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The Greenlandic Ice Sheet
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a

Turned sideview, not to scale E

Top view: Triangle MCB: |CM| = 195 km, £MCB = 230° — 180° = 50°, and
£MBC = 75°,s0 £CMB = 180° — 75° — 50° = 55°.

Then |CB| = % = 165.4 km.

Triangle DCB: |CB| = 165.4 km, «DCB = 215° — 180° = 35°,and «DBC = 75°,

L1 s0 2CDB = 180° — 75° — 35° = 70°. 1.2
ICBI sm(ADBC)
Triangle ECB: |CB| = 165.4 km, 2ECB = 221° — 180° = 41°, and 2EBC = 75°,
S0 £CEB = 180° — 75° — 41° = 64°.
Then |CE| = [BISINEBO) _ 177 7 km.
sin(«CEB)
Triangle ECD:£ECD = 41° — 35° = 6°. Horisontal distance travelled by
Maribo:|DE| = 2EISIMECD) _ 19 77 |km
sin(«CED)
Side view: Triangle CFD: |FD| = |CD| tan(«FCD) = 59.20 km
Triangle CGE: |GE| = |CE| tan(£GCE) = 46.62 km
Thus vertical distance travelled by Maribo: |FD| — |GE| = 12.57 km.
Total distance travelled by Maribo from frame 155 to 161: |FG| =
JIDE|2 + (JFD| — |GE|)? = 23.43 km.
The speed of Maribo is v = —=22X"_ _ 98 6 km/s
2.28s5-1.46s
2
Newton's second law: mM% = —kpymmREV? yields vizdv = —kpa:nﬂ de.
1.2a M 0.7
i i — ™ (1 _4{\1_
By integration t = Pr—y (0_9 1) v 0.88 s.
Er: v} 4.2x108
1.2b| Zkin 2 M =220 —21%x10%2» 1. 0.3

Emelt ¢sm(Tsm—To) + Lsm 2.1X106
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The Maribo Meteorite

1.3a

[x] = [t]a[psm]ﬁ[csm]y [ksm]6 = [s]*[kg m_3]ﬁ[m2 sTZK1YY [kg m S_3K_1]5,
SO [m] — [kg]ﬁ+8[m]—3ﬁ+2y+6[S]a—Zy—36[K]—y—6.
Thusf+6=0, -38+2y+6=1, a—2y—36=0,and —y—6=0.

FI’OITI Wthh ((X,B,'y’ 6) = (+%,_%,_%’+%) and x(t) ~ ’pksr:t .

0.6

1.3b

x(5s) =1.6mm x/Ry = 1.6 mm/130 mm = 0.012.

0.4

1.4a

Rb-Sr decay scheme: §7Rb — §2Sr + _Je + v,

0.3

1.4b

Ng7rb (t) = Ng7gp(0)e™*and Rb—Sr: Ngys,(t) = Ng75,(0) + [Ng7rp(0) — Ngzrp (1)].
Thus Ng,s.(t) = Ng;5-(0) + (et — 1)Ngyrp (£), and dividing by Nges, We obtain the
equation of a straight line:
Ng7sr(t) _ Ng7sr(0) + (e,u: ~1) N87Rb(t).
Nggsr Nggsr Nggsr

0.7

1.4c

_0.712-0.700 In(2)

— = 4.9 x 1010 year.

Slope: e —1=aqa =0.050 and Ty, =

_ 1 _ In(1+a) _ 9
Soty =In(1+ a)/1 =D Ty, = 3.4 X 10° year .

0.4

1.5

Kepler's 3rd law on comet Encke and Earth, with the orbital semi-major axis of Encke
3

given by a = %(amin + Apax)- ThUS tepcke = ( )E tg = 3.30 year = 1.04 x 108s.

a
ag

0.6

1.6a

For Earth around its rotation axis: Angular velocity wg = ;—”h =727 %x107°s71,

Moment of inertia Iy = 0.83=mgRE = 8.07 X 107 kg m?,
Angular momentum Lg = Igwg = 5.87 X 1033 kg m?s™1.
Astroid myge = 4?”Rgstpast = 1.57 x 1015 kg and angular momentum L, =

MastVastRE = 2.51 X 1026 kg m2s~1. L, is perpendicular to Lg, so by conservation
angular momentum: tan (A8) = L,g/Lg = 4.27 X 1078,
The axis tilt A = 4.27 x 1078 rad (so the north pole move Rg A8 = 0.27 m).

0.7

1.6b

At vertical impact ALg = 0 so0 A(Igwg) = 0. Thus Awg = —wg(Alg)/IE, and since
Alg/Ig = mugRE/Ig = 7.9 x 10710 we obtain Awg = —5.76 x 107* s~1. The change

in rotation period is ATg = Zn( 1 i) ~ =21 A:’ZE =6.84 X107 °s.

wWE+AwE WE E

0.7

1.6¢

At tangential impact L, is parallel to Lg S0 Lg + L,s; = (Ig + Alg) (wg + Awg) and
thus ATy = 2 (——— - —) = 2m ({£2E - =) = =3.62 X 103 s.

wWg+Awg WE Lg+Last WE

0.7
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1.7a

Minimum impact speed is the escape velocity from Earth: vlmmlg = ZimE =11.2 km/s
E

0.5

1.7b

Maximum impact speed vjy* arises from three contributions:

(1) The velocity vy, of the body at distance ag (Earth orbit radius) from the Sun, v, =

fZGmS 42.1km/s.
ag
ZTL'ClE

(1) The orbital velocity of the Earth, vg = : = 29.8 km/s.
(1) Gravitational attraction from the Earth and klnetlc energy seen from the Earth:

1 2 Gmg | 1/ max)?2
~(vp +vg) = — +-(y
2( b + E) RE 2 \Yimp

In conclusion: viaX = [(vy + vg)? + 20ME = 72.8 km/s.
imp b RE

1.2

Total

9.0
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Solutions

A single spherical silver nanoparticle

2.1

Volume of the nanoparticle: V = §HR3 =4.19 X 1072* m3.
Mass of nanoparticles: M =V py, = 4.39 x 107%% kg

Number of ions: N = NAMi = 2.45 x 10°.
Ag

Charge density p = % =9.38x10°Cm™3

Electron concentration n = % = 5.85 x 1028 m™~3, so charge density p = en
Total charge of free electrons Q = eN = 3.93 x 10714 (,
Total mass of free electrons mq = m,N = 2.23 x 1072° kg.

0.7

The

electric field in a charge-neutral region inside a charged sphere

2.2

For a sphere with radius R and constant charge density p, for any point inside the sphere
designated by radius-vector r = re, (r < R) Gauss's law yields directly 4mr?e E, =

%nr”p e, where e, is the unit radial vector pointing away from the center of the

sphere. Thus, E, = %r.
0

Likewise, inside another sphere of radius R; and charge density —p the field is E_ =
;—:)r’ , Where 7' is the radius-vector of the point in the coordinate system with the origin
in the center of this sphere.

Merging the two charge configurations gives the setup we want with ' = r —r;. So
inside the charge-free region |r— xp| <R, the field is E=E,+E_= 3L;()r +

Py — =P i - _1
T, (r—=xy4) or E = 3e, Xd with the pre-factor A 3

1.2

The

restoring force on the displaced electron cloud

2.3

With x, = x,, e, and x,, < R we have from above that approximately the filed induced
inside the particle is Ej,q = ﬁxp. The number of electrons that produced E;q4 is
0
negligibly smaller than the number of electrons inside the particle, so F = QE;,q =
(—eN) L x, = —2Z R3e2n2 x, e, (like for a harmonic oscillator).
380 p 950 p

The work done on the electrons to shift the electron cloud is Wy =
_(*p ' r _1 (AT p3,2.2Y).,.2

JyPF(x') dx == (%OR e’n )xp

1.0

The

spherical silver nanoparticle in an external constant electric field

2.4

Inside the metallic particle in the steady state the electric field must be equal to 0. The
induced field (from 2.2 or 2.3) compensates the external field: Eq + Ejpng = 0, S0 x, =

3¢ 3¢
_OEO = _OEO_
p en

Charge displaced through the yz-plane is the total charge of electrons in the cylinder of

0.6
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radius R and height x,,: =AQ = —p mR?x, = —mR? ne x,,.

The

equivalent capacitance and inductance of the silver nanoparticle

2.5a

The electric energy W, of a capacitor with capacitance C holding charges +AQ is

2
W = Azic . The energy of such capacitor is equal to the work (see 2.3) done to separate

2
the charges (see 2.4), thus C = ZA% = %eonR =6.26 x 1071°F,
el

0.7

2.5b

Equivalent scheme for a capacitor reads: AQ = CV,. Combining charge from (2.4) and

capacitance from (2.5a) gives V, = A?Q = gR E,.

0.4

2.6a

The kinetic energy of the electron cloud is defined as the kinetic energy of one electron
multiplied by the number of electrons in the cloud W, = %meva =
%mev2 (§HR3 n)

The current I is the charge of electrons in the cylinder of area wR? and height vAt
divided by time At, thus I = —e nv mR?.

0.7

2.6b

The energy carried by current I in the equivalent circuit with inductance L is W = %L 12
Is, in fact, the kinetic energy of electrons Wy;,. Taking the energy and current from

(2.6a) results L = ——<_ = 257 x 10" H.
3mRne

0.5

The plasmon resonance of the silver nanoparticle

2.7a

From the LC-circuit analogy we can directly derive w, = (LC)™Y2 = /ne?/3eym, .
Alternatively it is possible to use the harmonic law of motion in (2.3) and get the same
result for the frequency

0.5

2.7b

w, = 7.88 X 10%5 rad/s, for light with angular frequency w = wp, Wavelengthis 4, =
2nc/wp = 239 nm.

0.4

The

silver nanoparticle illuminated with light at the plasmon frequency

2.8a

. d : : . .
The velocity of an electron v = d—’t‘ = —wX, sin wt = v, sin wt. For harmonic motion it

is enough to average over period of oscillations. The time-averaged Kinetic energy on
2

the electron (W) = (m;” ) = %(vz). During time t, each electron hits the ions t,/z
times. So The energy lost in the whole nanoparticle during one period of oscillations is

2
_ mev
vvﬁeat'— A/( 5

2
) = gnR3n (7<-). Time-averaged Joule heating power

_1 _ 1 2\ (4 _p3
Pheat = ~Wiin = o-me(v )(gﬂR n)

The expression for current is taken from (2.6a), squared and averaged

1.0
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(12) = (enR?)? (v2) = (29)" (v?) .

The oscillating current I = I, sin wt = mR?nev, sinwt produces the heat in the

2 8| resistance Ryeq: equal to Phear = Rpeqr(I?), What together with results from (2.8a) leads| 1 g
Wkin _  2me
t0 Rheat = gt = o3 = 2.46 Q.

2.9 | Rycar = 222 and (v?) = 22x3 yields Rycae = o0k 1R _ S08%° _ 5450, | 10
' scat = 12y pXo Y SCat ™ 1omegc3 9Q2(v2) | 27meqc3 '
Ohm’s law for a LCR serious circuit is I, = %o —. At the resonance

J(Rheat'i'Rscat)z‘i'(wL—ﬁ)
frequency time-averaged voltage squared is (V2) = ZZ(I?) = (Rpeat + Rscat) 2{1?%).
And from (2.5b) (V?)= %VOZ = gRZEg , so Ohm’s law results in (I?) =
22
2102 sr’rg Now time-averaged power loses are Ppeat = Rpear{l?) =| 1.2
9(Rheat+Rscat)2
8RheatR2 2
9(Rheat+Rscat)2 and
_ 8RscatR2 2 _ Rscat
Pscat - 9(Rheat"’Rscat)2 EO N Rheat <Pheat>.
2 10b Starting with the electric field amplitude E, = \/2S/(goc) = 27.4 kV/m, we calculate 03
Pheat = 6.82 nW and Pyeye = 6.81 nW.
Steam generation by light
Total number of nanoparticles in the vessel: N,,, = h*a n,, = 7.3 x 10'*. Then the
total time-averaged Joule heating power: Pg; = NypPhear = 4.98 KW. This power goes
2.11a|into the steam generation: Py = UsiLior, With Lot = cwa(T100 — Twa) + Lwa + 0.6
cst(Tst — T100) = 2.62 X 10° ] kg~1. Thus the mass of steam produced in second p;:
Hse = = -=1.90 x 10 kg™,
The power of light incident on the vessel P,o; = h2S = 0.01m? Xx 1MW m™2 =
2 11p|10.0 kW, and the power directed for steam production by nanoparticles is given in 0.2
2.11a. Thus n = —=t = 238KW _ 4 49g.
Piot  10.0 kW
Total 12.0
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The Greenlandic Ice Sheet

Solutions

3.1

The pressure is given by the hydrostatic pressure p(x, z) = piceg(H(x) — z), which is
zero at the surface.

0.3

3.2a

The outward force on a vertical slice at a distance x from the middle and of a given

width Ay is obtained by integrating up the pressure times the area:
H(x)

1
FOO =0y [ preeg (HG) = 2) dz =5 BY piee g HC?
0

which implies that AF = F(x) — F(x + Ax) = —j—iAx = —AY Pice 9 H(x)j—:Ax.
This finally shows that
¢ = AF _ H(x) dH
b_AxAy_ Pice 9 x dx
Notice the sign, which must be like this, since S, was defined as positive and H(x) is a
decreasing function of x.

0.9

3.2b

To find the height profile, we solve the differential equation for H (x):

Sp dH 14d ,
T MO g =g

with the boundary condition that H(L) = 0. This gives the solution:

H(x) = ’j_sbgm ~x/L

Which gives the maximum height H,,, = /;_S”Z.

Alternatively, dimensional analysis could be used in the following manner. First notice
that £ = [Hy] = [pfte gPThL% . Using that [p, | =ML™3, [gl=LT 2, [1p] =
ML T72, demands that £ = [Hy] = [p;*gPt,Y L8] = M ety L=3atb-y+d p=26-2y
which again implies a +y =0, —3a+f—-y+6 =1, 286+ 2y =0. These three
equations are solved to give « = f = —y = § — 1, which shows that

S Y
H,, « <—b> Ly
'Dpiceg

Since we were informed that H,, « /L, it follows thaty = 1/2. With the boundary
condition H(L) = 0, the solution then take the form
1/2

H(x)oc( b ) VI —x

Pice

The proportionality constant of +/2 cannot be determined in this approach.

0.8

Page 1 of 4




Copenhagen Denmark 7-15 July 2013

The Greenlandic Ice Sheet

For the rectangular Greenland model, the area is equal to A = 10L? and the volume is
found by integrating up the height profile found in problem 3.2b:

1/2
Vaice = (SL)2 f; H(x) dx = 10L f; (222) " T=x/Ldx = 10H,L? [; VI— % d%

Pice 9

2 1 .
3.2 = 102 |- 2(1 = 0)%?| =2 Hyl? o« 152, 0>
3 0 3
where the last line follows from the fact that H,, « /L. Note that the integral need not
be carried out to find the scaling with L. This implies that Vg ;. o Ag>"* and the wanted
exponentisy = 5/4.
According to the assumption of constant accumulation c the total mass accumulation
rate from an area of width Ay between the ice divide at x = 0 and some point at x > 0
33 must equal the total mass flux through the corresponding vertical cross section at x. 06
| Thatis: pcxAy = pAyH,v,(x), from which the velocity is isolated: '
cX
v (x) = a
From the given relation of incompressibility it follows that
dv, dv, ¢
3.4 dz  dx  Hp 06
" |Solving this differential equation with the initial condition v,(0) = 0, shows that: '
czZ
v,(z) = —E
Solving the two differential equations
dz ¢z d dx cx
ac = H, O dt  H,
with the initial conditions that z(0) = H,,, and x(0) = x; gives
z(t) = Hy, e ¢/Hm  and  x(t) = x; et/Hm
3.5 |This shows that z = H,, x; /x, meaning that flow lines are hyperbolas in the xz-plane. 0.9
Rather than solving the differential equations, one can also use them to show that
d( )_dx N dz  cx CZ_O
R T T TR T
which again implies that xz = const. Fixing the constant by the initial conditions, again
leads to the result that z = H, x;/x.
26 At the ice divide, x = 0, the flow will be completely vertical, and the t-dependence of z Lo

found in 3.5 can be inverted to find t(z). One finds that t(z) = HT‘“ln (H—m)

z
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The Greenlandic Ice Sheet

The present interglacial period extends to a depth of 1492 m, corresponding to 11,700
year. Using the formula for 7(z)from problem 3.6, one finds the following accumulation
rate for the interglacial:

Hy, ( Hy,
H

= I ) = 0.174 .
Sig = 11700 years " \H. — 1492 m) _ O-1749 m/year

The beginning of the ice age 120,000 years ago is identified as the drop in §180 in
figure 3.2b at a depth of 3040 m. Using the vertical flow velocity found in problem 3.4,

on has dZ—Z = —Hidt, which can be integrated down to a depth of 3040 m, using a

3.7 stepwise constant accumulation rate: 0.8
Hp, Hp—3040m q
it () <, [
m M\ H,, — 3040 m ) z
120,000 year 11,700 year
= f Cia de + f Cig de
11,700 year 0
= (j2(120,000 year-11,700 year)+c;z11,700 year
Isolating form this equation leads to ¢;, = 0.1232, i.e. far less precipitation than now.
3.7p, | Reading off from figure 3.2b: 5180 changes from —43,5 %o to —34,5 %o. Reading off 0.2
"~ " |from figure 3.2a, T then changes from —40 °C to —28 °C. This gives AT ~ 12 °C. '
From the area Ag one finds that L = \/A;/10 = 4.14 X 10° m. Inserting numbers in
the volume formula found in 3.2c, one finds that:
20 2S
Voice = —L%?% |—2 = 3.45 x 105 m?
3.8 3 Piced 0.6

This ice volume must be converted to liquid water volume, by equating the total masses,

zice = 3.17 x 10> m3, which is finally converted to a sea level rise,

wa

4
as hG,rise = (il,zva = 8.79 m.

1.e. VG,wa = VG,ice
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3.9

Figure 3.S1 Geometry of the ice ball (white circle) with a test mass m (small gray circle).

The total mass of the ice is
Mice = VG,ice Pice = 3.17 X 1018 kg = 531X 10_7mE

The total gravitational potential felt by a test mass m at a certain height h above the
surface of the Earth, and at a polar angle 6 (cf. figure 3.S1), with respect to a rotated
polar axis going straight through the ice sphere is found by adding that from the Earth
with that from the ice:

Gmgm  GMjcem 1 Mice/mg

Rg+h r 1+h/RE+ r/Rg )

where g = Gmg/R2. Since h/Rg < 1 one may use the approximation given in the
problem, (1 +x)™! =~ 1 —x, |x| « 1, to approximate this by

h  M;.,./mg
Uror ® —mgR (1 -— L)
Mice/Mmg
r/Rg RE,
again that h/Rg « 1, trigonometry shows that r ~ 2Rg|sin(6/2)|, and one has:
M;ce/mg 1.69 m
2[sin(8/2)| F  |sin(6/2)|

To find the magnitude of the effect in Copenhagen, the distance of 3500 km along the
surface is used to find the angle O¢cpy = (3.5 X 10° m)/R; ~ 0.549, corresponding to
hcpy — hy = 6.25 m. Directly opposite to Greenland corresponds to 6 = m, which gives
hopp — hy = 1.69 m. The difference is then hcpy — hopp = 4.56 m, where h, has
dropped out.

Utor = = —mgRg (

Isolating h now shows that h = hy + where hy = Ry + Uyoi/(mg). Using

h(@) — hy =

1.6

Total

9.0
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Solution E1 version 3

Solution E1 /version 3 (Important: In this document decimal comma is used
instead of decimal point in graphs and tables)

1.1

H =907 mm + 2 mm. See the sketch in the figure corresponding to 1.3b. It must appear how the height
is measured with the LDM in the rear mode.

1.2a

| used a 2 m cable but 1 m is sufficient. There should be about 8 lengths evenly distributed in the interval [0;

1m].

1.2b

X y Display y as function of cable length x
m m
0,103 0,177 y= 0;7_18"9’;861014
0,176 0,232 18
0,348 | 0,39 16 9
0,546 0,517 14 ,@/
0,617 0,570
T 1.2
0,839 0,748 =10
1,025 0,885 >
1,107 0,950 ?:i 08 i sad
1,750 | 1,459 506 [ &7
2,000 | 1,642 0.4 -
02 &
0.0 T T T i
0.0 0.5 1.0 1.5 2.0
cable length x [m]

The refractive index is twice the gradient of the linear graph, n., = 2-0.7710 = 1.542.

The reason for that is that the travel time for a light pulse
f o X Moo
Veo c

The display will therefore show y = %ct +tkey= %ncox + k.

] ¢ 3001082 gm
Lysets fart i lyslederkablet er v, = —= TZS =195-10 <
co 4



Solution E1 version 3

1.3a
yi = 312mm+2mm, y, = 1273 mm+ 2 mm

1.3b

- H
6, = cos 1(

yz—yl) = cos™! (907 mm) = 19.30°, se figure:

961 mm

A\

Measuring the horizontal part of some triangle is very inaccurate because of the size of the laser dot. No
marks will be awarded for that
Using § = 2 mm as the uncertainty of y;, y, and H, one can calculate the uncertainty of 6,

Acosf, =A ( )
V2 =01
Using simple derivative, we get
inf, - A0 0 + 20
sin 6, - =—
! T H V2=
1) 26 2 4
=+ — o P——— —_— o
AD. = (7 Y2 —yl) (180° _ (597 * 961) 180° o
1 sin 6, T sin19,30° w '

Otherwise, using min/max method

H i 905 mm 907 mm
AB; = Bypax — 01 = cos™?! ($) =cos™?! (m) —cos™! (—) =1.0°

Y2max — Yimin
Also, accept § = 1 mm and A6, = 0.5°



Solution E1 version 3

1.4a
X y
Display y as fucktion of height of water x
mm mm y =0,3301x + 448,45
2 _
4 450 485 R? = 0,9978
17 454

480 +— : —
27 457 a7 et ¥l

E
32 459 £ 170

39 461 > 465 - | il
51 466 3 460 Lol

58 467 8 455 L Jn= gl

66 471 450 7_/ i |

76 473 445 T T T T T T T T T 1
82 476 0 10 20 30 40 50 60 70 8 90 100
90 478 height of water x [mm]
96 480

1.4b

The time it takes the light to reach the water surface is
_ (h—x)/ cos b,

1

c

From the water surface to the bottom the light uses the time
_ x/cosB,
2T v
Total travel time forth and back
h—x)/cosf x/cos @ h—x nx
t=2t1+2t2=2( )/cosby , ,x/cosb +2
c v ccos b, ccos B,

Hence, the display will show (we simply write n = n,,)

ot + ke = (— ! ) +k

= C = — X
y 2 cosf, cosB, cos 6,
which is a linear function of x.
Using a trigonometric identity and Snell’s law,
cosf, =4/1—sin?6, =
we get the gradient to be
n 1 n? 1
a = — = —
1— sin2@, ©€0s61 [n2—sin2p, COSO;
n2




Solution E1 version 3

1.4c
Knowing the gradient a from the graph, we can find n solving this equation with respect to n.

Introducing a practical parameter,
1

cos 0,

p=a+
our equation becomes

n2

=
Il

n? —sin? 0,
which can be written
n* —p?n? + p%sin?6, =0
and solved

p? +./p* —4p?sin26; 2
nW = =7

2

From our graph, we get « = 0.3301. From there we find p = 1.37865 and hence n,, = 1.3437, omitting
negative solutions and solutions less than 1.

The official value of n,, for pure water at normal conditions is n,, = 1.331 for the laser wavelength
A =635 nm.

Just for your interest, we have the following approximations:
For small angles, we have

V2 1 /2 sin 6;\? sin 6;\° 1 /sin 67\ 2
me=gp [1r1-3(57) =p 1= (57) ~p<1‘z(T>)

For very small angles, we get

ny~p=a+l
It is much simpler but not recommendable to do the experiment with very small 8; = 0: Reflections in the water
surface will ruin the signal from the bottom.



2.1a|Measure | as a function of r, and set up a table of your measurements. 1.0
2.1b|Determine the values of I, and a by the use of a suitable graphical method. 1.0
slot # r I 1/1 2
mm mA 1/mA mm”2 5

3 9.0 5.440 0.184 81 i1+ ™\ I

4 14.5 5.290 0.189 210 a2 a

5 20.0 5.010 0.200 400 1

6 25.5 4.540 0.220 650 r2=1,a%=— q?

7 31.0 3.840 0.260 961 1

8 36.5 3.230 0.310 1332

9 42.0 2.730 0.366 1764 2 2 2

= +
10 475 2305 0434 2256 a® = 1200 mm* + 100 mm?,
11 53.0 1.985 0.504 2809 a=35mm=+ +2 mm
12 58.5 1.730 0.578 3422 10870—0 mm?2
2 . _ 2

13 640 1485 0673 4096 lqa® = ———+——==8051.85..mm“mA
14 69.5 1.305 0.766 4830 mm?2
15 75.0 1.140 0.877 5625 8051.85 TA-T
16 80.5  1.045  0.957 6480 I, = 1200 mmZ 6.7 mA + 0.5 mA
17 86.0 0.930 1.075 7396 2 10700 — 0 rm? 2
18 91.5 0.840 1.190 8372 (a@®min = 720 — 017 ma=t = 78676 .. mm’mA
19 97.0 0.755 1.325 9409 (uaD)m 78676 mmimA
20 102.5 0.690 1.449 10506 = Igmax = = =72mA

a?min 1100 mm?
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Solar cells (solutions)

Copenhagen Denmark 7-15 July 2013

2.2 Characteristic of the solar cell

2.2a|Make a table of corresponding measurements of U and I. 0.6
2.2b | Graph voltage as a function of current 0.8
| U
mA \% A
0.496 0.532
1.451 0.531
5.05 0.526
8.88 0.52
14.05 0.509
31.1 0.395
253 0471 '
21.6 0.488
30.6 0.41
31.9 0.364
32.6 0.299
32.6 0.313
33.1 0.239
334 0.085
33.3 0.138
334 0.096
334 0.058
335 0.046
33.5 0.045
1.05 0.529
27.8 0.454
15.9 0.503
22.3 0.483
26.8 0.458
29.2 0.435
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Solar cells (solutions)

Copenhagen Denmark 7-15 July 2013

2.3 Theoretical characteristic for the solar cell

2.3a|Use the graph from question 2.2b to determine I, - 0.4

Estimate the range of values of U for which the mentioned approximation is good.

Determine graphically the values of I, and n for your solar cell. 12

2.3b

I =1, forU=0- I, =33.5mA

nkgT < 4-1.381-10723]/K- 300K = 0.103 eV

I =1 — Iy(exp (n%) — 1) = Iax — Io €xp (,7,%)

U
for U > 0.4 V where exp (nlec?) >exp (4) » 1
Lnae —I\ e I e 4.03—(=7.7)
N D
n mA nkgT n mA nkgT 0.56V 2095V
e
_ ks

-n= — =185
I, = e~77mA = 0.454 2095V
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Solar cells (solutions)

Copenhagen Denmark 7-15 July 2013

2.4 Maximum power for a solar cell

The maximum power that the solar cell can deliver to the external circuit is denoted
2.4a| Py .x. Determine P, for your solar cell through a few, suitable measurements. (You
may use some of your previous measurements from question 2.2)

0.5

Estimate the optimal load resistance R,,, i.e. the total external resistance when the
2.4b (solar cell delivers its maximum power to R,,.. State your result with uncertainty and
illustrate your method with suitable calculations.

0.5

| U P

( mA \Y mW
iy 26.8 0.458 12.2744
27.8 0.454 12.6212

29.2 0.435 12.7020

30.6 0.410 12.5460

31.1 0.395 12.2845

b WN PR

P = (12.7 + 0.1)mW@(28.8 + 0.2)mA

P, 1271mwW

max __

P12 (28.8MA)?

opt

= (15.3£0.3)Q
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Solar cells (solutions)

2.5 Comparing the solar cells

Measure, for the given illumination:
554l The maximum potential difference U,that can be measured over solar cell A. 05
7 |- The maximum current I, that can be measured through solar cell A. '
Do the same for solar cell B.
2 5h Draw electrical diagrams for your circuits showing the wiring of the solar cells and the 03
| meters. '
2.5a. Ua=0.512 V 1A=16.465 mA Ug=0.480 V I = 16.325 mA
2.5b.

9,
®
O
®
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Solar cells (solutions)

2.6 Couplings of the solar cells

Determine which of the four arrangements of the two solar cells yields the highest
possible power in the external circuit when one of the solar cells is shielded with the
2.6 |shielding plate (J in Fig. 2.1). 1.0

Draw the corresponding electrical diagram.

Two approaches:
Approach 1: use a constant setting of the variable resistor to simulate a constant external load.

Approach 2: use the hint given in the question and measure values of maximal U and maximal I
independently (no variable resistor involved).

In the following only measurements for approach 1 are presented.

a.
. Unshielded (adjusting R for reasonable P)
© E‘ 13.10 MA: 0.794 V/: 10.4 mW
®— A shielded: 0.37 mA; 0.022 V
B hielded: . A: 049V
o é) é <+L shielded 0.83 mA; 0.049
A B
b.
X R like in a.
ﬁ : A shielded: 1.47 mA; 0.088V
o B shielded: -2.82 mA: -0170 V
o & o i)
A B
C.
. R like in a.
H‘ ’ A shielded: 6.89 mA; 0.415 V
| O B shielded: 6.905 mA: 0.4165 V
© ® o o
A B
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d.

R like in a.

A shielded: 7.14 mA; 0.436 V
S & S & B shielded: -7.76 mA; -0474 V

Conclusion: Best power: Set-up d with B shielded. (Solar cell A slightly better than B).

(2.7 on next page)
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Solar cells (solutions)
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2.7 The effect of the optical vessel (large cuvette) on the solar cell current

Measure the current I, now as a function of the height, h, of water in the vessel, see Fig.

2.7a 2.8. Make a table of the measurements and draw a graph.

1.0

2.7b |Explain with only sketches and symbols why the graph looks the way it does. 1.0

For this set-up do the following:

- Measure the distance r; between the light source and the solar cell, and the current ;.
2.7c |- Place the empty vessel immediately in front of the circular aperture and measure the| 0.6
current I.

- Fill up the vessel with water, almost to the top, and measure the current /5.

Use your measurements from 2.7c to find a value for the refractive index n,, for water.
2.7d | llustrate your method with suitable sketches and equations. You may include additional | 1.6

measurements.
2.7a

h ! 45 4 C

mm mA | Iyma
2 2.54 4 *”* e,

22 2.55 3.5 1 r ‘oo
28 2.56 3 1 A + D
34 2.57 25 1% + + + . *

38 2.42 2 - 1o

42 2.21 15 4 B

45 2.13 L

46 2.08

48 215 057

49 2.54 0 ' ' ' ' ' ' ' '

0 10 20 30 40 50 60 70 B0

50 2.97 H/—/

52 3.36 #t/mm

53 3.61 aperture

57 3.96

59 3.99

63 3.89

67 3.6

69 3.49

72 3.47
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2.7b Exemplar drawings for position A, B, C and D on previous graph:

e
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Solar cells (solutions)

2.7c NOTE: The exemplar measurements are from a different lamp than in 2.1. For a
solution to 2.7d using the distance graph you have to refer to the graph below.
r, = 103.5mm; I; = 0.81 mA; I, = 0.705 mA; I; = 0.85 mA

1 I 1 2
—+—=1.024 mA™ " ~r/ = 8800 mm*“~7, = 93.8 mm

I; I

[8Yslele) ._,_ i S SSisiisfiiiiiiiil ‘, ? ...... 3 3 aaail

SOOD ,ﬁﬁ-_,‘v_-‘,ﬁﬂ, i ittt
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2.7d

01

62 61

01

b tand _sing

h=(b—-Ar)tang, =btan g, = = -
b—Ar tané, sing,

n,da 6, <6 <<1.

b b 26.0 mm

~ = = =1.6
b—Ar b—(rp—1) 26.0mm— (103.5—93.8)mm

Ny,

NOTE: You may get better results. The uncertainty is rather large in this method because of the
subtraction of two large numbers for Ar

A different method is to determine the shift by actually moving the set-up and perhaps making an
interpolation in directly measured data.
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