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AFEESEFTREBEREIR (RF) Ritit

515

REFHELARMNKLBIRAZRAN LIEMRTRNEAEZ — — T FAIENGREEEAN TR
EE=IRERNETE S,

AR, FATAREASR (RF) RIFHNBBF =RERRNEREE FITERENFEF LIRS,

Part A 7l Part B @55 LR TE AT M PRIRH, part C @XTBELUKEIRSIFMF, partDSINEBF
=1RE, part EM F A@AHILRRIUREITRG SR,

Part A: R4l ERAI R B TR (2.0 43)

HENMEER (DC) SHEMESH, EMNFRRIKBESHITED BB, XNMRIKRAEESRKETAT
BRI ARRIL, SRNVERSINESH, HephFTAHEEESR, AEEDH(LHEESBANETLER
MEBRBRK. TERINBI-REMEFRANRE, BEPERARFOKSERN, FH2EERNG\ERHM
BIRNRHNES. T2@FR, HIZBERMEBELSPNBEORIORIKIR, EREH5SHHTERLERZLH
EETHRAHR (BAREEERIED) .

plastic jacket ]
dielectric insulator [ b
S
« I

e c
metallic shield S _ \ \
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~
centre cor

FEHBATEE, Bh C-NE, |-BARESE, S-EREKE, J-BEHRIPE.

ZE—IREMHEL, HIEAD, BNRLSEMNININRMRERELN. FRSHFEN o, HEBEMESE
AR, BNRESENLTENENNTEERN ., TENBWHESEN 1, , RINEHIEHTEFREHRFE
7 b HHEHMES EIRMEBLEIEN, BHEESHEREIERTMINEREZE,

A1 PR TE [ R A PIE B ERERE S /L2 0.2pt

A2  WIRKEN Az NEHBGSHNRNS EERAE Aq, BINFRERZM, SHAEHFERTN  0.2pt
SNERIRIE Z BB TRR

A3 TGEHBEUKERWMBHENESR C,, FEIUEEKEN Ar N—KREL, 0.3pt
A4 TGSHBEUKEBHSGHBERL,. 0.3pt

BEANESTHEEBR S NNRBARNERNBANEMA, BRRIGENCHMEER, MESRASHERERE
BRREXR, £EETHRENTERFMTR.
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oL oL dL oL

T80T

3C== SC== RYo== SC==

[EEE4iE BT R BB FB R,

A5 i EBRFEMREKBLANMERRE Z, = /L, /C,. 1.0pt
ii. RIZEHMEBLIEINN Z, =50 Q, HAEABEM e, =4.0, p, =1.0, ITEHb/a Y
=8

Part B: SS /85 # it FIRREIRFRAERLZE (1.0 53)

S—MRENERANTEMR. ESBI— 1M F28 « NEBANSLEN, ZSE5— 1 SSRERE
FIRBVEEBN d > a0 SEMAELENBNNEERN ¢, MEENEWHES RN 1, IHEE, REIEFRG
BT ARR R

P

BREFRATEE. C-+EH o IS, SEMSETIR P AIER d > 0o T4 CERATEAEXTE
BN e, MABWHFRN 1, BIFEE,

B.1  KRHUZEBAERLANFERNARAR, 1.0pt

Part C: 337 33 He9RELENIR (1.2 53)

BBHLR A LI L B R M MAR N A BEE. WE—MEEAm, FIEBT 2, AREKRBE V, MEFR 1, B
1B, PMEMBER—#, Z,=V,/l0

ZEMRETWMEAFERRN 2, M Z, WRERZ LA Z BNV E, BEREW TR,

Z, Z,

FRmAA Z, M Z, NRRERLAENBRE, RENRTITE/NFREK.

HES Vi BIERN Z, WERAZAREN, BoERFETRERLD, FEES )V, AEEREEL
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FREFERE, BoESHIERRY, EF—MFREKPTERAEENES V.
(o HEAELHNRFNET =V, /V, 1.0pt
c.2 HAZHTES V. REEFEEUZNA 7 0.2pt

Part D: EHBF=1RE (3.3 9)

BEF=RE (SET) A—MEFRRENER/L N BRAN. EFRE— MK/ NSE, BFAILURBIENTE
EfRt, MESBEESEFR/ERE, MAINMTBE—RRNFER—BLEERER, BTEFHF
WAz, BFRIUEFEREL, SETHN— N EKHERINEFT.

. Ct Ct

SET RYHEEREIRT. QD BREF R, SZFENR, D 2Nk, G 2Miiko

WREBER O, , MELNBE O, < C,o ALANC, BETRIABRE, £ Part DR, FRARRREE
e, MR LEHRERER V.

D.1  FESETH—MRE, HPEFRES n THEFo 1.5pt
i REEFm (QD) LRI o o
i, REE— P EINEF MIRR SRR AIXE] QD EFRREMVEEE AE, o

MR AE, <0, BABFRELXBFIEFR, HEEFR ERBFHEEIN(V >n), €17 ALy >0, F#
BBFER NV AN EESNER AF,, AILUEEEERE SRIBE V, R,

D.2 @I IFT SET MIMREE, KL FHMMEEFELEINKRARREE E, = 0.5pt
max ALy (V,) o

MR AEy =0, BABFREAFTEZLINVGEE, SETLTESEAION KRS, MR AE, >0, N SET AYE
SR (R F=FEBY OFF &)o

NTHEEFRENBEFERERTAE, FERERLERMG. B, NRFRIRKRTFOVEFRBEEUERBEH
FEFREBIFREE, FBA ON M OFF REZBRIERRFHER.
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D.3 KRHBFREEFHENEY, FEFFEBEIRBAENEEF= L, 0.5pt

HoR, BFBHFIHRFHETFRRE T ENNRERNG, XMBEEA LABESEREMEBERRER, %
BERNRERBFNESEFTEF BT 2SR B EUR R ERTIE,

D.4 i. FIARRFENBER O, IBMEAE R, GitEF R ZFIEL, 0.8pt
i. RHBEMEBME R, HENEY, FHREFRLNBFRAGHENGEE, LT ON
1 OFF REATUEEE #1X 57,

Part E: FHFi%H SET BOIRZAAY RF K&+t (1.0 o)

BEF=IRE (SET) MRSWHHEINE FRENTAMTERNBARE (PITNEFLES), KRS ON MK
S OFF ZBM Rl X R M T —f A ARIZHE FIH BN~ ENES. 2T ON KA SET AT LUIA—1
Ron = 100kQ BYEBPESRERY, ME OFF R, FAIAILUR SET Bl — M EMNESE (REGEIT SET Rk
MFRZENERER), RAGAEETNEXNFRANESHMMLRIAE SET BRE, BfERA RF 515K 5
HRNERFESHARNEML EIRERFNED) AILUERMHEE SET BPRE

ET7E ON Ml OFF RS Z Bk, SET 3|EMIRFRHIEZLZ

AT = [Pox — Toprl (1)

B Ty F Topp EFMRERES FHRSTE,

Z,
—

ZSET

5 SET EZRTBA A EIRE, HPERBaapftiBng Z.

E.1 N —MEEEIFEHN 50 Q BEHFE L ERVEE SET, RHSHERTHESIRSZE  0.2pt
B R GTERAVZEL AT

ATIBMRERNZ, MMEMRF REHBIRKE, AIEBRRFMA—TEBERE EIBEERBI M4 LAIEH
SIEMEBESR C) ~ 0.4 pFo RF REFITFRANZAIAEN w,; BIES,
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Z, L,
ans
ct [J
B E8Y SET B,

E2 fAEBRRL MNE, FERFXENTHETSEINER, HETHTEZ w,/(27) = 0.8pt
100 MHz BY L, BOEEE, FHitHEHENR AT,

Part F: (5| REF R THEIRE (1.5 9)

NFEY BRNEFITERN, ERIESIEFUHNSEUTER). FEEEFHEFATRARINESR
F=IRE (SET) —MBERENEAARE BR5|4E TR (SLQD), EIFSHEPSILEFREMUT SET, B
BB FRAERG 1% MR EME—RIEBR. BIMRE LUTHIEF R BFEeR, EAILUAITAR (RF) K&
ME,

S58BEF=RE (SET) £, #5|4%EF= (SLOD) tAB OFF R, 7£ OFF K7 SLQD RIMIyHMLL LK,
A[ETF SET, SLQD BY ON RSEREMR, HBEREN Co AT SLQD HIRHFERZE Al &A1, WELT

iK%, FMEBHNAEFERSABRN/LAMEMRE, HEEN C) ~ 0.4pF. BERE L, M ITIEMRTLIAE,
LRI EBRE 1T RE, FhmVF RN Z, = 50Q0

3 ot [

SERLARER SLQD iRt BB ERAIERIRE,

F.1 é’éﬁ/’i CO *l] Cq ET_I-: ééttll wrf *ﬂ ZC = \/Lo/COJ ﬁ?gf AF ~ 10 l.Opt

Ly MREERILRAYN, ARALFAESZATN. Hit, AIREFERMNERITHRES RIFIHEREBERIRE
Eo

F.2 Rig& L, WERE (ALt Z, HELEE), EHERE, fRd SLQD EHBEFPKE  0.5pt
ANTHEMNGLE, HEATERZTHENSH, FEERSERBRERNBERT A
ATLUAEI AT ~ 1,
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RBEEIRE R IR X STt

=M1y

TEIRMIER1Z (AGN) BBARERR, WHERNDL, BILEN MK FRELNKENESE, 7% AGN
BY—MHERES HBSIR, BEOR A LU 8 T4 BB IR R AVIE ST RIS, B Bt n] LATE BB LR I RO HL fth IR
ERrPERE, BIE X Sk, XEBSURRAMENES K, DIEMEREIER, KEN 1020 m, BEG F,
Uiiigiﬂ;’gtjiﬂjﬂgxEﬂéfigﬁﬁﬁiﬁ%‘i, XFE SRS R LB ISR EIZTREF, SREMBSTRAVEIZEIE
= Yo

30.0 -43:00:00.0 30.0 -42:59:00.0 58:30.0

Dec (J2000)

01:00.0

30.0

.
1 kpc

45.0 13:25:40.0 35.0 30.0 25.0
RA (J2000)

1: REASEAAGN B X-5T&E R, FREXIFRRESRERN x-574;, ERBNEIRERF
HR =R XIHEFR A 45 (Snios et al., 2019)

A BB 1D MESRAYHR IR

IS AR A BB R E AR shE iR ERVH B R MIER L THOBEIRE 1% (AGN), BMiE M —4, BBt
MPNER S B EF R T ER T

MBS A AR BB R0y AGN BYRE RS s, MHEZEIAF OH12 » KRR (BE 2), XEREE L parsecs 7811,
1 pc = 3.086 x 10'° m. RIFBIETANRE AR EZE O AGN, HFERRZE s BRI, BSAFHNER FiAH
B, RFN—ERENBRENZAN. STHFEFITYRE, ARSRSRAR, B, =1, +h H
B h B EEFAAMEENBEENT, FAER P MEBFEBEE » KETo.

HBETRALIERN, EENSIREZMOKRSE, SEREFINEBEMR. RE RO &R AEFUENHBIS
RNRERIEEN, Bo®RT, BRIGENERIFIENT AGN Bk,

EXMREGAT ADE A BBSR. ADEAZBHIN&ZENAGN 2—, FEItEIUERSHN=EDHERK
MBEHBE R BSTREHNRARMGEHN P = 1 x 10% s !, TEHLT ADE A BEHRNLARR,
BETNEFNBSRNEGSH, s, EBRSTRANERYR, s, EBSTRNAILESTR, EASEAGRED
RFEIFHIRER 1y, = 0.59m, H AR FFIIEEFN L = BP/n . ERHABESFE FIANER
P(s)=5.7x 10712 (&) Pa, H 5, = 1 kpc.
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AGN@® 5,=5.94 kpc

v,=0.52¢

B 2: ADEEABSR, ERMREBNTESNESRZ (AGN) BIJLAIAZK.

TR TSRS SR, FIEXLESHERBURT 2 AGN EEE s
- TEAGN ZREH (AGN R) BUEHRBEAAFOFZ r(s)
- TEAGN &, WSHRAVEEER A(s)
- TEAGN &, BISHRAVERE o(s)
© TEAGN &, BESOURRUECRZMIBET v(s)
- EBSTRARDP, RFHBEBE n(s)
PRSI AT REW A T IRX AR Al-4 FIEIZ,

A1l REHTEAGN Z2E R TRIRERE n/(s), BIEHBEE, n(s) M LEFIREERES  0.3pt
MBHHRERT. GHBBERIESHSREREHNSRATNFHEE, ZBRA
HANEIRA B R R.

A2  REAHRFRTEIEE AGN Al s , BERA ALRE BE (RANEMISLES 0.2pt
ERIRLFE) F,(s)o

A3  BUHRFRNARHBSSRINESEXRN, BE s M s, LHBEHRSH, URAS  0.5pt
BRI ST B SATR V IE ERBEISHRKRT.

A4 BHARNMRE SO EREEINX RN, BT s; M s, RHBSRERE, 8\ 0.6pt
M, BEHRBE,; UREFERV MEELENADEE A BSHRSHERRT.

IBRSTRPHE AT E X AR ThaERE A REERERBY 2, HLb
P(s) = Fy(s) — Mc? (1)

J

Hp 7 (s) B7E s A BB mNEERE, M [ REHEEES s B EEENREEE,
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A.5 FRMFERENSHINER, JAH %. 0.6pt

A.6 HEE s, MRAADEABSHRBNREREE M, ; FE s, MRENREEEE Mo 0.4pt

A7 SHUHBIADEABSRNSEHEEE 1 HRAN, H#HTHRETR. 0.5pt
A8  HEHINIERIEBEADE ABSHR LSRN o 0.5pt

A9 GEHEAEM O Fp, BNXER; HHEREAT PEHEREN SHEEZENE  0.2pt
aE,

B &B43: EBMEIIEBFHNRIME

EZE—BENICEFSRE (v > 1), AESARAMNEESH (RERBTHE). BEETE c M e+ de ZIEMINEE
RIFEEE B f(e)de TR, B c 2B MIFBIREE. L%FE‘E*J:%—MZK?%EE’JE’J ERETR AAo

B.1 TGHERUGRBEFIAESEENREI, 0.2pt

B.2 GEUHHTSEMNMIESENSANEL z ARNSZNE Ap, /At XA, zAMA  0.8pt

EHTIRE,
B3 SFHEEMERFREVRTSIE, B, KER, ARMNESRERRER, 0.6pt
B4 SRUZHEARKIERETICEFIMERMAERZERXR. 0.6pt

CE%: RALias
£ AGN RIS, EREDIREZREE T, XARTEFNEBEERHNEIET FF. XEBTEEZIF
FEEEERY, UETRILUERAERITICEE v > 1o

C.1 S QFRAN, BGHBFHRRAME, ARCEETF v RBFTHAAMEE 0.7pt
1 B ZBINAE ¢ RRo

Y FHRTHZMNEN, ERASBHEEN. FRFREBLINSE R, KENBNERNAFSR. —+H
AI&St, —FmEERS, ?*ﬁ'ﬁ, AEMRENSER, BFIEEIERE > 1, BHEEREO < 1/ miREER (Bt
HANSABERN 2/7). HBFLHITNER, EEIMERE QA B SRR AT AT AR SR
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E3: EEERT, ARFHREFLENSER, TEATNEFE EMEN, BFENNRNDH. A
BERT, EMRESERRA—BFHENINERD R, HPASOEFEHEL L. EURER
B, EEAKXEa, BEAXE VHKET

C2 EMBEFLURRE RF -, S BRAE ¢ z5), SHEAHNRIESPORE  0.5pt
Freata) At IRIAT

C.3 Mk, HITREPENIFHERE v, 0.3pt

AZHHNRTEHN SRS

_ 1 (¢'B sin® 2 2
6meg mAc®

C4 fhitEEE F IR FRIRDIRGL A EAREERATE 0.2pt

D 8453 : AGN 5 RRESL RS

AGN ISR R FREIE BB EERE, HIZNA f(e) = ve P, HA f(c)de BREETE € M € + de Z[AIRIKITFEX
B, ANNES R RIATETAE, MAES ETHESES, XN HEE

§(v)dv oc BEP)/2,0-P)2qy, (3)

X8 j(v)dv BMEE v M v+ dv ZENESRUATRNEFHEEE,

ADEE AR, UREMBERNNE, ERHSENEN, XEZHNEMRRINLF KL, EF
[ER A XL MR EL B —EENEEIMRER . SER RIS HFIRLE P UERI LK,
NG SERBFHIE SRS,

BRI LT RTNESFEP. ZRERERNEEFE, BEESFEFENERRERRNR
o, BEREFERNRENEGE S IREFIEE,

D.1  —EERE, HSmIZ T AREK, MNERV, ZHE vV, HRSRVRHS#7  0.4pt
By o REEEKTHEFEIHT B o

VM, EFMAIRV, B 1.0pt

D.2 EHIKFHERE ALK V RIXEBFEERE fo) B
de BEE TE e M € + de ZIBINEBEF

EEBAIANBTF 5395 f(c) = roe ? HE R f(o)
M,

D.3 REFEILEHMARIEFHNDH? I —REBEINED RS, BFRENSH  0.3pt
ER e IR ERELE, BANRGAE? ZEMIEFEE <, THER, B
RXANXFHRNIEZ,
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TRELETHRERNAGN, ADEA (CenA)

M M87 HIBIAT AL (IRFARXIE) B—EMNER,

AGN | YLz [elRyRYiE] 4 XREMZTETHL | XL |  HMiENSED

BT & (Blgauv, =10
¥)

CenA | 15years AX1C | -23% No change | Nodata

CenA | 15years BX2 -15% No change | No data

M87 | 5years HST-1 | -73% No data No change

M87 | 5years KnotA | -12% No data No change

(Data from Snios et al., 2019a; 2019b.)
D4 EFFELPHIRR, HHSHEBMERERVNEENRE, HHEZFMNE  0.6pt

WRLEER 0 STHFHRBVE 1L,
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ENEEPEIR
Part A (10.0 43)

B FCBIERI R — MM TRRIPER, ERETIRRIUBTER. TR —NF2R R BIIXE, B—
It tIRRE, M E—1RIEH. ERENN T IRETRMBIIRE TR, 2S5 BEARMR—KA 0, SBELLXY
MEEAH, MERBUD C BIJUAH0 O WEAEEEAN oR, WME 1(a) i, EEERBSMENZERRN A; FAR
SHERTERN, HFREEFAMR. AREREN/LAYREHT, EERIN, FERRF[E%R, WEhE
FRiRF 2R, SEEMSERERA TR, BRIFRUTAEBASIE:, REET.

1. ERFLPERRANE () MUE, (b) AETS

WU ay: ARENSER, HzHEERR L, FCEAINTMETE v--FH. E 1R BEEENNNE S
ME, WE 1(b) P, HIFAES, FCEBRITMEGNE « 4o

B2 R ETHAREIE, A RENREEHER:
(a) BRER I: ¥SARIFFAEEENERR], A0 ~ 0

(b) BYER I EEFA, BEEHAITR, BE0<0<3
(c) BRER NIz ITHFAD S, FOEE 0> 5

(d) BRER IV: BIEETS, PEMB LU SIS, R0 ~
(e) RER V: TEREMNER, FEBEIEIETEN L, 0= .

2. ER I B V BIPEIRIEE), B/RATE vz Fm|

M XYZRARBUSER, ZERENMEATESE XY TH. SF R oy: WEXMFIFR, ¥ XYZ R%K% Z
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WRMAE o5, 05 vy TG, B XY Z RE vy> WRIRGE 3(a) FiR, Hbz =27,

A A
Y | s
Fy\ |
\ \l
\ ,'YX 01
‘\ JRe I
N , !
\ s 0 I
> = >
® X ® ~“~o_ °
Z’Z y12 ~1~)

3.WBERZEIVEME: (a) H XY Z B 2yz, (b) B 2yz B 123

£ 3 =R A 3 1 BRELA (0, ¢, v) RfER. IR XV Z, T FRENEER vy SRRESER
123 Z[E]p¥%i, RIFIA BhIf kT %

ERAT BZFER TanpViER T, BE 0 M ¢ 952 KL RPHIREXRTA (zenith angle) M5 LA
(azimuthal angle)s £ XY Z &, EMNEXIIT: ¢ 2REH Z FIFCIENTHAIRA, EAREMRSE
BERRNBEESAK; Mo WAKRRELR Z MitmNANE, ENEXE XZ-FES 0, A, C FrfEF@| (BIFE
BRI HRR) ZERIKA,

F=ARAA  WRNZ RS E B SN, B B, HNNNEERER ).

TERBIPER S E RME X A— MRS E R 123, WEERTH vy RE Y ME—AE 0 MRT: TEMEZ
HMET “GR —MEEE, AISRBRNTRH3ES. B ayz RE 123 REVEHIE 3(b) Fim, EF 2=y,

HE EENSZRAKENTFENEK UARE wiEE, I— M HAEAEKR 5 KAZANNESHKESEUT

K&
oA oA
<8t>K<8t>R+wXA (l)

M eBpiashRRERN, BN RAIAMEEINEN, UNFEERNTEEE (HAE) M@ 7ihsy
&5, FFEXESHREMRBES, ALE@EXFNEE, FEMETR, SEEAFHERSHAZNGRE, A
At BmIZRRET AR,

FLRE, fRe# TE—80, KRR BRCBNYIEHEILGESR,

BN PR i R Y PSR E 2 A BRI ) R LSRN IREN ST, fRI% BEICABTES A R SHIRIRISIEM, &
ST ERMIR L, PRIBTES A MBS FHURMRE R v . FERSHIREBOREIER RSN 1, , EILEEN
IFel = 1, N, BB F, = Fy X+ Fy y DR N AEEARAD. BEBNRSIEE, MEESaEaTEN
.

Bl RRERIENRR, [, RTESHMORIRE, [, - L RTNESAEAEERNRIRE, &s 2
FOMERE, Ha- CASRREOHEMNSNHE,

BRAF4TANRR, BB vy SZYTRFELLRERD. FRIESE R, SNFAEDENAREEY TR
0 Co RNERAA N RTo BT A8ERD, MRRFEZEY 0 < 7 BIRIFEER, H BT SithmE i,




Theory .
il s -

mpiad
claide 2019 chinese (China)

A1 RUCERRRPEIBFISZAI RN Foy o B LEPEIRIGHITE 22 Ml oy FE EMIZSIE (free  1pt
body diagram), £ xy FHEE LiEE v, 5 F,

A2 KU EREPEIRAEN FRUOMIEIMNIRE T ey o 0.8pt

A3 TEEMFHET, T (s+a) 2 =0, BB ANRERSE : FASE, HHlv, = 04pt
VX + v, Yo

A4 REEBHENRO C RRENSARE v, URNAMNREISH: 0= 4,6 =9 f 0.8pt

=9 KRR, ERE 3 DHLHE vyz BERUKR 123 EZRFHEE,

A5  Ro,,v, MRAIAREEISH. RETEILIERNIR SES, BRAS= ¢ KERT 1pt
ERWAGEHI DK

A6 SKRLEXY - HBVATNERNEUE, 0.4pt

A7  HANIRMEAEN? KRFEEMNEEMNHRETARNRTH, Bv, ]F. AHER 14pt
A.5 PREEE T WM NIEN D Eo

A.8 X TFPeiE 8 2 PRI A NER | EV NiED), EERFPEMMBLLUTREE  2pt
TERBYBIREKER . SREE B, BEHBEE U, FB0HEE K1, TEFETIAE Ko (RERIER
B MR EEIZ L fl4a ],

A9 IRATMELNAREwEEET 3 AENSEREL, b 0.5pt

L x 3 = k(w x 3), (2)
PAKRIELE R ¥K k.

8 AL A2 SHRTRNERAMERIEED N WA/NURSGES, FMERNA. A REENDE 0, v,y SR
W3 MBUEE, RENNNESHER, LAKESRARN, ETURKRESERR,

BEMDRTIEE, BRVARNERE (WMEFERBOSIERE, TIERBTNRES ). EHHARS,
HARTIEERERE. B, AE, EIUREME LR,

A0 HTFHFEEOMIINENER, MELEIBMECBNEENADERATIE, AM, 1.7pt
B—MRXHE, TRME Jellett R N, ERRAENR - DERTIEN, BME
BVERE—THEE, MW=L vFHEREZEL,

fEIRYY B e B T ELUNEIERALENER, SHRAE v IIRER, HIEPA B
BBl S AZE,
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HEEMERERVERSIEE (10 53)

518
RHOR AR R F TR AR PR RTRIELK (Fes0,) » ENMNKRIAE—RIIBEEVEE, LEREREMET

BRI SR ZUMAR - E A 18 R R IR R, EAKEF, (RGEABSNSNIRGE, HER—RYIE
WNEBMITETSE, KIEMFRREORAI—E455 M, KO NMARS, ERMIRIRFFRR,

REAE
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O T T e e S e S o
© N o U d W N = O

© o N oUW

NRIBHAER B TERRRPNEKER K. REITHEF!
HENENIRER, EEHERE. FRITAZE!

EF (IRTFHEESRE)

=EE, LERTIRATHHKNUENESHT (BEAETF)
AIARNARRIKE, HEekige, AT KA
HFE-RAVAEN

2xN52 HE$k, 14.2 mm x 3.2 mm

1xN42 H4%%, 20.0 mm x 5.0 mm (BH k&)

500mm KHEBLRIFT, RIESITHNZIT
BEMEMEZES, BT ERIEFL

. FARRMEBI/NEIT, HENREFL
. 5858, AT SXEE

. BB (Blutack), FF#hiEasf

. REET

. BIAR 30 ERATR

. BEARIMES, 41

. REIRBE, 24

. /ER
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REFTMEZHA
AL FEERRMTR. HMERE—RAIBERGIRITFIE, WMk rAIERETMHRT. TR EERE/VORIFH
%, TRESKIHEE(IRIZ, HMEkRIFTaEER!

SKERRAEMNBHNERSRENEESR. ALREIRER, ERERHRAZITHNEERNEFEHENRER.
HECRARTEREEE ERREEFABHRAR, FHit, MEBEFEZHH!

NETERABEMN. NRFE, AIBER—IMEIIMIEM,
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X— B EE N B SRR A XS M7 BB ES IR R B ST SR BT R Y1 Lo

HEAREIER: MEREGRIFREM S
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ERBRAISHEL7) B BN, SRR ERINEERE m = X5,
BRI TR E BB KRL9 2
B, z+1 B z
BZ_Q(\/(z+l)2+a2 \/z2+a2) ’ g
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kA
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ok?
p1+ P2

k2 o Mg
prtpy TH(14+x)Y

(4)
Hr o BHERE-BHAKRERSERANREKNIRE, o ERERENEBE, p, BEHHRENEE,
Ap = pP1 — P2 MO %%&tﬁﬁﬁﬁkﬂgﬁﬁ?ﬂlﬁﬁrg, k %5&%&0
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Part D: RFIRMEAVIHIE: RFIFHFEK (3.1 53)
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BESEMERIE (magnetically active fluid) =E9:ERk % (10 points)

515

AR, RFHTKERAE (ferrofluids) HURBKRRHE. RAFHIREKIGPREATES, REKAIM
HIOMEEANER, RENEHXARTE 1PHARE 4). TR, RESMRKESNE, BENE
ERBHHNIER TROPEERER

v(d) = kVd, (1)
He d 2RENRE, » BUOIER, XMHXAMERTHIREBRNNIER. HHRERAN, RERENT
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Part A: &Rk (1.3 points)

|l )

(a) (b) (c)

FREREEENRA, (a) RAERELNEFRERANIKER, (b) ARKELNIKER, KT
BEFT, (o HENBEEFL.
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RF Reflectometry of Single-Electron Circuits

Version 1.0.

PART A: LUMPED ELEMENT MODEL OF A CO-AXIAL TRANSMISSION LINE

A.1 The speed of wave propagation in free spaces (¢o = 299792458 m/s) is ¢o = 1/,/€0 fg- The speed in the dielectric
& diamagnetic medium is

1 Co

v = == (1)
VEr€oHr o \/Er i
A.2 Gauss law for the flux through a cylindrical surface with radius r co-axial with the the core, a < r < b:
Aq Ag 1
Al2nr E(r) = = E(r)=— 2
mr B(r) €rEQ ) Al 2we eor @
A.3 The capacitance
Ag
cAl=— 3
5 (3)
where the potential ¢ of the core with respect to the shield is
0—¢ /bE()d LgoBfa_ L b (4)
b= — ) dr et hd
o Al 2meeg a
2me€g
c= 5
o (5)
A.4 The magnetic flux through a rectangular contour paralel to the axis equal inductance times the current:
b
Al/ B(r)dr = 1AL (6)
a
Biot-Savart law B(r) = 401 gives
Hr o b
l="—""—In— 7
2T na (™)

A.5 i Adding Al length of the cable should not change its impedance. Hence the impedance Z of the following
circuit must be equal to Zj:

S eyt = 0
Z_Z()-‘rijL W%C_ZO
Zo + iwAL Zy — ALJAC = 0 (9)
AL/AC =1/c and the AL — 0 for Al — 0, hence
Z() = l/C (10)

ii.

Zo = \/l]c = W‘ //;%) - 1n(b/a)\/§ % 59.96 Q) (11)

For Zy =508, ¢, = 4.0 and u, = 1.0 this gives b = 5.30a.



PART B: HYPOTHETICAL TRANSMISSION LINE WITH RETURN ALONG A GROUNDED PLANE

B.1 The high-conductance ground plate can be replaced by an image of the wire with opposite direction of the
current at distance 2d from the real wire. The magnetic fields from the real and the imaginary wires add up
and need to be integrated to get the magnetic flux between the wire and the plate:

d
_ Mo 1 1
ZA”_TW I/a <r+2d—r>drAl (12)
—_———
~2d/r
Phto , 2d
l="—In— 1
2 " a (13)

The potential difference between the wire and the plate can be obtained similarly by integrating the combined
field for the wire and its image:

o= 1 /d(1+ ! >dr—Aqm@W® (14)

Al 27e,e0 r o 2d—r Al 27wee
Ag 1 _ 2mereg

Al ¢~ In(2d/a) (15)

Hence the impedance of the wire-plate system is

B _In(2d/a) [pepo Hr
Zy =+/ljc= o \/ cey In(2d/a) - x 59.96 Q (16)

PART C: BASICS OF RF REFLECTOMETRY

C.1 At the interface, values of the voltage on both transmission lines have to coincide:
Vit V=V, (17)

The current has to be conserved at the interface, however, the incident and the reflected waves carry the current
in opposite directions:

Vi Vi W
Vi 18
Zo Zo 74 (18)

It is clear from the equation above that Vi # 0 if Zy # Z; — impedance mismatch has to cause reflection. Solving
the voltage and the current equations for I' = V;/V; gives

-

=== 19
Z1 + 2o (19)

C.2 A m-shift implies opposite signs of V; and V; and hence requires I' < 0. This implies Z; < Zj.

PART D: THE SINGLE ELECTRON TRANSISTOR
D.1  i. The potential on the QD is
—ne

n=V,+ — 20
P g + Cg ( )

where e > 0 is the elementary charge.



ii. Bringing the additional electron decreases the potential to ¢n41 = ¢n —e/Cy. The work necessary to
perform the transition is
2

__ pntenn _ (1)
AE, = —e 5 =G (n+2) eVy (21)

Note that without C; < C, approximation, the answer is AE,, = ﬁza (n+ 1) —eV,Cy/(Cy+ Cy).
4+ Cr

D.2 Consider such V, that AEyx — 07. Then AEy1; = 5—2 can become the new equilibrium addition energy once
g

V, is made slightly more positive another electron jumps onto the dot, N' — N + 1. Further increase of V,
only lowers the addition energy till the next resonance condition is reached. In other words, AEx(v,)(V,) is a
periodic function of V, with a discontinuity at the maximal value of

D.3 Thermal energy per electron kg7 should not exceed characteristic addition energy F.:
kpT < E, (23)
Here kg is the Boltzmann constant.
D4 i 7=RC

ii. Quantum uncertainty of energy (life-time broadening) h/7 must be less the energy difference between the
states with n and n + 1 electrons,

h/T < E. (24)
h €2
< 25
RCy Ci+0Cy (25)
h Cy+ Cy h

PART E. RF REFLECTOMETRY TO READ OUT SET STATE

E.1
Z -7
_ ZSET — 20 (27)
ZseT + Zo
10° — 50 50
F = — ) — L 2
ONT 105 + 50 10° (28)
. Z1— 2y
Topp = lim —— - =1 2
OFF Zlgnoo Z1 —+ ZO ( 9)
ATl = |FON — FOFF' ~1.0- 10_3 (30)

E.2 In the OFF state of the SET, the circuit is an LC contour with resonance frequency wg = 1/v/LoCy. If we
choose Lg such that wy = wyf, then Zio (the total impedance of the circuit) in the OFF state of the SET equals
to 0 and the reflectance is that of a short-circuited line, I'opp = —1.
The change in reflectance will be large if | Z;.t| is the ON state is on the order of Zy or larger, which is indeed
the case. For the ON state and wg = wyt

—1
1 1 .
Ztot =\ T + Ri +ij (31)
Ere] SET
Rser )
1+ jwC Rsgr T (32)

B Rsgr +1i+/L/C (33)
14+ R, C/L



F.1

F.2

4

For Cy = 0.4-1072F, Zy = 509 and w,y = 27 - 108 Hz, we have Ly = 6.33mH, Zyx = (158 + 6.35)9,
Ton = 0.5198 + 0.0145 5, and A" = 1.52.

PAR F. CHARGE SENSING WITH A SINGLE LEAD QUANTUM DOT

The SLQD readout circuit contains only reactive elements, so |I'| = 1 will always be zero. The OFF state of the
SLQD corresponds to an inductor Ly and a capacitor Cy connected in series. We again choose w,s = 1/1/LoCY,
so that Zi; is the OFF state is infinite and I'gpr = 1.

1
wrtCy

The ON state corresponds to Zsgr = —j and Ziot at wyr = wo is just the impedance of the SLQD

1 1 <
Ztot = 7 - =— =—j—Z 34
0T onLo) L+ jon(C + Cg)  YweCy | 1y C (34)

For the phase of Ton = (Ziot — Z0)/(Ztot + Zo) to be significantly different from zero, we need | Zyot| ~ Zo since
Zyiot 1s purely imaginary. Hence

C
Zo~ =27
o~ G (35)

If Lo is fixed, we can still operate the circuit at the frequency wys = 1/4/LoCy that gives T'opr = 1. However,
we need to deduce a way to increase | Ziot| even if Z¢ is not sufficient. One of the ways to do that is to add an
additional capacitance C,, is series with rest of the circuit.

This will give (at wys = wo)

[ C 1 - _ -
Ziot = —J (CO Zo+ ) = —jwy " (G +C) (36)
q m

From the condition |Ziot| = Zy we have

0o~ G CLG -
m ZOqu() —1 Z()Cq —V LOOO




Question 2: X-ray jets from active galactic nuclei

Part A: 1d fluid model of a jet
Al

If you consider a prism of plasma in the jet frame, it contains a number of particles N, has length [ in the direction
of motion, and cross sectional area A. The total number of particles in the volume is invariant on transformation into
the AGN frame, however the volume occupied by the plasma changes as lengths are contracted in the direction of
motion, while perpendicular lengths are unchanged. Hence, A’ = A, and I’ =1 /7.

This gives us two relationships:

N =n(s)Al (1)

and
Equating these gives

which leads to

A2

The particles in the jet have a bulk flow speed of v(s), so in a time At a volume V = A(s)v(s)At crosses the cross
section of the jet. Using the number density in the AGN frame,

Fp(s) = n'(s)A(s)v(s) (4)
= 7(s)n(s)A(s)v(s) (5)

A3

As the plasma travels along the jet there are no particles passing through the side boundary of the jet. Hence, the
total flux through the curved edges of the jet is zero, and the total flux into the jet is the flux in through the cross
section at s1 is F},(s1) and the total flux out of the jet is Fj,(s2). There is an additional term in the continuity equation
due to the mass injection. There are aV/up, particles injected.
This gives
Y(s2)v(s2)n(s2)A(s2) — y(s1)v(s1)n(s1)A(s1) = aV/ppp (6)

A4
Similarly, in the AGN frame the energy flux

Fu(s) = n/(s) A (s)u(s)en (s) (7)

We use previous results for all quantities except average energy per particle.
Consider the total energy in a volume AV of the plasma, Fioy = €4y N in the jet frame. As this is the proper frame
v(s)=0.
Transforming to the AGN frame, Ejot = v(8)eay IV, and €., = Yeay.
Hence,
Fia(s) = (v(5))* n(5) A'5)v(s)eay (5) (8)

Energy conservation requires that the total energy flux out of the jet is equal to the energy added through injection
of mass, so

(7(52))* v(s2)n(s2) A(s2)€av (52) = (7(51))” v(s1)n(51) A(51)€av(51) = aVe? (9)



A5

From the defintion of jet power and also (8),
Pi(s) = (1(3))? () A'8)o(8)eay () — NI (10)

Here M is the flux of mass flux across the surface, so M = Fp(s)ppp and

Pi(s) = (7(5))* n(s)A's)v(s)eav (5) = Fp(s)pppe® (11)

In order to find how jet power varies along the jet, we consider jet power at two points along the jet.
Py(s2) = Pi(s1) = (v(s2))" n(s2) A’ (s2)0(52)€av (52) — Fy (52) prpp” (12)
= (9(52))" n(s1) A (s1)0(s1)can (51) = Fp(s1)tppc?) (13)

. We can identify the two terms with €,, to be those from the left hand side of (8), and the two terms with ppp, are
pppc? times the left hand side of (6). Making these substitutions,

Pi(s2) — Py(s1) =aVc? —aVe? =0 . (14)

This argument applies to arbitary s; and ss, so the jet power is constant along the jet and % = 0.

A6
We start from (10) and substitute eay = pppc? + 2L to arrive at
PL) = () nl)A(S)0(0) g + ) = (5D AS)ol5)t (15)
= (7(5) = Dy(s)n(s) A(s)v(s)uppc® + (4(s))” A(S)U(S)§P (16)
= (3(s) = DAL + ((3)* A()o(s) P (17)

4

Rearranging to find M gives
= (18)

—1.5
Using the relationship P(s) = 5.7 x 102 ( ) and substituting values for s; and s respectively into (18), give

s
50

M, =2.8x 10" kgs™! and M, = 4.8 x 109 kgs™! .

AT

From lorentz transforming €,, from the jet frame where v = 0 to the AGN frame, the average momentum per particle
is pay = Y(s) ”(CS) €av- As the momentum is directly proportional to the total energy, the flux argument is the same,

and

I(s) = ———= . (19)
This can be related to the jet power and M,

P .
(s) = <—J +Mc) vls) : (20)
c c
Again, there is no particle flux, and hence no momentum flux through the sides of the jet, so the total momentum
flux out of the jet is
II = H(SQ) - H(Sl) . (21)

Substituting values for the jet at sy and s; gives IT = 9.2 x 10?7 kgms~2.



A8

The total force on the jet due to external pressure has contributions from the cross section at s, Fy = P(s1)A(s1), at ss,

Fy = P(s2)A(s2), and from the pressure on the curved surface. We have a linear relationship 7(s) = r1 + 2= (s — 51),

and the force on a element of the surface from from s to s + ds is
dF =27mrP(s) (22)

~1.5
where P(s) = 5.7 x 1012 (S—‘SU) . To find the total force due to the external pressure,
S2

Fpo=F — Fy+ / dF (23)

S1

. Evaluating the integral gives f;f dF = 9.8 x 10%° N, so Fp, = 8.2 x 10?6 N.

A9
As there are no other forces on the jet, it is expected that II = Fp,.

The % deviation is |(IT — Fp;)/Fp:| =~ 40%

Gas of ultrarelativistic electrons

B1

The total energy per volume is

| o

Consider the particles colliding with a surface AA,with the normal to the surface in the z-direction, in time At. As
the electrons are ultrarelativistic, theirs speeds are all approximately c. We assume that the collisions with wall are

B2

elastic, and electrons depart with their parallel mometnum unchanged and p., final = —p.. Hence, Ap, = 2p,, where
p, = M cos ), since the electrons are ultrarelativistic and F = pc.

The distribution is isotropic so electrons are equally likely to be travelling in any direction.
All electrons within a parallelepiped of length cAt which approach the surface at an angle 6 will hit it in the time
At. The volume of the paralleleiped is cAtA A cos@. From here, the total change in momentum is

oo /2 27 sin @
Ap, = 2n(€)p,cAtAA cos § ——dpdbde (24)
o Jo 0 4m
2AtAA [T/? I <
= / sin @ cos? 9d9/ dqb/ en(e)de (25)
4m 0 0 0
2AtAA 1 >
=—4 X3 X 271'/0 en(e)de (26)
B3
As the remaining integral in the expression above was identified as the energy per volume in Bl, Ap, = AtAA%%.
The pressure is the force per area normal to the wall, so P = %AA. Combining these gives P = 3%, or £ =3PV,

which is the equation of state.



B4

For an adiabatic process d@Q = 0 so dE = dW = —PdV. dE = d(3PV) = 3PdV + 3V dP, so equating these expressions
gives

3PdV +3VdP = —pdV (27)
4PdV = -3VdP (28)
dVv dP
14
4/ (30)
Vo
v’ P ap
= — 1
), o
P
41n (%) =—-3In <Fo) (32)
4/3
PV (33)
P0V04/3

Synchrotron emission
C1

An electron in a magnetic field has a component of its velocity, v cos o along the magnetic field, and v sin a perpen-
dicular to the field. The parallel component of the velocity remains constant, but in the perpendicular direction the
electron experiences a force in a direction perpendicular to its motion, so it undergoes simple harmonic motion. The
perpendicular component of its velocity is Qr where € is its angular frequency and r the radius of the circular motion.
The force on the electron is Fg = qv x B = eQrBsina. The acceleration of the electron is perpendicular to the

direction of motion, so Fp = %, where a is the acceleration and m the mass of the electron. For uniform circular
motion, a = —?r, so
Fg = mQ?r (34)
m%r
eQrBsina = (35)
Y
eBsin «
Q= — (36)
ym
C2

The observer only sees the synchrotron emission when they are within the forward light cone. As the electron is gyrating
around the magnetic field, this direction is changing. The observer is in this light cone for time At = % = 5.
However, the emitting electron is moving directly toward the observer over this time, so although the light emitted at
the start of the pulse is ahead of the light at the end of the pulse, it is only ahead by cAt (1 — %) The pulse then has

an apparent duration of

Aty = At (1—3)

c
. Since (1 — %) (1 + %) =1- Z—i = 712, we can write (1 — %) = 712 (1 + %) As the electrons are ultrarelativistic,
(1+ %) =2, and
m
At, = —¢
* " 21y2eB
C3
1 2ny%eB
Vehr & =
chr Atrma me



C4
Making a linear approximation,

E
TR ———— (37)

dE
(%)
6regmic® 1
eth?sin’a F

Synchrotron emission from an AGN jet

D1

As the magnetic field is frozen in, and magnetic flux is constant, the magnetic field must decrease as the area increases
in the expansion.

2/3
For a small area A, BgAg = BA. Since A o v*/3, B = By(A/Ay) = By (Vlo)

D2

A volume of plasma Vj with number density ng contains a total number of particles N = ngVj. As the volume expands,
the total number remains constant, so n = N/V = (V/Vj)no.

The internal energy of the plasma E = 3PV, and since PV*/3 = P0%4/3, EV/3 = EOVbl/g. The scaling for
particle energy with volume is then E = (V/V;)~/3E,. This means that the particles initially with energies between
€0 and €+ de, will have energies between (V/Vy) ™3¢y and (V/Vy)~'/3 (e + de). As (V/Vo) ™' /3€)™P = (V/Vg)P/3¢ P,

Hence, we can write

n(e) = ke—p .

The value of k is determined by the relationship

/ ke Pde= NV .
0

Given

/ " o Pde = N/Vi
koVo = &KV, and .

n(e) = (%)_ Koe P
D3

As the energy loss rate due to synchrotron emission increases as E2, and the cooling time decreases as 1/F, the more
energetic electrons lose energy more rapidly. If we consider electrons with energies €; < €2, both will move to lower
energies in the distribution, but dE/dt o< E?, so 42|, > 4Z| = This will reduce the relative number of electrons
with higher energies, and steepen the power law of the electron energy distribution.

D4

For the knots in Centaurus A there is no change in the x-ray spectrum, so this rules out synchrotron cooling as in
that case the spectrum would steepen (Part D3). Hence adiabatic cooling is more likely for these two knots.

For the knots in M87, there is no change in brightness in other bands. Adiabatic expansion would reduce the number
density at all energies (Part D2) and hence brightness at all wavelengths, so this is not likely. Hence, synchrotron
cooling is more likely for these two knots.



Q3 SOLUTIONS: TIPPE TOP

1. (a) Reference sheet for markers
Coordinate systems for convenience (note: use of matrices not needed) zyz from XY Z

cos¢ sing 0 X

X
y| = |—sing cos¢ 0| |Y
Z 0 0 1l |z
123 from xyz
1 cosf 0 —sinf| |x
2= 0 1 0 y
3 sin@ 0 cosf 2

Position of point A from centre of mass, in xyz and 123 frames:

a=aR3 - Rz (1)
= aRsinfx + R(acosf — 1)z
= Rsinf1 + R(a — cos )3

Useful products:

z x 3 =sinfy (2)
z-3=cosf (3)
%-3=sind (4)
a-3 = R(a— cosb) (5)
a-z=R(acosf—1) (6)
Note (given in question):
(%) _ (%) WA )
ot K ot K
Time derivatives:
3=wx3 (8)
x =y 9)
y=—o% (10)
(11)
Triple product (given in question):
Ax(BxC)=B(A-C)-—C(A-B)
(AxB)xC=-A(B-C)+B(A-C) (12)



(b) Solutions
i. (0.8 marks)

For free body diagram, refer to figure at end

3 Fexe = (N —mg)2 +Fy  (full marks) (13)

N
= (N —mg)z — uk—vA
[val

Sketched va must be in opposite direction to F.

ii. (0.8 marks)

> Tew =ax (Nz+Fy) (14)
= (aR3 — R2) x (N2 + Fy % + F;,¥)
= aRN3 x 2 + aR(sin 0% + cos 0z) x (F.% + Fp,¥) — Rz x (Fy %+ Fr,¥)
= —aRNsinf + aRsin0Ff 2 + aRcos0F; ¥y — aRcosO0F; X — RF .y + RFf %
=RF;,(1—acos0)z+ [RFfy(acosf —1) — aRNsinf]y + aRsin0Fy ,z (15)

iii. (0.4 marks)
Motion at A satisfies
vaA=$8+wxa (16)
Contact condition:
(s+a)-2=0 (17)
Differentiating w.r.t. time, using hint (7) (also z = 0)
($+wxa)-z2=0 (18)
The LHS is precisely va - 2.

iv. (0.7 marks)

w =02+ ¢z + 3
= ¢ sin 0% + 0y + (¢ cos 0 + )z (19)
= —¢sinf1 + 02 + (¢ + pcos6)3 (20)

v. (0.8 marks)

Where I is the inertia tensor,

Etot = Krot + Ktrans + Ugrav

1 1
=gw: Iw+ §ms2 +mgR(1 — acosb)



From 18,
S=va —wXa
=va — (02 + ¢2 +13) x (aR3 — R2)
— vk vy — (éaRi — 0R% + Rz x 3 — 13 x z)
= (Uw +OR(1 — o cos 9)) X+ (Uy — Rsinf(a¢p — 1/1)) ¥ + faRsin 0z
using 2. Thus

Frow = 3 [ 507 0.46%) 4 Is(d + deoso)’]

m R 2 . .\ 2 .
+ B |:(’Uz +0R(1 — acos 9)) + (vy — Rsinf(a¢ — w)) + 02a® R? sin? 9] + mgR(1 — accos )

vi. (0.3 marks)

From 15,
dL

%i:ZTi:aRsin@Fﬁy (21)

vii. (1.0 marks)
Centre of mass of top rises, therefore Ugay ~ 0 increases.

Normal force does no work. Frictional force does work at point A, and decreases the total
energy monotonically:

W:/F~VAdt<0

Frictional force points in opposite direction to va:

d
EEtot = —,UkN|VA|

At start and end (phases I and V) there is little translation so Ktrans ~ 0; the predominant
energy transfer is from Kot ~ 0 to Ugray ~ 0.

21 implies only the y-component of the frictional force acts to decrease the component of the
angular momentum about the z-axis, thereby transferring energy from the Kot term to the Ugray
term. The resultant torque is in the a x y direction.

viii. (1.2 marks)

See attached sketches. Required:
e Fiot: monotonically decreasing
o K,ot: monotonically decreasing; zero at V
® Kiians: zero at I and V; higher between; close to zero at IV
® Uy flat at start and finish; higher at end; increases from I to IV then flat; increase roughly
at same time that K,.,; decreases
ix. (0.4 marks)

From 20,
L=Iw=1 (—q'asin o + 92) + I3(4) + deos0)3 (22)
Taking cross product with 3:
Lx3=1, (¢sm92 + éi)
= (wx 3) (23)



x. (2.1 marks)

Using Newton’s third laws with 13 and 15:

m8 = (N —mg)2+ Fy (24)
dL
— =ax (Nz+Fy) (25)
dt
Differentiating 18 again:
0= é—l—i(wxa) zZ (26)
B dt

d .
zé.i—i—a(wxaR?)—wai).i using 1

—mg+ N d . d :
_ mi’:r +C§?£(Lx3).2R<d—L:X2>'i using 24, 23, and z =0
“mg+N aR[dL .\ . aR a3\
= — — —— 3 : 5 L I :
m + I (dt x 2 I . ar | ”

Substituting in 25 and 8,
0=1;(N—mg)+maR ((ax (N2+Fy)) x3) z+maR (L x (wx3)) 2
= I;(N —mg) + maRN (—a(z-3) + z(a-3)) -2+ maR (—a(F; - 3) + Fy(a- 3)) - 2
+ maR (w(L - 3) - 3(L- w)) -z using 12 (27)

= I1 (N —mg) + maRN (—cosfa+ R(a — cos0)z) - z + maR (—Ffsinfa) - z
+ maR (13(1/} + gi')cos@)w — (Il((,ﬁ2 sin’ 0 + 92) + 13(1/.1 + q'bcosﬂ)é)) -z as Fy-2 =0, and using 20, 22
=I(N — mg) + maRN (—R(acosf — 1) cos + R(a — cosf)) + maR (—R(acos — 1)Fy , sinf) using 6

+ maR (13(1/} + ¢ cos 9)(1/) cosf + (b) — cosf (Il ((;52 sin? 6 + 92) + 13(1/} + ¢ cos 9)) using 5, 19,3
(28)

Vz i

Gathering terms with and without the normal force in 28, and noting F, = — val Vs

Iymg — maRI3(1) + ¢ cos ) (v cos O + $)) + maRIs cosd (Il (¢%sin? 0 + 6%) + Is(¢ + pcos 9))

=N {11 +ma?R*(1 — cos? 0) + maR? TIMT (1 —acos 9)]
VA

Rearranging:
Iymg — maRIz (1) + ¢ cos0)(1h cos§ + ) + cos O(I1 (¢? sin® 0 4 62) + I3() + pcosh))
I + ma?R2(1 — cos? ) + maRQH(l — acosb)

z 1
va

N =

Lg+aR (11 cos 0(¢? sin? 0 + 0%) — I3 sin® 0p () + ¢ cos 9))

I + maR?sin 6 (a sin @ — ““’;XT (1 —acos 9))

=m

xi. (1.5 marks)

The angular momentum about the centre of mass is nonconstant precisely because there is
an external torque about the centre of mass. This external torque is given by 14. Thus is must
be always orthogonal to the moment arm a, the vector from the centre of mass to the point of
contact A where the frictional and normal forces apply. Thus, the angular momentum in the
direction of a is necessarily constant, and v = a.

To demonstrate this mathematically, 8, 15, 23 allow

. dL d3

:(ax(N2+Ff))~a+%L~(wa)

=0
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Sample solutions for Experiment 1: Static response of a magnetically active fluid
General Note: these solutions look brief for many parts. Students do, however, have to

manipulate the equipment and try to take good data, which will require taking some time.
The solutions try to indicate some of the tricks.

Al: Measurement taken on sample bottle: Az = 0.061 + 0.004 m, when well balanced.
(0.5 for good z, 0.3 for reasonable uncertainty) Expect to see multiple attempts for full
credit

A2: Density difference gives the nett buoyant force, so balancing gravitational and magnetic
forces: Apg = 3 yB?a*1?/8uy,z’ (0.3)

Need to divide by g to rho, then substituting in the values for the large magnet yields

Ap =15kgm™> (0.3)

Uncertainty sources: primarily z - hard to measure but can be controlled, and y - not
actually constant for a superparamagnet.

Any reasonable uncertainty method is fine. Using the data above, an estimate of 6 kg m™
(0.2) could be made. Students should have some indication of where their labels come from.

Fresh bottles will be measured.

B1l: z.ir = 22 £ 1 mm (from uncertainty in when spikes appear) (0.2 +0.1)

A =6 + 1 mm (from angle through the glass causing uncertainty about measurements of
the incipient wavelength) (0.2 +0.1)

Expect multiple attempts for full credit

Points will be given to good values. Doing this part is easiest if the bottle is on its side,
although it can be done with the bottle upright.



B2: It may look as though there are a lot of points for nothing much here, but the credit is
for the experimental skill that goes into taking high quality data. It is possible to be quite
precise if one is careful and this will be rewarded here as well as the calculation details..

Surface tension may be calculated using the relationship above. It also requires the density
difference from the earlier part, meaning that a large uncertainty in both parts will
compound to the point where the uncertainty in this part is unreasonable.

For the values in these sample solutions ¢ = 1.3 X 1072, Nm™ (0.3 if correct within an
order of magnitude). Uncertainty estimate: in these data, Ac = 6 X 1073 Nm™ . (0.2if
correctly calculated from a reasonable method, 0.1 additional if less than 50%).

C1: There are many solution approaches.. All need to count threads and measure distance.
For a diagram of a useful setup, 0.2. For example:

€'r————,~f~,~~ G e .
Geemi e ot 70 0.2 for measurements and calculations.
Bi M
Students should find that
RIS Az = 0.80 £ 0.02 mm (0.2)
%f{m 50 Yoo
Ve iy / If a visual counting technique is used, at least three
Vin S / measurements are expected. If a turn-by-turn method,
(o 7 I )

ey then distance measurements should be taken for at least
F6) three numbers of turns.



C2: Table of measurements:

turns

32.50
31.50
30.50
29.50
28.50
27.50
26.50
25.50
24.50
23.50
22.50
21.50
20.50
19.50
18.50
17.50
16.50
15.50
14.50
13.50
12.50
11.50
10.50

9.50

8.50

7.50

6.50

5.50

4.50

3.50

2.50

1.50

0.50

length of ligh z (has offset) M

20.00
19.00
18.00
18.00
17.00
17.00
17.00
16.00
15.00
15.00
14.00
13.00
12.00
12.00
11.00
10.00
9.00
8.00
7.00
6.00
6.00
6.00
6.00
5.00
5.00
5.00
4.00
4.00
4.00
4.00
3.00
4.00
3.00

26.00
25.20
24.40
23.60
22.80
22.00
21.20
20.40
19.60
18.80
18.00
17.20
16.40
15.60
14.80
14.00
13.20
12.40
11.60
10.80
10.00
9.20
8.40
7.60
6.80
6.00
5.20
4.40
3.60
2.80
2.00
1.20
0.40

1.00
0.95
0.90
0.90
0.85
0.85
0.85
0.80
0.75
0.75
0.70
0.65
0.60
0.60
0.55
0.50
0.45
0.40
0.35
0.30
0.30
0.30
0.30
0.25
0.25
0.25
0.20
0.20
0.20
0.20
0.15
0.20
0.15

R

#DIV/0!

1748.00
828.00
828.00
521.33
521.33
521.33
368.00
276.00
276.00
214.67
170.86
138.00
138.00
112.44
92.00
75.27
61.33
49.54
39.43
39.43
39.43
39.43
30.67
30.67
30.67
23.00
23.00
23.00
23.00
16.24
23.00
16.24

z (corrected) log z
38.00
37.20
36.40
35.60
34.80
34.00
33.20
32.40
31.60
30.80
30.00
29.20
28.40
27.60
26.80
26.00
25.20
24.40
23.60
22.80
22.00
21.20
20.40
19.60
18.80
18.00
17.20
16.40
15.60
14.80
14.00
13.20
12.40

1.0 points for the raw measurements of number of turns and M.

0.5 points for correct conversion to R.

1.58
1.57
1.56
1.55
1.54
1.53
1.52
151
1.50
1.49
1.48
1.47
1.45
1.44
1.43
141
1.40
1.39
1.37
1.36
1.34
1.33
1.31
1.29
1.27
1.26
1.24
1.21
1.19
1.17
1.15
1.12
1.09

log R
#DIV/0!
3.24
2.92
2.92
2.72
2.72
2.72
2.57
2.44
2.44
2.33
2.23
2.14
2.14
2.05
1.96
1.88
1.79
1.69
1.60
1.60
1.60
1.60
1.49
1.49
1.49
1.36
1.36
1.36
1.36
1.21
1.36
1.21



Graph:.. 1.0 points for a graph allowing the calculation of the exponent.

log Rvs log z

3.5

’ Yy =6.375X - 4s

Data in this region ®
too noi ®

1.5

0.5

0.9 1 11 1.2 1.3 1.4 1.5 1.6 1.7

0.5 for fit to correct region
0.5 for answer n within range 6 to 7 with reasonably estimated uncertainty.

Note: if students do not account for the distance between the surface of the stand and the
surface of the fluid, the log-log graph will not have a proper linear region as it does not
follow a reasonable power law. In this case there will be no credit for the conversion, the fit
or the answer.



D1: Surface tension g = 2.3 X 1072N m™. 0.5 if within 10%, 0.3 within 20%, else 0.

D2: Table:
Spikes Turns z
1 0 0
3 3.5 2.8
4 4.16 3.328
6 6.33 5.064
8 7.82 6.256
10 11 8.8
10 2 7.2
8 5.66 4.272
6 6.5 3.6
5 7 3.2
4 9 1.6
3 11.82 -0.656
1 13.66 -2.128

1.0 for at least 6 measurements each way with conversion to z and a reasonable uncertainty
estimate..

Note: this requires time and care to get the points of appearance and disappearance

correctly.

D3:

Spikes vs z




0.3 for a correctly plotted graph. 0.2 for each smooth curve fitting points. 0.3 if clear
hysteresis shown: at least 1.5 mm separation in z between the up and down measurements.

Although the data are quantised they should still follow a reasonable curve.

D4:

Key features:
Magnetic energy should decrease at a rapid rate as the magnet moves closer, following a

power law — as long as it looks reasonable credit will be given without trying to determine
the power. There should be small steps at the spike formations as there is a slight release of
magnetic potential energy from the drawing of fluid along a new unstable surface.

Surface energy should jump significantly at spike formation points and change much more
slowly although still steadily throughout the rest of the time.

It is important that the overall energy decrease. Students should be able to tell this as the
ferrofluid chamber will attract a magnet from underneath — most of the magnetic potential
energy goes into lifting the magnet rather than being bound in the internal structure of the

ferrofluid.

0.2 for each graph and 0.2 for correct behaviour of total energy.



Experiment 2 Solutions

Throughout the light is used in two modes when taking videos. For parts A and D, the light is set up so that
it is illuminating the ferrofluid surface through the sides of the box.

This direct lighting is used in Part A and Part F.
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F — box with fluid
L-light
W — wooden base

Diffuse lighting is used for other parts. In this case the light is direction up and away from the box with
ferrofluid.

N\
° Vo

A1 - Direct lighting was used, so see above for diagram.
A2. Some example frames from videos are shown below.

Note that the scale on the graticule does not directly measure position.
A measurement with a ruler of the internal length of the container is

17.3 + 0.3 cm . The distance is equivalent to 13.4 graticule squares, so there is a factor of 17.0/13.4 to
convert from graticule squares to cm.



The images above show two frames from a video of a plane pulse. The videos are recorded at 25 fps by

default
Frames Distance (graticule Distance (m) Speed (m/s)
squares)
8 6.5 0.83 0.26
7 6.0 0.76 0.27
9 6.8 0.85 0.24

This gives v = 0.26 + 0.02 m/s
A3. The uncertainty is estimated from the spread of values.

B1. If x=0 when t=0, then x = vt, however, v = a\/H, sox = aVdt.
Since the depth varies linearly, d = y tanf. Hence, x = a,/y tan 8 t, or equivalently, x> = a? tan 8 t"2y.

This approximation will be least valid when the direction of propagation varies the most from the x-
direction, and when the depth is least as there are nonlinear effects. Both of these happen for small y, in

other words, y < k for some constant k.

B2.

h=20 mm I

»
>

A

=195 mm

h=20+1mm,l =195+ 2 mm. The latter uncértainty is larger due to difficulty lining up ruler with
projection of end of the board.

B3.



B — fastest at largest y.

A —slowest at y=0.

B4. i. Diffuse light is more appropriate as the pulses are curved, so it is not possible to get direct reflections
from the available source from enough of the pulse. See the start for a diagram of light position.

x"2 (gr
x (gr sq) y (grsq) sq”2) (x-x_0)"2
5 0.2 25 0.25
6 0.3 36 2.25 | t= 0.28 | s
7 0.6 49 6.25 | x_0= 4.5 | grsq
7.8 1.4 60.84 10.89
8.5 2.2 72.25 16
8.7 2.8 75.69 17.64
9 4 81 20.25
9.3 5 86.49 23.04
9.8 6 96.04 28.09
10 8 100 30.25
9.9 7 98.01 29.16

Here x,is the x coordinate of the position where the pulse front is at y=0. This is treated as the new origin.



B5

y Vs xA2, y>2, at t=8/25 s

10

8 —
y = 0.3665x - 3.6081 ...
4 3

y (grsq)
(2]

0 5 10 15 20 25 30
(x-x_0)"2 (grsq)*2

Converting to Sl units, the slope m =0.280 /m.

m = a’tan 0 t?
Hence @ = 5.9 + 0.5 m%/2s71, and v(d) = 5.9 x/d.

Uncertainty was calculated from the slope of the line of worst fit m = 0.331/m.



Part C
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D1
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Note the multiple lines demonstrate times rather than wave fronts.

D2 Speed measurements of the magnetically driven waves are around the same, to somewhat faster than
small amplitude mechanically driven waves. Students should find that pulses are around 0.1-0.4 (gr sq)/m

faster than in A2/3.

Data and sketches should look similar to A2/3 otherwise.

The height of the lump can be estimated by observing from the side, or more accurately by using the
limiting value from E1 Part C.

D3 The light was placed in the diffuse light set up. See figure near start.

i




The black represents observed pulses over the magnet x. The blue represents the expected positionsing of
the pulseafter travelled that distance.

A wave front was observed to travel as additional 0.8 gr sq over 8 frames. The extent of the lump is
assumed to be 3cm in diamete and the additional distance in the time all occurs over the lump. This
means that the wave travels at a speed of around 0.35 m/s over the lump.

By looking through the side of the box, with a ruler it is estimated the height of the lump be 5mm. The
expected speed of fluid of depth 9mm, compared to fluid of depth 4mm is \E = %times larger, which is

S ><0.26% = 0.39 m/s. As these are estimates they are close enough that we cannot conlcude that the
change in wave speed is due to anything other than the additional depth of the fluid.



