attaches a mass m to a spring with spring constant
k and lets it oscillate. The mass oscillates only in the vertical direction, and cannot move in the horizontal
direction.

EMAMBOFMRARBNRERIL, B AEEMNKFREZETEL, MEEEEMIK,. EMLERAY
JERA%S Bob i1 EEF IR EIE, TR, WRREN m BYIREERIEREY L HBE L, HitHER
. BYREEES AR, EKFEAELEE.

B.2  Assuming that on Earth gravity is constant with acceleration g, what would be  0.2pt
the angular oscillation frequency w that one measures?
eIk ER58, REEZENMEE g, BIEER, #tIK ERYARIE LRREIA AR
wp ABR?

B.3 What angular oscillation frequency w does Alice measure on the space station?  0.6pt
EWMLETELE WENAEME v hEK?

Alice is convinced that her experiment proves that they are on a rotating space station. Bob remains skep-
tical. He claims that when taking into account the change in gravity above the surface of the Earth, one
finds a similar effect. Is he right?

= W2 S it RO SEI04E SREESIEPRN ) EJETE — MRS B (8l ik, BAEDNIRIFIFEE, AL E EthIkRELL
S RE BN, MAIREIEMIMR. FTRBIRA N ETHEBEXSH.

L%

4. =a]uh
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B.4 Derive an expression of the gravity g (h) for small heights » above the surface  0.8pt
of the Earth and compute the angular frequency & (linear approximation is
enough). The radius of the Earth is given by R.

WSHMIKRENHELESE » NEREAINERE g,(h) REN, FIHEIREE O,
(ZMDEMER). EFMMIKFERN Ry RERMIKBEE,

Indeed, Alice finds that the spring pendulum oscillates with the frequency that Bob predicted.
BX L, EMLBLRINFZz=TiELE8ERRENS SFIFE B ME—,

B.5 For what radius R of the space station does the oscillation frequency w match  0.3pt
the oscillation frequency & on the surface of the Earth?
TEIENFERE R AZRK Mo, B—? SERA Ry "o

Exasperated with Bob’ s stubbornness, Alice comes up with the idea of using the Coriolis force to prove
her point. To this end she climbs on a tower of height H over the ground of the space station and drops a
mass.

WEZN A EFTARR, EILBE T — N SEIIERAMAIM = ALt Bk tE = A H BUEINH & T
— MK, PRI LIERANE—HEIBREAD, WA IERITE-BESREF,

The Coriolis force is a fictitious force that appears in a uniformly rotating frame of reference. The force F,
acting on an object of mass m moving at velocity ¥ in a rotating frame with constant angular frequency @,
is given by

E—AEESRAR, ?ﬂﬁﬁ%@i‘é%ﬂ—”ﬁﬂfﬁ%@ﬁﬂﬁ F. B8 H, ERRERN ., BhSRBERH, £
BFREA m, LURE o ehiE, BERMND F. RTA:

Fo=2mb x &, . (2)

In terms of the scalar quantities you may use
WAl LIARERTA:

Fo = 2muw,,Sing , 3)

where ¢ is the angle between the velocity and the axis of rotation. The force is perpendicular to both the
velocity v and the axis of rotation. The sign of the force can be determined from the right-hand rule, but
in what follows you may choose it freely.

Hp ¢ HRESHHNRA, RERAMNHSEE o IEREE, WNTSHAEFEMNHE. butin what follows
you may choose it freely. (BINHIERIF)

B.6 IHEWIKEREMENAIKFEIEERE o, M54, BNTFER, TEETENAE  11pt
b)), BE H B, FEIRPIMEERE, HEREI, <« H

To get a good result, Alice decides to conduct this experiment from a much taller tower than before. To
her surprise, the mass hits the ground at the base of the tower, so that d = 0.

NRE—NEFHNER, EMLRAEE— N ESRELHER, RSN EYEETERL, Bld, =0,
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B7  HEMALERMK B, d, —0) ESHTR. 1.3pt

Alice is willing to make one last attempt at convincing Bob. She wants to use her spring oscillator to show
the effect of the Coriolis force. To this end she changes the original setup: She attaches her springto aring
which canslide freely on a horizontal rod in the x direction without any friction. The spring itself oscillates
in the y direction. The rod is parallel to the ground and perpendicular to the axis of rotation of the space
station. The zy plane is thus perpendicular to the axis of rotation, with the y direction pointing straight
towards the center of rotation of the station.

=MLRAN R MREE . WRBMAEERFERRERNAINMA, FTEMINE T RHKAIKINEE:
MR EEE— I L, RAILTES « BRNKFT EXERERBE. BEASE y HRfRE. FFHTTE
EUGHE, EETZTEEEM. Bt oy TEHBEET =M, y BREAZEWGEEREFC.

A

Figure 4: Setup.
5. %8

B.8 Alice pulls the mass a distance d downwards from the equilibrium pointz = 0, 1.7pt
y = 0, and then lets it go (see figure 4).
EWLATHHUMNEYEFFEER (x=0,y=0) EBNI ZAEEHR (LES).
e Give an algebraic expression of z(¢) and y(¢). You may assume that w,.d is
small.
o x(t) M y(t) BWRERZER, AHRE w,,d B/, H2Ey AELEohEE
AR B BFI A,
o Sketchthetrajectory (z(t),y(t)), marking allimportant features such asam-
plitude.
BB (2(t), y(t))o WRRHFIEEERFE, MNIRIES
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Nonlinear Dynamics in Electric Circuits (10 points) EBEERIIE
Z1%ENF (10 53)

Please read the general instructions in the separate envelope before you start this problem.
Fiaf B Z anEFARRS —E P EES]

e

Bistable non-linear semiconducting elements (e.g. thyristors) are widely used in electronics as switches
and generators of electromagnetic oscillations. The primary field of applications of thyristors is control-
ling alternating currents in power electronics, for instance rectification of AC current to DC at the megawatt
scale. Bistable elements may also serve as model systems for self-organization phenomena in physics
(this topic is covered in part B of the problem), biology (see part C) and other fields of modern nonlinear
science.

WIBSIELEF AT (FISNRIAE thyristors) THZBTRFAXMBEIRH L ESE. RRAENBHNEEN
HRERNBFTmPIEHORER, FN, BRI REBANERE. WRSTHBEUENRER
SEIMIEFHBEARNER (B HIEHNMEX M), £9F (L CEH2) MIMAIFLMERFFTEL,

Bix

To study instabilities and nontrivial dynamics of circuits including elements with non-linear I — V char-
acteristics. To discover possible applications of such circuits in engineering and in modeling of biological
systems.

MABEIELNM -V EFETHNBEBRHNAREENERDNT. RRMEKEBRETIENEYREREFRINA,

Part A. Stationary states and instabilities (3 points) A 2% EES5REEYE 3 49)

Fig. 1 shows the so-called S-shaped 7 — V characteristics of a non-linear element X. In the voltage range
between U, = 4.00 V (the holding voltage) and U,;, = 10.0 V (the threshold voltage) this I — V character-
istics is multivalued. For simplicity, the graph on Fig. 1 is chosen to be piece-wise linear (each branch is a
segment of a straight line). In particular, the line in the upper branch touches the origin if it is extended.
This approximation gives a good description of real thyristors.

(1) FRmBIR R IRt ot X BBEBFRE S-72 -V i, EBEER U, = 4.00 V (REFRE) MU, = 10.0V
(F{ERE) &, I-VISEtRERSEN. NESER, B (1) RNELEhE) IRinBRas (819
BEEAN—R). B3NS, LRISZNEZNERRREES (LBRSZTEXMERESFERER) . XM
IR E S &R E R — MBS T BvER,
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Figure 1: | Vcharacteristics of the non-linear element X.

(1): EEMTHE X T — VSR (FiEdhsE)

A.l Using the graph, determine the resistance R, of the element X on the upper 0.4pt
branch of the I — V' characteristics, and R on the lower branch, respectively.
The middle branch is described by the equation
FERELS (KIBERELZE) , 278 X ok IV i EL(f%) L7570 ERIEakE
BER,, FADERNBEE R FEDENBAE R, FHE

U
I=1,— 1
0 Rint ( )
Find the values of the parameters I, and R,,.

HESM I, M R, BWE

The element X is connected in series (see Fig.2) with a resistor R, an inductor L and an ideal voltage source
&. One says that the circuit is in a stationary state if the current is constant in time, I(¢) = const.

fIE (2) 7ot X FIRRME R B L R—MBAARER & RBE—R, Fid () Bsmmi e, o
I(t) = HEEY, BAVHLERLTFES(RIES).
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Figure 2: Circuit with element X, resistor R, inductor L and voltage source E.
(2): ot X. B R. B LHMBEE & BBEK

A.2 What are the possible numbers of stationary states that the circuit of Fig. 2 may  1pt
have for a fixed value of £ and for R = 3.00 2? How does the answer change for
R =1.00907
(2) BEPY CEFRE, R=23.000QH, AENESEES) HEZE/L, 5
R =100 Q0 HHNEREZ?

A.3 Let R = 3.00Q, L = 1.00 zH and & = 15.0 V in the circuit shown in Fig. 2. Deter-  0.6pt
mine the values of the current I;, ;,,..,, and the voltage V,;,;;,n.r, ON the non-linear
element X in the stationary state.

B (2) &R =3.00Q,L =1.00 ygHF & =150V, HEESEIFZMETH X

EE‘%{ Lstationary {Eﬂ] EE'E V;tationary 15-0

The circuitin Fig. 2 is in the stationary state with I(t) = I,y This stationary state is said to be stable if
afterasmall displacement (increase or decrease in the current), the current returns towards the stationary

state. And if the system keeps moving away from the stationary state, it is said to be unstable.
HEQBTFERI() = Liionay PES T AORE—NIMVUS (BARIEMIEL) 2G5, BRRLOZES, SMESEREN,

A.4 Use numerical values of the question A.3 and study the stability of the stationary ~ 1pt
statewith 71(t) =1 Is it stable or unstable?

stationary *

£ A3 NERBELER, AR (1) = Lionny NESHRENS. KESERENERFRERN?

Part B. Bistable non-linear elements in physics: radio transmitter (5 points) B 2843 Wi2Z3E
SRR T&BAkHE 559)

We now investigate a new circuit configuration (see Fig. 3). This time, the non-linear element X is con-
nected in parallel to a capacitor of capacitance C = 1.00 uF. This block is then connected in series to a
resistor of resistance R = 3.00 2 and an ideal constant voltage source of voltage & = 15.0 V. It turns out
that this circuit undergoes oscillations with the non-linear element X jumping from one branch of the
I — V characteristics to another over the course of one cycle.

MERNAR—NNBREE (SUE 3), Y, FLMTH X 58S C = 1.00 uF NEAHEK, AR

M5 R =3.00QBEEM & =15.0 V NIBIEERRIK, ELIFAXIMEEREA GRS, HIEL Tl XE—
MEERASM I — V EFERN— D ERT RS —1 9,
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Figure 3: Circuit with element X, capacitor C, resistor R and voltage source E.
(3): BaTMH X, BA C. B R MBER & NBRK,

B.1 Draw the oscillation cycle on the I — V graph, including its direction (clockwise  1.8pt
or anticlockwise). Justify your answer with equations and sketches.
T -VELELFKEZEABE, S8FENFE (R 3T )
HEAR A 12 & EIEER R E .

B.2 Find expressions for the times ¢, and t, that the system spends on each branch  1.9pt
of the I — V graph during the oscillation cycle. Determine their numerical val-
ues. Find the numerical value of the oscillation period T assuming that the time
needed for jumps between the branches of the I — V graph is negligible.
BiE] ¢, M t, A—MERHERAA I — V BLES N7 EEREE, K¢, ¢, HFRER, K
ggﬂ]ﬂ%&fﬁo R |-V EIRYAR[E 53 EL BBk ERFR SR BT B 2B A it, KEIRZEE T Y
% o

B.3 Estimate the average power P dissipated by the non-linear element over the 0.7pt
course of one oscillation. An order of magnitude is sufficient.
HiH(E) —MRZEBBIEZE T RFENTIYER P, LHEKER.

The circuitin Fig. 3is used to build a radio transmitter. For this purpose, the element X is attached to one
end of a linear antenna (a long straight wire) of length s. The other end of the wire is free. In the antenna,
an electromagnetic standing wave is formed. The speed of electromagnetic waves along the antenna is
the same as in vacuum. The transmitter is using the main harmonic of the system, which has period T of
question B.2.

E(3) PR BB IEL LB AR89 7 XM ER(HTFIZRIE) , o XBIEREIRKEN s WAMREA(KESL)
H—im.SE&NH—REBHN, AXELEA—TBEER. BEXENBEENEENAETHE—H#N, 2582 (%F

B.4 What is the optimal value of s assuming that it cannot exceed 1 km? 0.6pt
s(EHEs) EFRET Ikm BIERT, s MREBRZ?

Part C. Bistable non-linear elements in biology: neuristor (2 points) C &89, WiaZAIELitTT
HFEWMFRNA: XMESREF (259)
In this part of the problem, we consider an application of bistable non-linear elements to modeling of bi-

ological processes. A neuron in a human brain has the following property: when excited by an external
signal, it makes one single oscillation and then returns to its initial state. This feature is called excitabil-
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ity. Due to this property, pulses can propagate in the network of coupled neurons constituting the nerve
systems. A semiconductor chip designed to mimic excitability and pulse propagation is called a neuristor
(from neuron and transistor).

iz (8F%) RENX—E5, HMEE VRSEZETENEYIENEKNY BEEYIEEEPHRA) .
ARFH—METEBEUTREYE: SZIMESRIHN, EFRE— 121K, AERERENINERS.
AWM AR 8. BT, BOPRIUIE BEMETNERERE, XEEETHERS, WigitHE
PARZBE A B E BRI E SAEAT R RN EMERM (neuristor)  (neuristor BRXPHEZTMREER 2
WL

We attempt to model a simple neuristor using a circuit that includes the non-linear element X that we
investigated previously. To this end, the voltage ¢ in the circuit of Fig. 3 is decreased to the value &’ =
12.0 V. The oscillations stop, and the system reaches its stationary state. Then, the voltage is rapidly
increased back to the value & = 15.0 V, and after a period of time 7 (with 7 < T') is set again to the value
&’ (see Fig. 4). It turns out that there is a certain critical value 7, , and the system shows qualitatively
different behavior for r < 7, and forr > 7,

crit crit*

BNZREANCAARNE S IELE TR X BB RIEMLEHEZEM (neuristor), Ak, KE (3) B
BEBE CRVNEIE & = 12.0 V. ILEHRHIFLE, HFERFAAFENES. G, BEDEREMEAEE =150V,
HEZId—BMNE -5 (Br<7T) ®BRGESE S (NE4FR). BXIEA, FE—THEIRRE .
7 < 1y M 7> 7 BREBITATERF,

N

16

15

E V] 14

13

12

to to+T

11

Vv

t

Figure 4: Voltage of the voltage source as a function of time.
(4): BERAVEBEMETEZY

C.1 Sketch the graphs of the time dependence of the current I (¢) on the non-linear  1.2pt
element X forr < 7, and for r > 7.
RHIIEEM T X VR I () NNEZEKE, S < 7 M7 > 7, BO5E
B(% 7 <7 M7 > 7 BHERSHNEE)

C.2 Find the expression and the numerical value of the critical time 7, for whichthe  0.6pt
scenario switches.

R FEIRAIGFTESE 7, BREX, HHEERE,
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Cc.3 Is the circuit with 7 = 1.00 x 107¢ s a neuristor? 0.2pt

IFFLL LB, I =1.00x 10765,

EBERRPA— D RAPE 2R F1T?
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KB FHEN (10 593)

FEFeERR, BRI —MEHPERE RIS,

AEITICERONZFEAZT AL (CERN) BURIFINESS: LHC (KESRFX4EN) Ha9¥YIREE, CERN 2 H
ERARFYIEREE, eNEEMRBEREWNBEANERNR, BRI TRMEBFER, HRAUF
IEREREMEEE, ARBEENE, (UFEMNRBREE LN HRARTISN, BRENZBERMFTBRIAL
FRo HUHHEMERFRIALT, AJBE —EABRNEZHTRM, R 1ILHT LHC —E2H,

LHC FEIF

EIFRYE K 26659 m
BRFRE SR 2808
F—REENWHEFHE 1.15 x 101!
BT

BiFHRES 7.00 TeV
Bt aEE 14.0 TeV

& L. LHC xS i (g

R FYRIEF SIS AEE. HEMRERIEENEN: BB FRE [eV] BN, RIFEN, 1eVE—MHE
EAXRBAHBE e WA FFI—AIFHRMEEFIRSNESE. (1eV =1.602-10' kgm?/s%)

thEL eV/c N8I, REL eV /c2 B, XB c RETHHINR, FAN lev EMEEH/NWEEE, NFYEERX
BEEMER MeV (1 MeV =10%eV). GeV (1GeV =10%eV) Fl TeV (1 TeV =10'2eV),
AEH A ZBHARRFHEFIIR. B 25 F FARNRBIRGMIZFF 57 AR ORI 18 7= 4 Y R Fhhi F

AR5, LHC INESE (6 42)

hniEk:

BRI FAEMERE V THRINEEDREIFEELOR, REH TGS M FRES RN EEERK.

Al REFHREE v NHETIRARN, MINEBE V —EYBEEERT. 0.7pt

BRI — P RRERMNZFHAZHONSERITR, FA LHC =ERNRFSEEEN 60.0 GeV BYEFHEE,

A.2 SHTFEESREEMERENNF, REE v EXLREITRE A = (c—v)/c B 0.8pt
B, R A BI—PMEINRATL, AINERBE V l—EYREHRRT. NFiEE
7960.0 GeV BBF, ITE A &,

HAMEZEMAR LHC FERF. RgBRFRANEEZEN.

A3 ERERFRAERBEETHNEL, REYWOHERTERE BHRER. TEXNEZI  1.0pt
BERTFHNEE E, BAK L, ~LEAEHNHF. MRERIIENITTEERNEZWNT
BRHF R VUBYIREFRAHATEE, RA]AREUE SR,

%?1% %: 7.00 TeV BEEMEF, REHOMWBNIEE B HE, HERBELFE
VIR EREE,
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IE® BALF L BRI RIMESREE. — N AREEAREMEREHIFEAF, HEBHNE P, X
RRABURTFINEE a, Fr B ¢, JOE c MBEBEZEINTEER oo

EAThE

A4 RENDE, REEHDE P, BFRER, 1.0pt

BEXLHNENNEARNEBE—INETF 1/(6n); HERESMENIETLUESEH, EREBFRU—INTINAEAF 4, X
Bry=(01- 112/02)’%.0

A5  LHCH—1EFRIBEE E = 7.00 TeV(EXR 1 FESLH), HEXTMRFHSESI  1.0pt
R P NE, TEFEIUEREHANEM.

BELhniE:

7E£ CERN, BiFHEIENRS, @3KE d=230.0m, BUE V=500 MVELINERFINE, REMEBZHZ
SR, XNEMEINERFEFR N FIREAR, B 1 AEREE,

A6 RHERFEIXMZREE T BEIE, 1.5pt

l r

A
o
Y

+ -
O O
\'%

1: INERSFERR R E,
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B &853. ¥IFHIIRA (4 53)

1TAdiE

St ERE M BIE RN FEITIRG, MERNIEEEERIERREEN. RN FN— I RENSGE,
E—NEMENNFEIKERN | B9—FIU#CITEIE (ToF) HRNBFAIFEBVNIE (1), BT ENZFHIHEIIKI
FHRERRE 2,

KT RE [MeV/c?]
itz 1876
BmF 938

HEKITF | 494
wmE T NF | 140
BF 0.511

&2 BMHRIFRERE.

mass m

momentum p

y

L)X time ty length / time t,

2: T¥1TBY(E] (ToF) IRMBLEMREE, BHFRXENX: mass FiE, momentum &, time BY
&, length KEE

B.l (RISHHEERBMFER ¢ FAIFLUENANE c FEE, BEASFET ToF RUEE, 0.8pt
HEYWTHELNTSRUSBHOR M RNTEER (WE 2). KA FHIFRERE m B
REFRAEN, FAhE p. ¥ITKE | M $ITEIE t KRR
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B.2 EEWOYEIEIFN 1.00 GeV / cBIHE k T FHHEHE 7 TF, 1HH ToF IRNVEEFFFE  0.7pt
NERNKE o ATREFKDXAMIF, X TREINERKT ToF RN\ O
BBl =%, XITF ToF HRiMIZE, HHFRSERVEEMER 150 ps (1 ps = 1072 s)o

EREREBS, NEENFHITRMNED LHCERUBONHE D —DEBHBHRNZE, Z—1=2 ToF &HFl

250 B 3ESHFRAFTHNEENH N FERNET T EELSH, BMRNSEUTHEEFRAXN—EETF,

R FRMBIXEEFIRO. HBHNENEF B FEIHTBIETIND, BNERFITTRFRA
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FEAUFRNB O F, MEEXICIIHTHS. PTIFENSSHERNEE RN B = 0.500 T, ToF EM¥RE R A
3.70mo UTRMELR (I1ns=10"7s):
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D 2.31 25
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BE, ATRIEEMNEREKREELT, SHEBER FitNEZRERERFEM:

(a) (b)

N
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A—TMEERE  f(w/s)

I /s “

SHF—MEEE | > s ORGSR, BRI fAUURBTEE w/s, HEBEAT 11 fw/s) > 1o ATEL, B
REESEE wXR, AIRINESBRPOERKERBE, RIVBEARTERT, oo BEERE, B

R(w/s) =Ry, - f(w/s) with f(w/s — o00) — 1.0. (5)

C.1 R APP 7%, XEETE 0.3 B 5.0 ZEMENARE w/s B, MWEFMNNVAEBEEE 3.0pt
R(w, s), BERIERER C1H, FHRFMIKEATRIBEENAE: [>5s
HEEDRHOKE | SR2ENTBANR—F KL,
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C.2 TEXENENE— f(w/s) 0.2pt

D &B4> BRIER2K: ELHIEM (1.9 &)
ECHPAERE, EFRANBEESRAEBZL w/s WIFERT, MFTHBEEZE, M CEDRENBBIEFA,

FATER LT 8 A R RN £SER AR HE

Generic fit function:  f(w/s) = 1.0+ a- (%)b (6)

AR, WFRARB w/s, f(w/s) BFRE 1.0. A (6) = Generic fit function WERBRIBRAEREK
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Problem 1 : Solution/marking scheme — Two Problems in Mechanics (10
points)

Part A. The Hidden Disk (3.5 points)

A1l (0.8 pt) Find an expression for b as a function of the quantities (1), the angle ¢ and
the tilting angle © of the base.
Solution A1l: [0.8]
Geometric solution: use that torque with respect to point of contact is 0 = cen-
ter of gravity has to be vertically above point of contact.
D
sing = — 0.3
b
D
sin® = — 0.3
1
Here D may be called another name. Solve this:
in©
sing = Lsin@ = b= L0 0.2
b sin ¢
Alternative: Torque and forces with respect to another point: [0.8]
Correct equation for torque 0.3
Correct equation for force 0.3
Correct solution 0.2
A2 (0.5 pt) Find the equation of motion for ¢. Express the moment of inertia Ig of the
cylinder around its symmetry axis S in terms of 7', b and the known quantities (1). You
may assume that we are only disturbing the equilibrium position by a small amount so
that ¢ is always very small.
Solution A2: [0.5]
Write some equation of the form ¢ = —w?yp 0.1
Writing an equation of the form ¢ = A coswt is also correct.
Two solutions:
1. Kinetic energy: %Igg’ﬁ and potential energy: —bMgcosp. Total energy is con-
served, and differentiation w.r.t. time gives the equation of motion.
2. Angular equation of motion from torque, 7 = Ig¢p = —Mgbsin ¢.
Correct equation (either energy conservation or torque equation of motion) 0.3
Final answer
Ig M gbT?
T=2my|—— = [g=——F— 0.1
™\ Mgb § T T4z




(Derivation:

_ bMg . bgM
=P =— Is sin @ ~ Ts
so that
o _ bgM
I

A3 (0.4 pt) Find an expression for the distance d as a function of b and the quantities
(1). You may also include o and hg as variables in your expression, as they will be
calculated in subtask A.5.

Solution A3:

Some version of the center of mass equation, e.g.

,_ M
- My + Mo

correct solution:

S M
whars(p2 — p1)

A4 (0.7 pt) Find an expression for the moment of inertia /g in terms of b and the known
quantities (1). You may also include ro and he as variables in your expression, as they
will be calculated in subtask A.5.

Solution A4:

correct answer for moment of inertia of homogeneous disk

1
I = §Fh1p1ril

Mass wrong
Factor 1/2 wrong in formula for moment of inertia of a disk
Correct answer for moment of inertia of ‘excess’ disk:
1

Ir = gmha(pz — p1)Ts

Using Steiner’s theorem:
Is = I + I + d*wr3ha(pa — p1)

correct solution:
b M?

1 1
IS = *7Th1p17”4+ *7Th2 P2 — pP1 T4+ 5,
2 1 2 ( ) 2 WT%hg(pg —pl)

[0.4]

0.2

0.2

[0.7]

0.2

-0.1
-0.1

0.2

0.1

0.2



In terms of d rather than b gives 0.1pts rather than 0.2pts for the final answer:

1 1
Is = §7i'h1/)17“i1 + §7Th2(p2 — p1)73 + d*mrsha(pa — p1)

A5 (1.1 pt) Using all the above results, write down an expression for hg and ry in terms
of b, T and the quantities (1). You may express hy as a function of 7.

Solution A5:

It is not clear how exactly students will attempt to solve this system of equations. It is
likely that they will use the following equation:

M = Wr%hlpl + TFT%hQ(pQ — pl) .

solve Ig for 73:

2 1 M?
2 4 42
RV gp— ( § 7 Qe M—nr%h1p1>
replace Ig by T
7 MgbT?
S =
472

solve correctly for rs:

2 bgT? 1 M2
= M ahpt
"2 \/M — mr?hipy < Arz g M — 7rihipy

write down an equation for hy along the lines of M = 7T7”%p1 hi+ WT%([)Q — p1)hg and solve
it correctly:

M — FT%plhl

hy = —5—L
7”’%(/)2 —p1)

Part B. Rotating Space Station (6.5 points)

B1 (0.5 pt) At what angular frequency wss does the space station rotate so that the
astronauts experience the same gravity gg as on the Earth’s surface?

Solution B1:

An equation for the centrifugal force along the lines of

F,.. = mw?r

0.1

[1.1]

0.3

0.4

0.1

0.1

0.2

[0.5]

0.1



Balancing the forces, correct equation
9E = wgsR

Correct solution
Wss = gE/R

B2 (0.2 pt) Assuming that on Earth gravity is constant with acceleration gp, what
would be the angular oscillation frequency wg that a person on Earth would measure?

Solution B2:

Realize that result is independent of gg

Correct result:

wg =Vk/m

B3 (0.6 pt) What angular oscillation frequency w does Alice measure on the space
station?

Solution B3:

some version of the correct equation for force
F = —kz + mw? .z

getting the sign right

F = —kr +mwia

Find correct differential equation

mi + (k — mwl)x =0

Derive correct result
w=+k/m— w2

Using gr/R instead of w? is also correct.

B4 (0.8 pt) Derive an expression of the gravity gg(h) for small heights h above the
surface of the Earth and compute the oscillation frequency @g (linear approximation is
enough). The radius of the Earth is given by Rp.

0.2

0.2

[0.2]

0.1

0.1

[0.6]

0.2

0.2

0.1

0.1



Solution B4:

gp(h) = —GM/(Rg + h)?
linear approximation of gravity:

GM GM

h)=——5 +2h——+...

Realize that gp = GM/RQE:
ge(h) = —gp + 2hge/RE + . ..

Opposite sign is also correct, as long as it is opposite in both terms.
Realize what this means for force, i.e. that the constant term can be eliminated by shifting
the equilibrium point:

F = —kx +2zxmgr/REg

Find correct differential equation
ma + (k — 2mgp/Rg)x =0

correct result

L«NJE = \/k/m—2gE/RE

No points are deducted if student answers with @g/(27) because "oscillation frequency”
might also be interpreted as inverse period.

B5 (0.3 pt) For what radius R of the space station does the oscillation frequency w
match the oscillation frequency wg on the surface of the Earth? Express your answer in
terms of Rg.

Solution B5:

Write down equation
w2, =2gp/RE

Solve
R = Rg/2

If GM/RQE rather than gg is used, give only 0. Ipt.

B6 (1.1 pt) Calculate the horizontal velocity v, and the horizontal displacement d,
(relative to the base of the tower, in the direction perpendicular to the tower) of the mass
at the moment it hits the floor. You may assume that the height H of the tower is small,
so that the acceleration as measured by the astronauts is constant during the fall. Also,
you may assume that d, < H.

[0.8]

0.1

0.2

0.1

0.2

0.1

0.1

[0.3]

0.1

0.2



Solution B6:

There are several possible solutions.
Solution one — Using Coriolis force

e Velocity v,
Equation for Coriolis force with correct velocity:
Fo(t) = 2mw?, Rtwys = 2mw?, Rt
Integrate this, or realize that it is like uniform acceleration for the velocity:
v, (t) = w3, Rt

plug in correct value for
t=+/2H/w:R

overall correct result

Uy = 2H wgy
e The displacement d,:
Integrate v, (t):
dy = %Rw;’;t?’

Instead of integrating, students may simply ‘average’ by taking % of the final
velocity. This gives a factor of % instead of % Deduct a total of 0.1 pts for this.

Plug in value for ¢

1. . 1 5/g. 1 /8H?3
d, = - R 3 VH /> R 3/2 _ *25/2H3/2R_1/2 _ \/>
‘ 3 wss( /wss ) 3 3 7R

Solution two — Using inertial frame This solution is similar to the way to solve B7,
but needs more complicated approximations than Solution one.
® U,

Here ¢ denotes the angle swept by the mass and « the angle the astronauts (and
tower) has rotated when the mass lands on the floor, see

Initially the velocity of the mass in an inertial frame is v, = wgs(R — H).

When the mass lands, the z-direction has been rotated by ¢ so the new horizontal
velocity component is then

wss(R — H) cos ¢

(Student may also write cos «v instead of cos ¢, since d, < H.)

R R
Transforming to the rotating reference frame, one needs to subtract wssR.

Finally in the reference frame of the astronauts

H\? H
Vp = Wes R (1 — R) — wss R~ wss R (1 — 2R> —wssR = —2wss H

The sign of the velocity depend on the choice of reference direction, so a positive
sign is also correct.
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° d,

With the notation from the calculation of v,

d; = (a— )R
H
= 3 ]_ _——
10) arccos( R)
Q= Wgst

where ¢ is the fall time of the mass, which is given by

L R?—-(R—H)?
 we(R—H)
(see solution to BT)
Writing £ = H/R this means
1—(1-¢)?2
dy = 1(50 —arccos(1 — &) | R

which is a valid end answer to the problem. It is possible, but not necessary, to
approximate this for small &:

arccos(l — &) ~ /2 <1 + 1£2>
which after insertion into the equation for d, and approximation of small £ yields
the same result as in Solution one:

2 [2H3
A
3V R

If this end answer misses the factor 2/3, deduct 0.1 points.

0.1

0.1

0.3

-0.1

Solution three — Inertial frame with geometry trick

This is an alternative solution to obtain d,

The mass travels the distance [, and during the fall the space station rotates by ¢, see
Figure 2. According to the intersecting chord theorem,

I?=H(2R - H)

The rotated angle is ¢ = wsst where

R—H
is the fall time. Thus
5 VHRR _H)
~ R-H
d l H(2R-H
R=9- arcsin = Jg—H) — arcsin \/z(2 — x)




”

Figure 1: Notation for solution two

Figure 2: Notation for solution three.

Denote = H/R and y = \/z(2 — x). Since

Y3
arcsiny ~ y + =—
6
one gets
d 2 [2H3
i y(14+2) —y—33/6 = y(x — y?/6) ~ 2xy/3 ~ 20V2x/3 = 5” =

Final answer

B7 (1.3 pt) Find a lower bound for the height of the tower for which it can happen that
d, = 0.

Solution BT:

The key is to use a non-rotating frame of reference. If the mass is released close enough

0.1

[1.3]



to the center, its linear velocity will be small enough for the space station to rotate more
than 27 before it hits the ground.
The velocity is given by

v =wss(R—H)

distance d that the mass flies before hitting the space station
d>=R?>—-(R— H)?
use non-rotating frame of reference to obtain time ¢ until impact

RT—(R—H)
wss(R—H)

t=d/v=

Now there are several possible ways to relate H and the rotated angle ¢ of the space
station:
Solution one

‘ Rsin ¢
N wss R cos ¢

This time must match ¢ = ¢/wss. Obtain the equation
¢ = tan ¢

Realizing that there is an infinite number of solutions.
This equation has one trivial solution ¢ = 0, next solution is slightly less than 37 /2 which
corresponds to the case H > R (and is thus not correct). The one that gives a lower
bound for H is the third solution

¢~ b /2
The equation ¢ = tan ¢ can be solved graphically or numerically to obtain a close value
(¢ = 7.725 rad) which means

H/R = (1—cos¢) ~ 0.871

Give points if the method is correct, depending on the value of H/R found, according to
these intervals:

0.85 < H/R < 0.88: 0.4 pts

0.5 < H/R < 0.85: 0.3 pts

0<H/R<0.50r H>0.88: 0.2 pts

H = 0 or method is incorrect: 0 pts

Solution two
relation between H and rotated angle ¢
R-—H
R

= cos ¢
obtain equation of the form

H <\/1—(1—H/R)2>

g R
R o8 1- H/R

Nieee
11—z

solution for the second intersection. The first intersection is discarded — it is introduced
because of cos ¢ = cos(—¢) and corresponds to a situation with H > R.
Realizing that there is an infinite number of solutions.

Figure 3 gives a plot of f(x) =1 — cos < . The goal is to find an approximate
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Figure 4: Plot of g(z) and =

e introduce new variable x := 1 — H/R, so that the equation becomes
x =cos(\V1—22/z) =: g(x)

e g(x) is then smaller than z up to the first solution. In particular it is negative in
some region (see figure 4). Finding the third zero thus gives a lower bound for the
solution:

e give lower bound
w=1/\/2572/d+ 1= H = R(1 —1/\/2572/4 + 1) ~ 0.874
Note: the actual result is H/R = 0.871....

Use the same points for the numerical answer as was mentioned in solution one.

If the student plots f rather than g, find solution to f = 1: is equivalent to the
solution above. Give same number of points.

It is also possible to use cos (7@;:&) = sin(1/z).

B8 (1.7 pt) Alice pulls the mass a distance d downwards from the equilibrium point
x =0,y =0, and then lets it go (see figure 4).

10



e Give an algebraic expression of z(t) and y(t). You may assume that wgsd is small.

e Sketch the trajectory (x(t), y(t)), marking all important features such as amplitude.

Solution B8:

Note: we did not specify the overall sign of the Coriolis force. Give same amount
of points if using opposite convention, but it has to be consistent! Otherwise: subtract
0.1pt for each instance of inconsistency.

Students are allowed to express everything in terms of w, they don’t need to write
V k/m — w2, explicitly. Deduct 0.1pt however if they use k/m instead of w..

Realize that y(t) is standard harmonic oscillation:
y(t) = Acoswt + B
Give correct constants from initial conditions
y(t) = —dcoswt

Correct expression for vy (t):
vy(t) = —dwsinwt

Coriolis force in z-direction
Fo(t) = 2mwssvy(t) = —2mwgsdw sinwt

Realize that this implies that x(¢) is also a harmonic oscillation. . .
... but with a constant movement term superimposed: vt

getting the correct amplitude:
2wgsd

w

A=

Correct answer with correct initial conditions:

2wgsd
x(t) = "

sin wt — 2wgedt
Sketch:

B

N
N4

11
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Correct qualitative sketch:
periodic motion

overall constant movement
B): cusps
And additionally correct quantitative sketch:

A)+B): peaks and cusps are at y = +d

drwgsd

C): cusps are at distance Az = from each other

12
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Problem 2 : Solution/marking scheme — Nonlinear Dynamics in Electric Circuits
(10 points)

Part A. Stationary states and instabilities (3 points)

Solution A1l: [0.4]

By looking at the I — V' graph, we obtain

Rog = 10.092, 0.1
Ron = 1.009Q, 0.1
Ry = 2.0092, 0.1

Iy = 6.00 A. 0.1

Note: No penalty for the number of digits in this question

Solution A2: [1]

Kirchoff law for the circuit (U is the voltage of the bistable element):

E=IR+U 0.1

This yields
E-U
[I=—- 0.1
R

Hence, stationary states of the circuit are intersections of the line defined by this equation
and the I — V graph of X. 0.2
For R = 3.00€2, one always gets exactly one intersection. 0.2
For R =1.0012, one gets 1, 2 or 3 intersections depending on the value of £. 0.4

The following table summarizes the number of points granted for possible answers to the
last subquestion with R = 1.00 2:

Possible answer H 1 ‘ 2 ‘
Points [o]o]o.

3113[1,2]23]123
2103 0]02] 04

Solution A3: [0.6]

The stationary state is on the intermediate branch, one can thus use the corresponding
equation: 0.2




E— RintIO

Istationary = W 0.1
— Llint

= 3.004 0.1

Ustationary = Rint (IO - I) 0.1

= 6.00V 0.1

Ezxtra (non-physical) stationary states on the switched on and/or switched off branches
lead to a penalty of 0.2 point.

Solution A4: [1]

Any correct modeling such as the following;: 0.5
The Kirchoff law for the circuit reads

dl dl
E=IR+Ux+L— =1IR+ (Ip—I)Rint + L—
dt dt
This implies
dl
LE =& — IpRins — (R — Ring)I

The separation between two cases is of importance, especially because of the relative sign
of dI/dt:

If I > Istationary, We have dI /dt < 0 and I decreases. 0.2
If I < Igtationary, we have dI/dt > 0 and I increases. 0.2
Note: Formulas with time derivatives are not essential, any other correct justification is
accepted.

We conclude that the stationary state is stable. 0.1

Note: The checkbox gives 0.1 points if “stable” is checked, regardless of the previous rea-
soning (also if there is nothing). A wrong reasoning leading to check the “unstable” option
doesn’t however give any point for the checkboz.

Part B. Bistable non-linear elements in physics and engineering: radio transmitter (5 points)

Solution B1: [1.8]

A correctly drawn cycle gives 1.2 points, distributed as follows:

e Switched on branch is part of the cycle 0.2
e Switched off branch is part of the cycle 0.2
e Jumps are vertical (constant U) 0.2
e Jumps are positioned at Uy, and Uy 0.2
e The system moves to the left on the switched on branch 0.2




e The system moves to the right on the switched off branch

Each of the following observations individually gives up to 0.2 points, but their total
cannot exceed 0.6:

e U constant during jumps because the charge on the capacitor cannot change in-
stantaneously

e The intermediate branch cannot be part of the cycle because there is a stationary
state on it

e Jumps occur at corners of the IV graph because at those points the system has
nowhere else to go

e The system moves moves to the left on the switched on branch because it approaches
the stable stationary state (which is located outside the IV graph), or argument with
the Kirchoff law

e The system moves moves to the right on the switched off branch because it ap-
proaches the stable stationary state (which is located outside the IV graph), or
argument with the Kirchoff law

=
>
7

5 oscillation
cxcle

Solution B2:

Since the non-linear element is oscillating between the switched on and switched
off branches we can put Ux = R,y oflx. On either of the branches, the circuit behaves
as a standard RC-circuit with conductance C and resistance Ry /o R/ (Ron/off + 1) (the
resistor and the element X being connected in parallel). Another way to express it is to

0.2

0.2

0.2

0.2

0.2

0.2

[1.9]
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write the Kirchhoff law for the switched on and switched off branches

dIx

g : — =& — (R - )
Ron/oﬁRC dt & (Ron/oﬁ + R) X
The time constant of the circuit is
Ron/ofFR
Ron/off +R

If the branch in question (switched on or switched off) extended indefinitely, after a long
time the system would have landed in a stationary state with the voltage

Ron/off
U =—=E.
on/off Ron/off TR

Then, the time dependence of the voltage drop on the non-linear element is a sum of the
constant term Uy, /o and of the exponentially decaying term:

R 0 R 0 _R011/off+R
)= o (Vi — g )

There are 0.5 points distributed as follow for Ux (t):
e Correct exponential
e Correct constant term (¢t — 00)
e Correct coefficient in front of the exponential
e Correct equation for Ux ()

Time spent by the system on the switched on branch during one cycle:

ton=—"—=C1
°8 Uh _Uon

RonR Uth - Uon
Ron + R

) =241-107%s,

Time spent by the system on the switched off branch during one cycle:

R.gR C log ( Ustt — Un

fop = —T Zoff T b
ft Roff + R UOH - Uth

) =3.71-10"Cs.
The total period of oscillations:
T =ton+to =6.12-107C s

Note: Correct final answers give full points. One may earn points for intermediate steps
(see above) for partial answers.

Solution B3:

Neglect the energy consumed on the switched off branch. The energy consumed

0.2
0.1
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0.4

0.1
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on the switched on branch during the cycle is estimated by

o 1 <Uh+Uth

2
ton = 1.18 - 1074 J
Ron 2 ) ©

For the power, this gives an estimate of
E
P~—==19.3W.
T

Note:
o Formula + answer inside 5W < P < 50W give full points

o Formula + answer outside the range above but inside 1W < P < 100W give 0.5
points

e answer outside range but good formula gives 0.4 points

Also, the proposed formula is only an example, any other reasonable approrimation of the
integral of the upper branch should be accepted.

Solution B4:

The wave length of the radio signal is given by A = ¢T' = 1.82 - 10% m.

The optimal length of the antenna is A/4 (or 3\/4,5\/4 etc.)

The only choice which is below 1km is s = A/4 = 459 m.

Note: The correct answer s = \/4 = 459 m gives full points, and the mistake s = \/2 =
918 m only 0.4 pts.

Part C. Bistable non-linear elements in biology: neuristor (2 points)

Solution C1:

For € = 12.0V, the steady state of the system is located on the switched off

branch:
Roff

R+ Rog
When the voltage is increased to £ = 15.0V, the system starts moving to the right along
the switched off branch (in the same way it did in task B).

If the voltage drops again before the system reaches the threshold voltage, it will simply
return to the stationary state.

If system reaches the threshold voltage, it will jump to the switched on branch, and it
will make one oscillations (since 7 < T') before the voltage drops again and it returns to
the stationary state.

U= E=0923V.
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Solution C2:

The time needed to reach the threshold voltage is given by

RogR Ut — U .
crit — Cl —_— =9.36-10 .
Terit Rog + R Og<Uoﬂ_Uth> ’

Note: This is the same formula as for t.g in task B2, with Uy, replaced by U.
e Correct time constant
e Correct choice of voltages
e Correct final formula
e Correct numerical value

Note: Correct final answers give full points. One may earn points for intermediate steps
(see above) for partial answers.

Solution C3:

Since T > 7Tuit, the system will make one oscillation. We conclude that the sys-
tem is a neuristor.

Note: 0.2 are given only if “Yes” is checked, regardless of the development of the other
tasks.
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Problem 3 : Solution/marking scheme — Large Hadron Collider (10 points)

Part A. LHC Accelerator (6 points)

A1 (0.7 pt) Find the exact expression for the final velocity v of the protons as a function
of the accelerating voltage V', and fundamental constants.

Solution A1l:

Conservation of energy:

2 _ 2
my-c+V-e=my-c-vy=

Penalties

Solve for velocity:

2
my - C

V1—0v%/c?

No or incorrect total energy

Missing

rest mass

without proton rest mass:

Solve for velocity:

Classical solution:
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A2 (0.8 pt) For particles with high energy and low rest mass the relative deviation
A = (¢—w)/c of the final velocity v from the speed of light is very small. Find a suitable
approximation for A and calculate A for electrons with an energy of 60.0 GeV.

Solution A2:

velocity (from previous question):

2 2 2\ 2
me-c2+V-e V-e

relative difference:

A:C_U:I—g
c
A 1 Me - 2 2 1 /me-c? 2
~ | — or —
2\me-c2+V-e 2\ V-e
relative difference
A=363-10"1

classical solution gives no points
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A3 (1.0 pt) Derive an expression for the uniform magnetic flux density B necessary to
keep the proton beam on a circular track. The expression should only contain the energy
of the protons FE, the circumference L, fundamental constants and numbers. You may
use suitable approximations if their effect is smaller than the precision given by the least
number of significant digits. Calculate the magnetic flux density B for a proton energy
of E =7.00 TeV.

Solution A3:

Balance of forces: ) )
Yemy v My - U
p = p :e.U.B

T / 2

In case of a mistake, partial points can be given for intermediate steps (up to max 0.2).
Examples:

Example: Lorentz force
. C 2
Example: T mpt v
r
Energy:
E=(y-1)my @ =yomy oy = —
P o P myc?
Therefore: £
5 v e-B
ct-r
With
~ d r=—
v~c and r o
follows: o |
7'(' .
— B =
e-c-L
Solution:
B =5.50T

Penalty for < 2 or > 4 significant digits
Calculation without approximations is also correct but does not give more points

2T - My - C E 2 m-c2\?
et (GEa) - ()

Penalty for each algebraic mistake

Classical calulation gives completely wrong result and maximum 0.3 pt
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B =0.0901T

Penalty for < 2 or > 4 significant digits

0.1
-0.1



A4 (1.0 pt) An accelerated charged particle radiates energy in the form of electromag-
netic waves. The radiated power P,,q of a charged particle that circulates with a constant
angular velocity depends only on its acceleration a, its charge ¢, the speed of light ¢ and
the permittivity of free space ¢g. Use a dimensional analysis to find an expression for the
radiated power Pj.q.

Solution A4:

Ansatz:

J
Prad:aa'qﬁ'cfy'e()

Dimensions: [a]=ms~2, [q]=C=As, [c]=ms™},[eo]=As(Vm) ! =A2%s?(Nm?) "1 =A2%s*(kgm?)~

All dimensions correct
Three dimensions correct

Two dimensions correct

if dimensions: N and Coulomb [eg]= C?(Nm?)~!

m® o m” 20 N-m
g2a g7 N9 .m20 - S

From this follows:
Ni—»d=-1, C:»p+2-6=0, m:m»a+y—20=1, s:=>2-a+y=1

Two equations correct

And therefore:
—»a=2,=2,y=-3,0 =—-1

if dimensions: N and As [eg]=A2s?(Nm?)~!

q2a g7 NO.m20 S

m® 5 B mY A20.g2 N -m
.S —

From this follows:
N:—=6=-1, A:»p420=0, m:—ma+vy—-20=1, s:— —-2-a+8—v+20=-1

Two equations correct

And therefore:
—»a=2,=2,y=-3,0=-1

if dimensions: kg and As [eg]=A%s*(kg- m?)~!

A20 . 40 2

m* s 8 0 kg -m

SQa
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From this follows:
kg:—»d0=-1, A:—»p+20=0, m:—»a+v—-30=2, s:— —2-a+pf—~v+46=-3

Two equations correct

And therefore:
—»a=2,p=2,vy=-3,0=-1

Radiated Power:
a? - g2

A3 e

Prag

Other solutions with other units are possible and are accepted
No solution but realise that unit of charge must vanish g = 2§
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A5 (1.0 pt) Calculate the total radiated power Py, of the LHC for a proton energy of
E =17.00 TeV (Note table 1). You may use appropriate approximations.

Solution A5:

Radiated Power:

4 2 2
¥t -a”-e
Prod = [
T-C” €
Energy:
E=(y—1)m,-c orequally valid E ~~-m,-c?
Acceleration:
2 L
a~— with r= —
T 2T
Therefore:

FE e c FE e.c
Pog=(—s +1)4 —— 4
rad (’I?’LpC2 + ) e - r2 r (

(not required P,qq = 7.94 - 107 12W)

mpc?’  6meg - 12

Total radiated power:
Pt = 2-2808-1.15- 10" - P,y = 5.13kW

penalty for missing factor 2 (for the two beams): -0.1
penalty for wrong numbers 2808 and/or 1.15 - 10! (numbers come from table 1): -0.1
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A6 (1.5 pt) Determine the time 7' that the protons need to pass through this field.

Solution A6:

2nd Newton’s law

F = @ leads to
dt
Vcée _ pf;pi Withpi —0

Conservation of energy:

Since

T = 218ns

Alternative solution
2nd Newton’s law

F = @ leads to
dt

Ve —-Di .
7 :prvamthpl-:O

velocity from A1l or from conservation of energy

and hence for ~

T = 218ns

Alternative solution: integrate time
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Energy increases linearly with distance x

my - ¢ ’ \/(mp ¢+ EFE)" — (my c?)’
U(x) =c 1- L V- =c- V-
my - ¢ + S5 L my - 2 + <5
2
O+ )
= C-
1+d€m‘29;2

Substitution : £ = c-V.w e _ eV

d-mp-c2 dr  d-my-c2

11 d-my - -V
e +§2 M ¢ e b=
0 V(1+82-1 eV my - ¢

1+ & := cosh(s) e _ sinh(s)

ds

B mp c- d/cosh - sinh( )d mp'c.d[sinh(s)]bQ
- .

\/ cosh?(s) eV

with by = cosh™(1), by = cosh™ (1 + & 4 )

my - 2
T = 218ns
Alternative: differential equation
dp
F=_r
dt
’U2 ’1)2
_>Ve d m-v ma< —C—2>—|—mac—2 3
- = = m-a
d dt 2 < L 3 7
C c2

Ansatz : s(t) = Vi%2-t?> 4+ k — | with boundary conditions s(0) = 0,v(0) =0

— s(t) = (\/62 V2.24+c¢2-m?-d%— -m'd>

V e

2
s=d—T= d \/(V e> +2V-.e-m
V.e c

T = 218ns
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classical solution:

F = —— — acceleration ¢ = — =

And hence for the time

V-e

d

1
d==-a-T?> -

T =
2
2-m
T=d- -
V.e
T = 194ns

mp

2d

a

V-e
my - d

10
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0.1

0.1

0.1
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Part B. Particle identification (4 points)

B1 (0.8 pt) Express the particle rest mass m in terms of the momentum p, the flight
length [ and the flight time ¢ assuming that the particles with elementary charge e travel
with velocity close to ¢ on straight tracks in the ToF detector and that it travels perpen-
dicular to the two detection planes (see Figure 2).

Solution B1:

with velocity

l
v = -
t
relativistic momentum
m-v
p =
2
-z
gets
m -
b= —Fr/—————
2
toy/1— 7
— mass
p-t B _ v raE
_rt — Y222
m l t2.¢2 .c ¢
Alternative

with flight distance: [, flight time t gets:

t =

relativistic momentum

therefore the velocity:

p
B = S22 1 2
m*-c*+p
insert into the expression for t:
/m2 - 2 + p2
P AL

— Imass:

non-relativistic solution:
flight time: ¢t = [ /v velocity:

this solution gives no points

[0.8]

0.1

0.2

0.2

0.3

[0.8]

0.1

0.2

0.2

0.3

[0.0]

0.0



B2 (0.7 pt) Calculate the minimal length of a ToF detector that allows to safely distin-
guish a charged kaon from a charged pion given both their momenta are measured to be
1.00 GeV /c. For a good separation it is required that the difference in the time-of-flight
is larger than three times the time resolution of the detector. The typical resolution of a
ToF detector is 150 ps (1 ps = 10712 s).

Solution B2:

Flight time difference between kaon and pion
At = 450ps = 450 - 10725

Flight time difference between kaon and pion

!
At=—(y/m2 2+ p?— \/m) = 450ps = 450 - 10~ "%s
cp

At -
— 1= P
/m%( +p2/c2 — \/m2 + p2/c2

\/W = 1.115 GeV/c?andy/m2 + p2/c? = 1.010 GeV /¢?

1
1.115 - 1.010

[ =4285.710"2s - ¢ = 4285.7- 10712 - 2.998 - 10°m = 1.28m

1 =450-10"12. s GeVe?/(GeVe)

Penalty for < 2 or > 4 significant digits

Non-relativistic solution:

Flight time difference between kaon and pion

l
At = —(my —my) = 450ps = 450 - 107125
p

length:

j__ Atp 450 10725 - 1GeV /c
 mg —mn (0.498 — 0.135)GeV /2

1 =450-10"'2/0.363 - cs = 450 - 107'2/0.363 - 2.998 - 10°m
1 =3716-10"*m = 0.372m

Penalty for < 2 or > 4 significant digits
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[0.7]
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[0.3]
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B3 (1.7 pt) Express the particle mass as a function of the magnetic flux density B, the
radius R of the ToF tube, fundamental constants and the measured quantities: radius r
of the track and time-of-flight ¢.

Solution B3:

Particle is travelling perpendicular to the beam line hence the track length is given by
the length of the arc

Lorentz force — transverse momentum, since there is no longitudinal momentum, the
momentum is the same as the transverse momentum

Use formula from B1 to calculate the mass

track length: length of arc

l:2'r-ausini

penalty for just taking a straight track (I = R)

partial points for intermediate steps, maximum 0.4

Lorentz force )
-m -
’Yit:e'vt-B%pT:r-ﬂB
r

partial points for intermediate steps, maximum 0.3
longitudinal momentum=0 — p = pr

momentum
p=e-r-B

we (e (e - ()

partial points for intermediate steps, maximum 0.5

Non-relativistic: track length: length of arc
l=2-r asin—
r-asing—
penalty for just taking a straight track (I = R)

partial points for intermediate steps, maximum 0.4

-t e-T‘B-t_ e-B-t

m = — =
! 2r - asin £ &
2r 2r

2 - asin

partial points for intermediate steps, maximum 0.3
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[1.7]

0.5

-0.4

0.4

0.1

0.1

0.6

[0.9]

0.5

0.4



B4 (0.8 pt) Identify the four particles by calculating their mass.

Particle H Radius r [m] ‘ Time of flight |ns|

A 5.10 20

B 2.94 14

C 6.06 18

D 2.32 25

Solution B4:

Particle arc p p pt/1 pt/1 pt/1 Mass  Mass
m] | [MV] o [mRay | [MeVs) o [MeV) o [lg) | [MEV] kgl
1079 | 107 1027 1027
A 3.786 | 764.47 4.0855 | 4.038 1210.6 2.158 | 938.65 1.673
B 4.002 | 440.69 2.3552 1.542 462.2 0.824 | 139.32 0.248
C 3.760 | 908.37 4.8546 | 4.349 1303.7 2.324 | 935.10 1.667
D 4283 | 347.76 1.8585 | 2.030 608.6 1.085 | 499.44 0.890

Particles A and C are protons, B is a Pion and D a Kaon
correct mass and identification: per particle
penalty for correct mass but no or wrong identification for 1 or 2 particles
penalty for correct mass but no or wrong identification for 3 or 4 particles
wrong mass, correct momentum:per particle

wrong momentum, correct arc for 3 or 4 particles
wrong momentum, correct arc for 1 or 2 particles

non relativistic solution m = pt/l Particle identification is not possible

Particle || arc P D m=p-t/l m=p-t/l m=p-t/l
m] | (M [mRe [Ree] [MEE [ke)
10-19 1076 10-%7
A 3.786 | 764.47 4.0855 4.038 1210.6 2.158
B 4.010 | 440.69 2.3552 1.542 462.2 0.824
C 3.760 | 908.37 4.8546 4.349 1303.7 2.324
D 4.283 | 347.76 1.8585 2.030 608.6 1.085

correct mass or correct momentum: per particle
wrong momentum, correct arc for 3 or 4 particles
wrong momentum, correct arc for 1 or 2 particles
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Problem 1 : Electrical conductivity in two dimensions - Answer Sheet (10 points)

Part A. Four-point-probe (4PP) measurements (1.2 points)

A1l (0.6 pts)

s=2cm

I (pA) V (mV) I (pA) V (mV)
251 276 -148 -162
516 566 -256 -281
388 426 -363 -398
147 161 -507 -557

Plot your data in the graph B1

Graph B1: I vs V
600

400

| - Current (MA)

-600 -400 -200

V - Voltage (mV)

A2 (0.2 pts)

R =1.08 kQ

A3 (0.4 pts)

AR=+1Q




Part B. Sheet resistivity (0.3 points)

B1 (0.3 pts)

PO = Poo = 4.89 kO




Part C. Measurements for different sample dimensions (3.2 points)

C1 (3 pts) and C2 (0.2 pts)

s = 20 mm

Poo = 4.89 k)
w/s I (pA) V (mV) R(w/s) (kQ) | Raverage (k) R
0.3 92 1477 16.1 15.9 14.7
0.3 74 1184 16
0.3 57 914 16
0.3 41 651 15.9
0.3 23 358 15.6
0.5 154 1306 8.5 8.5 7.8
0.5 127 1079 8.5
0.5 97 824 8.5
0.5 67 567 8.5
0.5 38 321 8.4
1 233 1071 4.6 4.6 4.3
1 174 799 4.6
1 135 621 4.6
1 101 465 4.6
1 59 271 4.6
2.5 389 749 1.9 1.9 1.8
2.5 319 635 2
2.5 237 457 1.9
2.5 151 291 1.9
2.5 74 143 1.9
5 467 648 1.4 1.4 1.3
5 419 577 1.4
5 363 499 1.4
5 289 398 1.4
5 185 254 1.4




Part D. Geometrical correction factor (1.9 points)
D1 (1.0 pts)

Plot your data on the appropriate graph paper: linear (Graph Ela), semi-logarithmic (D1b) or double-logarithmic
(D1c) on the following pages.

D2 (0.9 pts)
a=27
b=-14




Graph D1la: linear scale: [ vs V

Wrong. The usage of linear scale does not allow for deduction of the parameters.

14

12

10

f(w/s - 1) or R/Rs - 1
(®))
e




Graph D1b: semi-log scale: I vs V'

Wrong. The usage of semi-log scale does not allow for deduction of the parameters.

109
sl \
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8 3 \‘
A \
o \
N \
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. \
» \
3 AN
= 4 \\
9
8 \@
7 N
6 N\
I \\\\
5 ~__
4 ™ R
> )
1 2 3 4 5
w/s




Graph D1lc: double-log scale: I vs V

Correct. The parameters can be deduced by fitting a line.

10\

9 \\
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Part E. van der Pauw-method (3.4 points)

Note the number of your wafer here: 99 (between 1 - 450)

E1 (0.4 pts)

I (mA)

V (mV)

I (mA)

V (mV)

0.98

50

2.94

150

1.46

75

3.42

175

1.96

100

3.92

200

2.43

125

4.38

224

E2 (0.4 pts)

Graph F2: I vs V

4.5

4.0

3.5

3.0

2.5

Current (1 O'SA)

2.0

1.5

1.0 &

0.05

Rypp = 51.1Q2

0.10 0.15
Voltage (V)

0.20

E3 (0.2 pts)

w =10 cm

- w/s=5

flw/s) =1.284

E4 (0.1 pts)

po = 180 Q




E5 (0.6 pts)

V mV I mA
Sketch (orientation of the current): 140 3.71
120 3.18
100 2.66
80 2.12
60 1.58
40 1.06
20 0.53
-20 -0.54
-40 -1.06
-60 -1.61
-80 -2.13
-100 -2.68
-120 -3.2
-136 -3.62
E6 (0.6 pts)
I Vv
Sketch (orientation of the current): 140 3.92
120 3.35
100 2.8
80 2.23
60 1.67
40 1.11
20 0.54
-20 -0.59
-40 -1.16
-60 -1.72
-80 -2.29
-100 -2.86
-120 -3.42
-140 -3.95




ET7 (0.5 pts)

Graph F6: [ vs V

(R) = 36.5 Q

Voltage (V)

10




E8 (0.4 pts) Calculation:

2. ™(R)/ro =1 e~ (R)/po = 1/2

B e ™ AR )
PO PO
T (R)

PO~ Tn(2)

po = 165 Q

E9 (0.1 pts)

Ben 0.091 = 91 %

PO

E10 (0.1 pts)

Resistivity of the Cr thin film p = 1.32-1075Q-m

11




Problem 2 : Solution — Jumping Beads - a model for phase transitions and instabilities (10 points)

Part A. Critical driving amplitude (3.3 points)

A1l (1.2 pts)
Total number of seeds: Ny = 50.
Number of readings: n = 6.

Ap, [V] N Ny=1yn Ni|Ny=No— Ny | o= \/%A‘NV SE = =
1.00 | 1 |5 [2]1]|2]2 2.2 47.8 1.5 0.6
1.05 | 1|0 [2]3|1]2 1.5 48.5 1.1 0.5
110 | 4 |4 |1 |7|3]5 4.0 46.0 2.0 0.8
1.15 | 26| 5 [18| 7 |18 7 13.5 36.5 8.4 3.4
1.20 | 13|16 [ 27|12 |17 |13 16.4 33.7 5.6 2.3
1.25 | 26|28 22|22 |14 23 22.5 27.5 4.8 2.0
1.30 |27 |24| 8 | 222221 20.7 29.3 6.6 2.7
1.40 | 22|18 [17(23 /23|25 21.4 28.7 3.2 1.3
1.50 |19 |27 |27 |24 |19 |21 22.8 27.2 3.7 1.5
1.60 |27 |15 [23(23 |23 30 23.5 26.5 5.1 2.1

Plot the data in the graph A2.

A2 (1.1 pts)

401 |
- ™ ]

z: 30; \‘ $8

< 20: (,:2*“4;**
- % .
10 .

0 02 04 06 08 1 12 14 16

Ap [V]

Error bars represent either standard deviation (o) or standard error (SE).

A3 (1.0 pts)
Ap et = (1.25 £ 0.05) V






Part B. Calibration (3.2 points)

B1 (0.5 pts)
pencil tape
\ ]D>
. i)
)] o
g 8
%) o}
©
£
loudspeaker =
\ \
table
B2 (0.8 pts)
Ap V] |03 [04|05|06(07][0809]10|11|12[13|14|15]16|17|18|19]|20]|21
Almm| [ 1.0 152022 |26(30(32|34]40/|41 |42 |45|48|50|50]|51]|51]52]52

Instrumental error £0.5 mm.

B3 (1.0 pts)

(2]

AN
AN

A [mm]
AN
N

N
N

A1

B4

063 64 68

B4 (0.8 pts)

A=ko+Fk xAp,

where:

ko = 0.2 [mm|, k; = 3.1 [mm/V]|

B5 (0.1 pts)
Agrit = (44+0.1) mm




Part C. Critical exponent (3.5 points)

C1 (1.1 pts)

Ap, [VI | A, [mm] | |FR2] | 142 — AF]
1.00 3.5 0.91 6.8
1.05 3.6 0.94 5.7
1.10 3.8 0.84 4.6
1.15 3.9 0.46 3.5
1.20 4.1 0.35 2.2
1.25 4.2 0.10 1.0
1.30 4.4 0.17 0.3
1.40 4.7 0.15
1.50 5.0 0.09
1.60 5.3 0.06
Plot the data in the graph C2.
C2 (1.0 pts)
1 ,J;éw—w*;i"
i pe
— ]
AR
;101:/7§/
=
10* 1 10
|A%-AZ], [mm?]
C3 (1.4 pts)
y=a-x° where z = |A2 — A2|, y = ]%i;%ﬁ :

Critical exponent b = 0.6 &= 0.2.




