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—MAENER/NMER=ZE, WHARENREEEEN) BEREEI— M HHARENINERE ¢ NBENZE,
MX—R3R, BRERREREMEIZRERM. SHAOEEMN, BES “TRE” (7 streamlines” ) 914 AH
1E, REZEELLTFRERNKN.

HENBRIVE— I EBNNR, ThEl, DRRGRE AR EENSERMIEENT.
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#ZAE— T “mie” (7 vortexfilament” ) REEEAM, N ERELFREN. LZHNEEXRAZRRFKRN,
o, EREREAENERGPF-EREREY . RESRRLIIFRIADIZREEF (circulation quantum)
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Part A I2&iAhEL (0.75 %)
EZE— RIS KR R, > o) PRBRESR, RMUFHPON—MNEENRIEZ, E 2.

A1 BERLR. KREER 7 RERE o BIFRIET, 0.25pt

A2 ESHREMMEBAXRENTER (RESERTHREITHREK (1) ). EAMEERN g 0.5pt

, BEEREK.
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2: BREMAPIOHZRYERTE (straight votex).

Q

Part B. J®@iEiEzh (1.4 53)
BHARIESEE REZTEITIEE. R IRLMNE— N\ R TS RIATEIZE T E LR E v &5,

B, EEMATEEARAERNEREHHKRE, HEERESEN r,, LE3. 8NREETS —NRiEiH L~
ERE v, = r/r . ALLREEXT (vortex pair) LUEERE v, = x/r, BE&iGn), HFEZEZENEBFRERE,
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3. WM FITHE BiREMERRIEL

B.1 ZEMMEENERIEHHNE, HEEENr,, B4R, RERIEIHBRE  0.25pt
NFRER, FEBEHE(THENEE (trajectories) o

IXZHBTFENLER, BT
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B RRR (W Part A) 78 T ZAFRME (v < Ry) PHIVEREBERIE, WE 5

[
| |
C B A 7 \e
~ 1 —
A ) SN,k
o ORI, ~ PR -
- ~ -
OO SRR S A ~. e
o vedouyg LD g >y
[ORRORORORUR U 0] SOOI & ™. A ~
ORIV UV BIO| JURIVY " IRV U U] |}/\,\l
o oo O/ RO )
........... . ‘J/'a ‘“!j\
uuuuuuuuuuu CER®, i i
OO [OROR) N i i
YVYYY Y YUYy v v o °) °) )
[SRORONURONORNOROROR Y @
ORI SRR ORI,

A P |
i YYYYYYYYY Y Y Yy 1
YUY YYYYY YUY Y Y
U U Y U Y YUY UYL
YUY Y YUY

ddddd

B 5: BEMRR =R RS mev R tARILE,

B.2 B HIRHE A, B # C (I F A0 BIHNIT, 0.15pt
B3 IHSHUTHUE 7 AN—RIENEE o(F) BRER, 0.4pt
B.4  HSLAUIRNEA M B 1EAYIE] ¢ BIAIEEES AB(2). B AB(0) HIEEH, 0.35pt
B.5 IHSHUTE (BREEMELEN) NEBESREAK (free helium surface shape) z(7) . 0.25pt

Part C. shEMEEE (1.75 %)

AR GHNEEE T ERE TRIZREHHITE. XMEEHN LN EREMNFEE, LAFTEREMIEILH
SR, AAXLEAENFTRUE (EHFK) TEER N KERIEL. F2N o« WAERBKIRYES, bl
BEE, NWiZWZAEE, DEINBRMEERE pv?/2 (XE p = const ) MMEIFREERE B?/(2u,) BN—TENHZE
BFETEN R, XFMBMERBERF-ENETNRIE (SEAZRER) =ENREGZEREL, §
BFHANTE—NMAERKIEETR. HId, LE—BRTWEAENBR L~ yoRlog(R/a) , HR RBEEFZE,
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BEBEANFE. BINEIERERIEFEESS

U ~ 2Rpr?k% log(R/a) (3)

SBRRADERFIRTKIZERESH, HAILUBINIERE pv (FRR21BE. B, FE—THATF oy F
HERER mIECIE~ 8RR, REAE, BEFWMEER, SHNHERF : HE:

P= /pvde = p// (/ vzdz) dzdy (4)
T

REANRDER LRARLEFITT - MBVBRENRMD, WE 6. MEEEFI (A 2) AT

a(z.y) = / 5. dl (5)

L(z,y)

BHREN. SBREMNERIINEEE, EXN0; SBREMEREESFY, £ 2rk . BRITHERIAIRTA

P=p-7R? 21k = 2% pR%k (6)

N,

" @)eD

T
6: B RIEARBOREGHBTIHE (0, ) WRIBE (B6)
3R log R/a > 1, XMREEH.
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B 7 —NEMRETRIERE, b < d

b

C1  EER—EMAEFRMRIEZE b < d,b < d, DE 7. iTRHHETHE PHAE. #SH  0.3pt
HER/NBTET,

C2 HEHREEU. 0.7pt

€3 RgH(E 2 ARLFB—IKERRZ, FEEEAN L, LE 8. RiAcHENES  0.75pt
D7 IRHEIERT A M. ZHNKE (REHFENRE) 2 d

y
A
< €T
8: AN TFRATENSEMERDT

Part D. #85XRVEBT (2.85 4)
MBIBBFEIANTD, BFAWRELIBER, XEMTENEOD, ZEEIOIRLE (c=1).

AY

v b
i
>

9: YWHBYHHERE

D1 EEINIBY £ PAEHOLBEEEE )\ < 0 WERIE BORIENTE, #S4 0.5pt
HiR R iEI A 1k,

E—M958Y E FREB— M ERA R, , BEHOEERTE \ < 0 WEFRIEFR, BHHAEETINR
FREMTE, HS5HEshE B, HAER.
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O | e 0y

V&g

E10: (K) #H585HrRER. (F) FHEHE.

D.2  EWHIFHD C R, REFFIZFEREIRI LR, 0.6pt

D3 HSFLUERE o) KEREIIZ . 1.5pt

D4  TERZI ¢ HEBY, WEREA v =) . SLBENZ ¢ > ¢ NIFBERE o(t) . 0.25pt

Part E. J85RB9%M (3.25 43)

Bl E ST RELINEREY, XRRNRAEREMSEFRL, EHF L, XBERERERE, EETH
EXRENEEDENZ,

E11: — M PESREMNLIRERIEZ,

E.1 Nials, — P ERNELS FEIREMRE b, BHEEREZIVZEIHT, RHEE  0.5pt
SNBSS S

EZER—HETHASEMOINE RIEZL, EEREEREN h.
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12: METHASREMINERIEZ,

E.2 RIERIIERE v, BZ7? 0.75pt
E.3 B R IEAY T EhEN T, 0.5pt

E4 SIREKMNEGE, RENEE o, 2F17? 1.5pt
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BAREWERAZRY (Supermassive Black Holes Binary ) BYE L

Zt
i

517K EEREIE XAMIENEBN S 22— FITRBLUCREBIIITR, SBEKREM. EEEN5]
TRAREREYE, AT, BN5I7KASTF 2015 F9 A 14 BEBULTFI51 1IREANXE (LIGO) Kib g EEF 41X
(VIRGO) BX& W & FLo

KEREYVHRHNRREHRIES S| 1K, B NEBARREZRTE (Supermassive Black Holes (& #F SBH)) &H &2
KIS FRRR. RIES MABSHISHTN, BRARRGESZEYE, EREVEIFER, EFABERFESE
ERRHEERHENMYER.

AEREZNERRNELTR, RIKERAPOFEBEARERNR (SBH), HFRELN 10° - 10° FXMERE. 2

ZEEANIEERS, 5 1010 - 10" FER, HRUIREDR, RIMERSWEBHSHNI— EIDINUTHE

NERPOHRNERRERF (SBH) 2 EFRENKIE? BARENERBRS (the SBH binary) BNERILEI 27

=NEEMR. EE—MER, RERIERANYIENKAE, BRRMBEAREENR (SBH) HiEMRTFEL, £

ZIKLJﬁE’Jﬁu_uBﬁ HIRF 20 EXERR, EENEHD, FMFIFBRREHNXR, LTEBAREN
BORRS (SBH binary) B S BTEL,

HERUER, MMEBARERF (SBH) AR, HaHAA—1MER, SHIERRN—/)\KN, HEx
HREB ARG RS, RRBIMBINHA T RTERL (LISA) BEBIRNX LS| iR, HIEESITIRRAX
FHEEY, BXBARERNM (SBH) RFAENBIARMAEHITH,

AEEM

1. FRUA XEEBHEERUREE (pc) &R, METEIERRIUL G F (Gy) &R HINUKEERE (M) fEASER
B, iR EUTHE:

1pc=31x10"%m
M, = 2.0 x 10°° kg,

=13.7 Gy, FHEFH, 13.7 x 10° &,
G = 6.67 x 107'' N x m?/kg?,
c=3.0x10®m/s.

2. HRIE| “HE (estimate) ” X MFIE, 1’]‘E’J‘§$Tﬁﬁgﬁ/ﬁﬁﬁfﬁ B5EENERDTF 10 % Bk, =
RIE “RH (find) 7 X MEEE, RENEFTEBER. “HH (calculate)” XMAEBERTIRIZZRHIA
yﬂfﬁ?ﬁ?’o

3. EBANEER, HRIKERPEMEENREFTAARE m = Mo

4. EBANREP, BRT5I7K, FAREERSGEIENR I, FrEEERBRYUFHALESIHERFHIR
R,
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Part A. BhHFE# (1.6 9)

EXE D, HIVEARERNBEURE, (RAILURRERFEENEREMRIKBEENEELREE n. ERH
FIEXNE R BTHEERS/), WEENHWEFEEL, AJUBEARIT. FMEEE—TBARERR
(SBH), HERE M > m, HLURE v ZRRPIzH, SARINE, %EF (SBH) RERBEENTHIER
HHIFFFE, XNMIEIET SBHREE), ETHANNFEERD. XBARBDFHARZXN .

A1 HNILLSBH IBE R, ti—MEELEEEE (impact parameter) b £389d  0.75pt
2 (B 1), fRig

M
b> blz%. (1)

1BEERNRIEE o = kb, /b, k NERKR. EHRITE L BBE NEMRKREERTEL, &
REHBARIKE = 1o

1: —FEEE—1REN M W SBH EA T A% R, BEEE (impact parameter) 20, 1B
ENMAEZENREERZE,, .

A2 B SBHRUEREAMEEI Ox M. RIEMIEERTEE SBHHENE Ap,. 0.25pt

A3 {58 SBH SEIMTIERS Fpp , HIRIEE b ERTIY. B b < b, WIBLEATE  0.4pt
BOEHER 818 SBH A FE2RMIAL. B M, 0, R, G IBRE p — mn RER Fp.

A4 WREZFIESHEIN—, [ BREAXEEEF log R/b,, LLEFEITEILIEA  0.2pt
log A. & M = 10® Mg, R = 20 kpc = 20 x 10% pc , FRE v = 200 km/s B, i+8 log A.
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Part B. 5| 7335 (3.0 43)

EX—ERR, HNZE—MITERPONRS, ZRFHFTMNEEEERE M > m NEBARERT (SBH)
PREARE, FNRZ HBRREMREFRSG (SBH binary) » HINREXMEARENRRRLKHCEEHEE
2, 85— MBARERRES—MBAREERRNS | NHHEHE —1TF2EN o NEFME,

B.1 KEBNMBAREZRNNERE v, KEBARENERRAZNEEEE, A 0.25pt
a, G *[] M ;EieLo

ESZAREBEAT « NUEERZEE, TEMNERNSINGERATEEGEFANERNMNED. 1B
EREEIAIEFRREN, MEERSERD FHEH—HF. BRIREEEEHEERR, BXNo < vy,
FHREBTEILA p. EXMERT, DHFEBRFBEMBARENTRBRE, gEMKIBECERREN,

B.2  iEMNIKBR—ESUEXNEE, IL—PREN m WEELKI—MUERE. B 0.5pt
B8R M, > m NRRHHE, EEsdiEREENRRZEN& BRI r,. B2
EEQ?(EE%B#E’\JEFEE?U o. RUFEEIEE b BVEME,

E—PEEBE—TBARENBRARAEN WER, WENNEREEFN=FHEE(ER, HER/LTEE
SH—MNMERELNN v, WEE (XEMNREZHEFRARE—MRZEBLAEE), BITEXMHMRNEEER
MA—FNEE 5 —MEBARENRBRFAVAIE, fiiE/FH18289INEN IR “51773 5 (gravitational
slingshot) ”

B3 (MEBAREWNEBFALAMIEE R RELNEZBFIEREER At. HEE  1.0pt

[ Uhin+

B4 (HEBAREWNEFRANEERNKEE JF/dt. HBEFENTUE do/dt. BBEa, 0.25pt
p,0, G RNER.

B.5 IHNHEERFIGFEN o, BEBT “5IH¥S" M, FR2B/N—FFAEREY  1.0pt
i8] Tgg. H o =200km/s,a; = 1pc, p=10*Mg/pc BY, I8 Tyq.
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Part C. 5|77iK%E4T (1 43)

EXHHEITEAR—SHEHMIEE GG ERBEER, E%ﬁﬁAmﬂﬁgﬂﬂmﬁkﬁ%ﬂ%ﬁ%ﬁﬁmi
Binary) ltt%é)iﬁq:', ﬁEEE’J/nﬁEEEE:_FgIjJ/EZTWI*El’JEm%]‘o ,E\Z“‘:'EE’],,,LQE

dB __10MG
dt 5 ¢

Hoh o BBARENRRRAANAEREN I = 2Ma® RRFAITIRIE,

wiI)?, (2)

c.1 KBRS 5| 7R T SHATB AR EWNR B R AR FZHEE BINEUE da/dt. 0.2pt

HZBARENRRRGNNEFR o BETHARBRIS|ISIFZ0:

2GM
ro= 2o @)

)
C2

MNBARERBESBHITEH.

C2 (RRZRGHVBEFRE ay >> r,. BEBEZREREN I NKMSRFRBEE», 0.7pt
ﬁm%ﬁ@ﬂmﬂ%wﬁﬁﬁ%JWcﬂGm o

C3 BREBARENERARAZTFHFERNMNIE: T, =ty 78#TEH, HHE—  0.1pt
HEWINRE M = 105M g RANBARENERRANNBER ay.
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Part D. BNMEHREEE (4.4 1)

EXESD, BIMBEFAULEERSRENER, HEEXREAYENEILER. ZERT M LEE—TRE
M =108Ms; I SBHNEREHBE— I HER. SHENMERZIKIKNIFEFREN R = 20kpe = 20 x 103pc.
RSN ERZANZEMEERTOEE r WEKA

= TG “)

Hrh 5 = 200kms!

D.1 EHE—WAEZERNSINERTEFR « < RWEMHE TR, EFRAERED  0.25pt
NFEZRBERT, REZWERRE v.

SR ERNSGHR—TMHERE, PR TBARERFAITZERNEEMUE, HEFEMW. HIKEE
EBEHP-—TMBRREER. RKERERATOEFR o < RNERAEE, HEBRTHAFEREEHKES.,

D.2 BEENEFRMEIEINAER da/dt. £ PartA, HNBETERPEERERE, 0.75pt
RXBERTERAREEREANE, WALEHEREE o, BHELRS - #8E, M
SBH st HEBEMEmRE B AE—ER, FELM’]“UV*'H‘EﬁJ%T@ﬂ A3 RIFHIA
KEEE. MEZAIAN (4) B p(r), HRIR logh B A4 FHERIREL,

3 —EEfE, RNMBARERDFEREERNT L. REXFNMNEARERRNTERNSI N THRERF
CMEFEN o MBEAIED.

D.3 AEXMITEAREXRRZAHEMEESIAFERBAMOIEAFZE o, HiTEEH  0.3pt
HE. HEEXMRFRFREN, EANBARENRRRAZERNK (B 2).

2: BARENRRARSRAFIFRIEL.

D4 EiMRE, RMEBARERRERTEERFOIEE N ) =2kpc=2x 10> pc &  0.75pt
HZE, HWERTHHEER, RMNBARERFRKENEFIRENET).
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ERREZE, BMBEARERRAMEZNFOSHHEREEE, HREETERL. BTFXNNHHFERE
BN, BARERFRTHESHMNARAEER, MAURREEGNEGHHIRER o, RIEAN 4), £
BRBEN p, = play) . BERNAFRBEMERNFER, E2d—KBREZGE, ARETERTSIRKENMARE

EBEE,

D.5 HWEBHFREa<a, B, 5I7TKEHNSHEERK, 0.3pt

D.6  {HEWBRANEEREM o HEl 0, BSMER) FIESHNET, . EENSENE  1.75pt
BM ay BNEINLER O (31714R4TRNER) FREERIBTIE T, .

D7 FLRAMEY, HtERIMBAREEAMERSHIBARERASHZEEL  0.3pt
BB REE T,

AR, KHALK, REMEBEFR—BEINNBARENRREESHERMEFELLETEL, XEHT IR
EEERN. BRENNREAEMIENFEEESNH L, XUFERERNMBEARERRNERLZRES
Ho XPELRFEM ARG EIER,

HXWERBAEFNVEME. JLER, ATRI, EEXATRNERF, MERER/EERETRAI.
BARENRMSRAEEE, BLERINXEGHNEER, RV ERFRINFER,



™ APhO 3-1

YAKUTSK 2017 RUSSIA Simplified Chinese (China)

A=A

T

=

TEFENZHENKTRETD, REANSHHYIEREEIRHHE, XESHERERNBNNYETRAREER
MTEERFTEHPRANYIE, GINBLEREEETENIEMASNZRNETREME (upper stage),
EATERRE SR M4SN ENE L, XERANKTHIRIFIAIE, MR TR, XEEEERE
BRiE{TH=IE YT mE s,
AREFARN—MREEGINT . FLXTHIRAAR AT fES = EE MM, S— M ESBNHRIES=EES
BORRRE R, XSUEINT R T RE M, XENBRARNSHERINAEMEMIKMHANAETRE, EHN=E
MBXE#HTT, X—NKREMANBERMESE (Kessler syndrome) .

ATHIEERAFENERLE, MBTHAR—MFITEA, BABNKXSZHIEMEIERIEHE KA
REBSHEEISETHIE (graveyard orbits) . Jltt, —MIFHINATEE, BIRTHEEFARFRATHIR. £
FIRIBLRIZMIEZ BT, RIFEEFEHEL RN,

FNBFEE5X—1Te189it R, HEAMKTHIRMNESD S AR NAERABRZNEM T AET K,

NET7%B% (rockets stage) BYHAR

BITXBEZENANEREE—D “FRHET 428” (Kerbodyne 42) AFiMRE—RMN%EZ, WE 1. BEHME
PR T BRI AR08 R

y

A

7 1.

1: “BHET 425" (Kerbodyne 42) 7%8% (upper stage)

BIBIN—BEEEITR Coy, BIRERERD O, v SFREZAIITH, v BEHT +. 48 2 #H y BVEIRESD
A g, M, (<,

Part A. ¥ (3.8 93).

ZREARNER— 0% E), EANNAENRN L (B 2), B8 0 A AmEZErRA, RE L
HREEE=N. BREEAANNIEERERZ L.
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2: FABZAVEETH

A1 DRIRAEE © 7E o A y B ENRR. BHL = J,w,6, + Jw,é,, XB, A% 0.2pt
RESS AR, o F0y B ERBUKED N e, Me,.

A2 ﬁnUX%ﬂE"iﬂJw Mw, BEXRANEMER E, ME, . RABRNSKEDEEE =  0.4pt
E, %Th%EbELﬂlcoseE’J o

£ Part ABSRIRER DR, ERABZLIMIRATHE L M 0(0) = 0, BB,

A3 Az, RN O IREN T RIESE RANE, B3TEERKRA Y  1.2pt
BIERKE. ¢ NFREZBIXITRE Co T B HREEIIEFH 2, ZERIR A,
AR BT RBEAINEERTEREZL, ATIERENEER,

Vi
7}

3: #HEh

SINBER Cryy,z, By, BETHHE L 51 (B3). LESERSE y, %5, EREIRMALET Co,y,
FHo
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A4 SHRTEMI L, 0(0) = 0, MEENRE J,, ], , REER Cayy, Sy, BIWAEE Q1)  2.0pt
; RERZMENTFEER Coyy, ‘i’s‘n}ﬁﬁ;w (t) WA AL E, BiERRIER
BREL; o, (t) NARKRTRE SR Cr K93 £ v, (). AR RIREXERLAEN,
o=, +o, =0+,

Part B. &7&33%% (Transient Process, 1.2 93).

RSHNETE LAMEBIRMEN S, WA MENARZ (KF) DBE, ERENRREETERIZME. R
RSB E m SHEZNRE M AL A LUBES. MEFEERRERE R EMFER DR SEEERK,
SEZ M BN N FESIERG, EEFER.

B.1 SHEBRBRWIBE LT 0(0) =0, € (0,7/2) , EF—MESILREES, AEITRNG,, K 0.6pt
0,.

. FBZAERENNIR M Z BNAE

B2 AAEVMBRARE w0) =w, = 1rad/s, BREHBASEREZIMAIFER v(0) =~, = 0.6pt
300, BAR J, = 4200 kg - m* M J, = 15000 kg - m?, I EESIREHERE w A
Wy .

Part C. t#1% (5 53).
HIEKEE 17 2 R It KN E _E A SR e I EN S — N EER R, LENEZEE— BN,

@7 (Eddy Currents) S|¥2B9H%E

B—PEER D. #EA RCEREMERERAN— MO B, ZHIFMNEEEEWK, HiESH B
BHKRE, St BHERRAN o TARIEIERBRZRA p.
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B
o B
Y
A
X
2© g
B 4: BIHPKAE
C.1 REEERL, KT 1o BHE 1 WERTH vy P (BRE 4) 1.0pt
c.2 RHIKRFZ ERU%E M. BH5E M NERER vy DEFR (BREY4) . 0.3pt

SEKHEA1E R TSRS RN

MERNARANETFREZ (rocket stage) HapRESWMAINE, XBRIGAETTIRZHNENRRRMIME, BN
T = 100 min(2¢) (BWE 5). 75 AETREZNEEERFEREIEATFESIRE (transient process)
R El, BITMEMANRESEIRETRZE, KERESLETF4. RSB A REZSEETHET
EEMED), AREAN w,.
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B 5. HiE

C3  EKE By @ _JLM;EJUJ ML F IR RO FORBE B F = £ RV, %WEE 0.4pt
IRFHEIE [ip B Y MR A, FREZHMESFETE X7 XROHMIKET B BB
B2 B, =20 uT (IFHHD . RUEE 5 FIRERS, AZELAEN o BB
Bp(u). MBIZHAARAE u MESRE. BERSM By(u) 7 XY Z B LAER
DEN T

AR ¥ Bp(u) NEHDERT 2u R, AR MK, PJESBHTEHEN

&,
SR BABRTE ¢ BB T
»_ Ho 3p-7M)7F
B—M< - _ﬁ) (1)

“FHET 42 37 HWERBEABSBALGNS, (NEREMREFEHSEMEGNE, Fit, HRITREEHIITEZE
BAERFIERE—TEED =2mm. R=4m. BEFX)=27-10°%Q - m MIKEL,

C4 SEBREETNETENRMUMRE ¥, BARELAE 2 #W5HAN, X 13pt
HIERTEARZ LRI M(uw)o HERSMME XY Z M ERREDER .

C5 (RIRABZNAREE—MEAHRNNEHNERTIUZERN/, RHAEE o) fE 1.0pt
JBYE] R B B

C6 ATIRKHE, #NGSBTXE, REMNEEH T 5ANEHZEER T, FELE.  1.0pt
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FFamiF (20 53, 5/089)

T

g

RFBEZFSRAGHMETHEIME, EFMAERESHRRKES, EXFRERED, FE—EH
%Ui%iﬁfﬂ@gﬂ?%ﬂ%ﬁ&?ﬁﬁﬁo XEAFARBVA AR, A FRETRATEMAFTH (FIa0: Sedises.
R4t28) A Lo

EXSLIR, RGHARRANMEFIEIRNZILER (BEERBE SOV KRR FRENER, BdBLF
[z (PFRTR 1K) BURKEIFEIR M IR Z AR, HEMAIEF—LEEEHYTER LN MERHEEEE (B 1).

1: (a) FERE MR ZFLIELEWE: (1) FL. (2) FLERE. (3) FEfRE. BT EMIE THZFLEREIR: (b)
F3RE (c) #mE [Electrochim. Acta, 2011, 56, 2378],

FLBERMILEINER, BURTBEAFLENER, HEARAIEPNEE, MR AALRERREE
M LR TAMERNEN (B 2).

2. FREFEME FARALEARENAZEUETIEE®R [Nat.Mater., 2006, 5, 741].

KR EFMBFLESY/NT 30 nm, BEERAWNMLENS AN RENFCERN BRI RAESNT R, Eit
HNAIFAFR (FIRFY) FSRRRTENTHE.

PR AL RFLIR RIS R T U R M LRI MEME. ARREFmINTHERRAGE—AR (EETRE
xE) (FAAMEN. FEbLRFRE—HXF R



B APhO 1-2

YAKUTSK 2017 RUSSIA Simplified2 (China)

NIEHEIRZ, HOFRMBRENIRR, EAF LRBMAN, MAFREHTREEMERLTE, IEWEF.
AR, RESMRE=TFAMRRELE (AAO) HBEIR RSB F R IERF fo
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3. 55 EROINER
1. ¥R

2. FENERAMNTTSE

3. BRI EZ 5

4. B IRENRHERZR

5. @R

6. WEERBNENFTFS

7. #REEK

8. EmEBIREHIe (IRIERIR)
9. LTt Es (R 659 nm)
10. LR EBCER (KK 530 nm)
11. &8s (REK 9 400 nm)

AOCRER! EEABRT, YIRS RRBEEMAICIR! TR
ARRIFIR!

12, Bt R IEH e B
13. B MARER 3 X FREFR, DREFRBEIESRS
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HFRIERZE! YMIREGER! RaIFER! ARRMEHFEm!
14, SER IR BN ZR S
HRAFRERZH! ERRBRFREEERA!

15. MIBEWH BT

16. £

17. B EZESEN A ABXR
18. ER

s

EOOENES, FERHE (B 4) FEFRKKE. THREHRBRNT. AR ENTHAMREBSRITS
TR Z BRI B EhRYERAM. HRETHZRE, BREMATAFZFE LEFNTRE,

4. 1548

BRITEMNZESH, AMMEFTERABITAR. BRIJZEEEITH S EIERARTIEL.

BEBELUARARSRIAE, ITREFBZ (WN), BohBiExEE, ARBITERL Y773 miTE,
BRI LU B SR BB E)

TABRIT R ER

RERERSESIEAR LEELRHE, RERERSESRES BRITIHSEEE, ZERTHCRERNR,
AL E R IEHRT,
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E2 645

M7 =FO8t: ABEEYE (\ =659 nm). FEEE (A =530 nm) BEEEE (\ = 400 nm), AXIRMEAERIR
AR

AVCRER! EEABERAT, YIREEETRIRBEREMAICIER! TR0
AERFIR!

TaRBEEHAHAR—HEEE, NFFAERNEGRL, ANTEFHHBREE, AREEBHE
LHEBEEEF (B 5a)

E5: (a) VMRHMEBEE, (b) FREILILR.

T’_J‘Er—ﬁ'ﬂ’]a—?ﬁq: E LB AXIZENER, FRBEVCSEKAESRE L, ARRBREHEE (B 5b). ¥HEX
RNREZBANEAFTE LEFNERE, sy xR BE B AR (1),

RAJRERERUEROCIR, BRBESHOCSRMARTIAUEE, EEXRTKTER (2). A, REMEREN
REFESARAXFTFETR (3).

FEZIRE

ENERAIKRE T, (REEREFARABTRENEANBHBE, HEMERIERDEIHEAE
HFFE ERIED (B 6a).
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E6: (a) RENXE_IRE, (b) EERHAER.
HEBZIRELREEMBHIKIIR L, AILRIER A RERR.

HEAABIRENENEN, FRABTREERSTABER, AERERBER (1A) (B 6b), HEZIRE
BYERR S PR RIS ERRIELE, B pA 79BN E R,

RFREHER

HF@RERZE! TIDARRER! IAFEHESR!

ESRRH, RET=MARNAFREFR. —MAFRAFGNERSEAREE, FEEHFEET (X Y
7). HRFmBM LR, FHERICRTEFRNER, MRXFEHHA L, LHHITH, BHERFANZRE
BRANEAFZFE LAEANRERE, EEFAIRESH 75 ek a0 SRR E LB R 51 R.

B 7. =M AR FRIEEm
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HHE-IRERER
A 0
- n ! ! !
nl }’Z] ! | |
0)
! 3 . ‘ \
. ' ' z
D 2D 3D
z
a b

8. (a) EFRIARLE. (b) #THE n(2) NZE1L,

AL F REFRIAEZSEARITSE n, IR, FFRUEHE DGE - MEN, BS5KK LR, K&
BTN FIZT n, FREZEIRH An = npax — Nmin - £ AAO GIEH

An < n. (1)

BIMNBIGFITARBRORK N SREEEMRFITHAFREL ANFHAR (. MAEERFIVARERTH,
Eitt, EHERUATARENAGA I, RERFERAE!

2DVn2 —sin%0 = m), (2)

Hepm =1,2,... @BRETISHRRIIEL.

AR (2) WA -ENR/RER (Bragg-Snell law). ERFRERENHE ), T, BFRVNZR/IME, EE
AE 0 AENBERTRERK N, HAR-NERERETEFEN— P ERKIENGRER. B9 ERTRIE
EABEHE STEFRNBYNERAE-HTERERPORENIES m .

A A
9: RETFIEFES B,
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HEMPIME-IERER (2 2) BURKHEITABEFR/EEK (wavelengths of transmittance minimums),
W NBFHREBURTF NG A 0. 1F 0 = 0 BB R FRR/E SR K NAE TR 1Z ' F R ARRESF RN IE AT B K

(normal wavelengths of transmittance minimums ).
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AEAREEFRPIRAFTEHETIRE,

PartA. ¥ X. FENE (3.5 9)
P X BEESREN (INE 10). BIFEE (n, § n,) BEMEERN D, /2 BB EEEN.

nl—nzzAn<<nX:¥ 3)
G l/z:Dx
45 I/Z:DX 2
m
n,
n
)

10: #¥am X B945Hy

11: ENEMNKRREEE: (F)B5E, (L) EFERES LITE, (DG) F7545¢HM, (PhCr) -+ &
1x.

1 ARATFHRIBENEMNTERE. IBTHERATAFFENELER.
2. 37T MAF T AR —RIGIRITS M. HopfTitBERIIRE B —M1IT5 (—HFA L),

3. B MR EMEETAFTENAILRAN B=AARICIRE 0 F). B X MNZRA (TR HNE
TE—mEL). B tm X EMEITH MR FLL.

4. NRIFHENERISENAE, FFAIENBEFENBRBRX (WNE 12). X ESHR (transmit-
tance minimum) XY FRHHE-HPEE £ (Bragg-Snell law) 1 m = 1. H{REE ¥ mAET, BEHR/)\FR
YR AR KRN EE.
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E.12. #¥am X BESHCEE. B@FTkEH 7T BEH R/ (IR PHEEX).

5. BEBEBER, MAUBRIOEURERNEENTD. NTHEHNE, BEIAWNESBE, EEIT8E
TEERL.

A1 ABEETHAMREANG. SHEXRITSA o MIKK A BSE SCMER A = 1000nm  0.1pt
(#K) . BHZERRAFERHSIIE.

A2 NEXNNBEFRIVERBNGE 0, VERRKEENTTNA ¢ RH. TR0, E  1.0pt
RESRNK (BEX) U FEMEORIES.

A3  ATEHEMXEANE, BHSHNEITEXAURE 03 o RHXR. AfH%ic 1.5pt
X &R {EE. (Find new coordinates instead of 4 on ¢ to test that graph would be
linear. Plot the graph in new coordinates.)

A4 TEHEF@BEE Dy FIGFHE ny. 0.9pt
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Part B. #m X. HXNE (5 53)

EBIEFLRE p, BERFERPREURRNE D SLEXR (FLE). RENFHTHEATUAT ST, = 1
MEWRITE R 0,y 40 RN

Nary = \/pn2 P)N% a0 (4)

SNRFLERFER T K, BARERITFHRILL

Net = \/pn2 nAAO, (5)

Hen, = 1.33 2KEIFEE.

EREBDEA, %‘tﬂ]gﬁtbﬁéuﬂ: (dry) FI3E (wet) RIHER FHKRIGEIE, RE LI FREBFIRE p. I
3|-:T§FH/%5I7'E/LJEEI’J

B.1  PGERULE, EEXNNAVURK N, AIUERMIREIAE 08, EUREEFK 0.1pt
I\ B RGBSR K.

7z Part B BYFRRE fE55 R ERE A B HATEUL.
AEMAMELINRE (B 13).

TEEME&%*' ERIRER RS IR, FEGFNIRIE. BIMERERAISABA]
REXYERASIE A B E . MEMRBUCSERNE AR LS A REFF.

AR, HIERBUEZ#), EWRAVOGREREN B MR, F53-5 2%

PhCr

Laser PhD ’)//
| D 4 AN

%
B 13. BMEEER: (L) laser B3, (PhCr) photonic crystal }F&{&, (PhD) photodiode ¥ —
RE, ERE— M RIER. RERNEZMEFRELL T EELZRE LR,

B.2 NEFEINFRABVRIIE I, (A pA (AR) HERAL), MERPREEN 0 IR, 1.0pt

B3  EE ,(0). 1.0pt
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B4  TEHUIHEKT, WHENKNMEPANFAE0,. TEH ,(0) B LERANFERE  0.2pt
A9, (BIE 14a).

a b
14. BEFHREANFERE () XFAGHA, (b) XFRE.

B.5 BHAHE-ITE/RER (Bragg-Snell law) (2R 2), EH SR X BEFR/NENGEE  0.2pt
(transmittance minimum normal wavelength) A . ©/ Part A F13EI8 n, B.4

PIFEIRY 0, , URBULRK A

HABET RN (0 = 0), XN m = 1 BIESHRNBIFIEFETE AX (Bl 14b) , BTLLA n M An RRH:

AN 2 An
3 Taa (©)
NT IR X0 Any, BIREI IBTEBTE 4 RHETHTIRE.
B6 RS X HHERE Ay . 0.6pt

MiFm X B E—EIMA—EK. AT PLESEIIZRKEE, BB DO — ISR SEFRL. THR
HEAT—E, B—F 15 nm(K) ERNERS KRR LKA,

BEO! FmiFEE. FmNEERE—RARERNASZ— BiE
P ombT REE R ARIONE, EWAREEIEEESS! REERARFREFER

Fo
B.7 iRIBBUUKKTER M (the wet sample) BEFR/IMETE HNFHF 0, 0.3pt
B.8  EifFm X BITIFFLIRE p MAWREIITEIE 14400 1.0pt

B.9 EifFmXBEEFIFFLIRE p, M pyo 0.6pt
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Part C. ##5 Yo ZMESR (4.5 %)
B YNEMLLER X WEMEEEZ, HMmY E8 LR (400-800 nm) B 4 MEFIRIME, DRI ER
HIR-ETEEER (AT 2) B 4 MELMEY m. H& Y MM X BT EER ny = ny.

C1  BAHRYE 4 DBIRVE, BEEUETRIEEMEIILF 3N RAKENY  0.6pt
B (T PartA), FEHIX 3 MNBSHEIMEFTRRIBIENSHREK AP, A7, AP,

SIEESR Y HITEICNE (W Part B)o EOEMZEEILIMUE S EE H B RIMEFTX AV IENST R K. ItE4h,
{REEERE B 5T HE5R (1F part E RIE=FEED) .

C2 XOBRHE, MEBBEHIE I, FBEFRREAE 0 Wiz, 0.5pt
C3  WREHUL, WEESR I, EFmIERAE 0 E L, 0.5pt
C4 WEHEBH, MEBBEHIE I, MEIFmiedAE 0 FE L. 0.5pt
C.5  FABMES C2-CA4FRIFHEIE, T 4 MEFR/IMEFTN KBV ENSRK(E, 0.6pt

C.6  EiC5MESH 4 PNENGRKFAAIRZBIEEL m. NRFERIEIRAT LB —I1EE, 1.0pt

c.7 EHES YA Dy (ML nm RE(I), 0.2pt

1;

15. #A 1(0) BiLREW ¢
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C.8 EtrmY B4 MBEFR/IMEFFRRBIXLE ¢ (B 15). 0.6pt
LB part E PRARBEFR Y WEH, MRBFENFFRIUEE, RE
A RBEERXAMo
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Part D. ##dm Z. FRRHIESIR (4.5 53)

FHHME-FPEEER (A 2) RE T EWMENFBIUEK T ESF R/ e MEE, ¢ BUATHERERRESE,
MRHEREEHENEN, FAK-TEEERFAMESNELEFIRIMERS t = 1, EMAREHEMNRE, K
FRIX LB SR\ S ER S BB SHR )y (missed transmittance minimums), JHERLESHRRKLMIR/N, BITFRZ
AR A (visible)o

FEVOERSRI IR SEINS, MREHRAR-FEEERFAMSUELKEERBEHR), BITMIANXER NS
ERCHY, 1 Y RERKISEN &/ Bk, ##mZ ERIIOREE 2 MRERAIIME. XBWREFIER B
BRIIMEHF BN N EELBIEELR m.

Fan X M an Z VIS FRMBE: ny, = ny.

D.1  EHHMR Z B RBESHRMEPRXS RZAIIENSTRK A, #HITHIEKRIOMIBI SRR, 1.2pt
I A EEM AR R REY L5,

D.2  EHXNAIMESRIMERIRE m. MRFERE(RA] A& —EE. 2.0pt

D.3 TEiitm ZBEH D, (B nm REA), 0.3pt

DA EHELESRVERREN, BSTNERR-FEETRTN m MIENS  1.0pt
KA.
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Part E. #& Y #1 Z. FHARIREPLE. (2.5 &)

HAME-EEEER (X 2) #WRT ERPMRE R ERAFMBH RN A AEENRKE (B9). &
SHE R HABY A BREE 19,

XEDRITIEREHENERIEIL, XBERFEBEFLHENS (0 =0), ALBEEARBHIR-EEERELA:

2Dn = mA (7)

XE D AREBIEH.

AXEMREF, BIMRIRAIEMSITHRNREBRITHENREERENAERE LR, BREPRRS
SRETEE 16 AT,

B X. Y. ZHMBABEREE. MHRRENFTSROMEAR, Fit, 01 RRTXMEFHRE R,
2 d, AMNBRENEE, D AREHIEE, 5, AR (period) FHAMIEERI R 5457 HE j ZEIHVER.

B 16. MLUAHRN D M SNERNG. RERRIFTER, BERNFSNE), SENEEYN
d;/2. XEEAFE RN R FREIIBETIARE.

BN, E 16 WRAELEHWHRERAN D = 3.54,, BIRNFAENER 3N 6, = 0,0, = d;, §; = 2.5d,.
XNTFME  ERFFBIFER, HBMIEIME (phase advance) /4

p; =2m /< = 27rm5j (8)

ZEME—TERRSBIARNTY, RNFEINTHRAE-TERERT m ARFERANRITEE:

2

Zexp zgoj

Tefl m

XE i R

ERRBEAREEEH, BERMRTZSMRIRABIRT: RA] ULBRXERAE, HBEBNEREER,
R RGRALRE, BNBESHRNE ¢ B MRRFFRARE N, FITINAXBIRKEIBEF R
MRS, RIEQI (9) HETM 12 20 B m WNB 1, /1,18, FH7IFERP. [, 1RE (9) RiFEHm =0

BYEVSREE, LAY, Fﬁﬁfiﬁ]‘j‘tﬁ&aﬁ*ﬁﬁm’rﬁ/R-FZ'ZE:F/?, FRARER NI, XEMN I, /I, RAKEA
nE (%) .

B Y A Z Bty TR,

E.1 RM C.8 PIRRISEIFm Y BB ESHMRETINERHETILR. MESDYNEH, 1.2pt
BHEMNZNEEEERE,
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E2 HAEHRZNEN, BEEMNEMEEEERE, 1.3pt
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Vortices in Superfluid
MODB

2017-05-03

Introduction

Superfluidity is a property of flowing without friction. Everyday experience
tells us that motion of an ordinary fluid (say, water at room temperature) is
always accompanied by viscous dissipation of energy, so that the flow gradually
becomes slower unless it is maintained by external forces. In contrast, superfluid
exhibits no loss of kinetic energy: once excited the motion of superfluid can
continue indefinitely. Superfluidity was originally discovered experimentally in
liquid helium.

We study properties of superfluid helium at zero temperature. It will be
treated as an incompressible fluid with density p. Flow continuity (the fact that
the mass flowing into and the mass flowing out of a given infinitesimal volume
are equal) implies that the flux of helium velocity ¢ through a closed surface is
always zero. Superfluid velocity in this aspect is similar to the magnetic field
intensity. Similarly to the magnetic field lines, “streamlines” are tangential to
the fluid velocity at each point and their density is proportional to its magnitude.

True superflow has an important property of being irrotational: circulation
of superfluid velocity ¢ along any closed path within helium is zero

/ﬁ-dfzo.

L

This statement must be amended if superfluidity is absent along a thin “vor-
tex filament”. The thickness of the filament itself is of approximately atomic
dimensions a, but the vortex induces long range velocity field in surrounding
superfluid: velocity circulation around such filament is the circulation quantum®

/a. dl| = 27k, (1)

L

LCirculation quantization is a macroscopic quantum effect and corresponds to the angular
momentum quantization in Bohr model. The circulation quantum can be expressed as kK =
h/muye, where mye is the mass of helium atom.



and zero if the path can be contracted to a single point without crossing the
vortex, see Fig. 1. This supports the analogy between superflow and magnetic
field: superposition of two valid velocity distributions is a valid velocity distri-
bution and the velocity at any point is equal (up to a dimensional factor) to the
magnetic field produced by the unit currents running through a system of wires
representing vortex filaments.

Figure 1: Vortex filament (red) in superfluid (light blue). Velocity circulations
along paths Ly, Lo, L5, and Lg are all zero, but those for L3 and L4 are equal
to +27wk. Note that circulations along L3 and L4 have opposite signs.

A. Steady filament (0.75)

Consider a cylindrical beaker (radius R > a) of superfluid helium and a straight
vertical vortex filament in its center Fig. 2.

A1 (0.25)

Plot the streamlines. Find out the velocity v at a point 7



Q

. 4o

Y Ry

Figure 2: Straight vortex along the axis of a beaker.

The streamlines are circular. From the cir-
culation identity (1) it is obvious that v = k/r.

e Streamlines are plotted correctly ................ .. .. ... ... 0.1
e v = 0.15
A2 (0.5)

Work out the free surface shape (height as a function of coordinate z(7)) around
the vortex. Free fall acceleration is g, surface tension can be neglected.



Consider a thin circular layer of the radius r. Equilibrium condition for
its surface is given by the requirement

dz v? K

— = = 2
S r 73 2)

This equation is satisfied by the surface profile

2
K
== 3
z(r) e (3)
e tana = ;TZ or equivalent ........ ... ... il 0.25
O &= 25; .................................................. 0.25

B. Vortex motion (1.25)

Free vortices move about in space with the flow?. In other words each element
of the filament moves with the velocity ¢ of the fluid at the position of that
element.

As an example, consider a pair of counter-rotating straight vortices placed
initially at distance ry from each other, see Fig. 3. FEach vortex produces
velocity vg = k/rg at the axis of another. As a result, the vortex pair moves
rectilinearly with constant speed vy = k/rg so that the distance between them
remains unchanged.

Vo U
. LV

: 0 :

Figure 3: Parallel vortex filaments with opposite circulations

B1 (0.25)

Consider two identical straight vortices initially placed at distance ro from each
other as shown in Fig. 4. Find initial velocities of the vortices and draw their
trajectories.

2This is a consequence of momentum conservation, see next section.



Figure 4: Parallel vortex filaments with equal circulations

i o i
\_/ Being advected by each other’s flow field, filaments

will rotate around a point halfway between them. The velocity is given
by Vo = K,/ Tro.

e Trajectories are plotted correctly ............................ 0.15

e Correct expression for velocity .............. ..., 0.1

A beaker of helium is filled with triangular lattice (u < Rg) of identical
vertical vortices, see Fig. 5.

B2 (0.15)

Draw the trajectories of vortices A, B, and C (located in the center).
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Figure 5: Triangular lattice of vortices in a beaker. The view from above.

B3 (0.4)

Find velocity v(7) of a vortex positioned at 7.

Consider a circular path of radius r > w around the beaker center. The
circulation along this path is given by the number of vortices within it
(vortex density per unit area is (u?v/3/2)71):

The velocity field

2mrv = 27

2TKRT

v= :
u2v/3

e Expression for vortex density

e Correct expression for v(r)

L
u2\/§/2'

(4)




B4 (0.2)

Find the distance AB(t) between the vortices A and B at time ¢. Treat AB(0)
as given.

e )

This velocity pattern corresponds to the rotation of the lattice as a whole
around the beaker center with angular velocity

2TK

3 (6)

w =

AB(t) = AB(0)

® COITECE ANSWEL ..\ttt it ettt e 0.2

B5 (0.25)

Work out the “smoothed out” (omitting the lattice structure) free helium surface
shape z(7).

The surface shape is

® COITECE ANSWET ..\ttt ettt e ettt 0.25

C. Momentum and Energy (1.75)

The long range velocity field is the major contribution to the energy of a system
of vortices, it is insensitive to exact structure of the filament. The filament
itself can not be properly described by the macroscopic theory and apparent
singularities (infinities) are insignificant. Real physical quantities, such as the
energy, of the region inside a thin tube of radius a around the filament should
be neglected. Outside of this tube the density of superflow kinetic energy pv?/2
(where p = const) is similar to the energy density of the magnetic field B2/(20)
— they are both quadratic in respective variables. This similarity facilitates cal-
culation of the flow energy for a given system. For instance, given the inductance
of a circular wire loop L = ugRlog(R/a), where R is the loop radius and a is
wire radius, we get the superfluid vortex loop energy?

U =~ 2Rpn’k*log(R/a). (8)

Total fluid momentum is also determined by the long range velocity distribu-
tion. It is obtained by integration of the momentum density pt’. Again, consider

3This expression is also valid only if log R/a > 1.



a flow generated by a circular vortex loop placed in xy plane. It is obvious from
the symmetry considerations, that total momentum has only z component:

p— /pvdeZp// (/vzdz> dady ©)

———
q(z,y)

The innermost integration is in fact an integration along appropriate paths
parallel to z-axis, see Fig. 6. From the circulation identity (1) it follows that

q(z,y) = / - dl
L(z,y)

is piecewise constant. Particularly, it is zero for paths passing outside the ring
and 27k for paths inside it. Total momentum is therefore

P=p-7R? 21k = 21°pR?k. (10)

\
NO)yd
AONN

«
£

Ry

Figure 6: Velocity field of a circular vortex loop and integration paths (green)
for q(z,y) calculation.

C1 (0.3)

Consider a nearly rectangular vortex loop b x d, b < d, Fig. 7.
Indicate the direction of its momentum P. Find out the momentum magni-
tude.



Figure 7: A nearly rectangular vortex loop, b < d

1

L
( [ ) b
OF = Momentum of a flat loop (see Introduc-

tion) is perpendicular to its plane and proportional to its area. For a
rectangular loop the magnitude is P = 27kpbd.

e Correct direction of momentum ........... ... ... ... ... ..., 0.15
e Correct expression for momentum magnitude ............... 0.15
C2 (0.7)

Calculate its energy U.

To produce equal magnetic and kinetic energy densities B?/(2uo) =

pv?/2, the magnetic field has to be B = v\/uop = k\/pop/r. This
field is generated by a current I = 2wk+/p/po. Energy of the wire loop
can be found from the inductance U = LI?/2. Inductance of a nearly
rectangular wire loop:

P b Lol d. b
L:7:2d1‘1/ ’;0 dr = 2% 10g 2. (11)

r ™ a

This gives for the energy

b
U = 2rkpdlog — (12)

a
e Integration limitsareaand b ...... ... . ... ... ... L. 0.2
e Analogy with a magnitude field is used (U = LTF, L = ?) or
energy is calculated as W = [ F dr, where F = % ........... 0.2
e Correct expression for energy ............ ..., 0.3




C3 (0.75)

Suppose we shift a long straight vortex filament by a distance b in = direction, see
Fig. 8. How much does the fluid momentum change? Indicate the momentum
change direction. The filament length (constrained by the vessel walls) is d.

Figure 8: Momentum changes whenever the vortex shifts with respect to the
fluid.

The momentum change is equal to the mo-
mentum of a long rectangular loop P = 27kpbd.

e The result of Clused ..o, 0.3
e Momentum change is parallel to Y axis ...................... 0.1
e Correct direction of momentum change ..................... 0.15
e Correct expression for momentum change magnitude ......... 0.2

Interestingly, this provides an alternative approach to find the energy
of such a loop. Namely, if we slowly move one straight vortex in the
velocity field of another, then we apply a force

21K2 pd
F =2nkpdv = 271'/»<JpclE — S (13)
r r
The work . )
2 d b
W= / T P2 gr = 21r2pdlog - (14)
a T a

has to be performed to move it from distance a to b.

10



D. Trapped charges (2.5)

Electrons, if injected in helium, get trapped by the vortex filaments. Here and
below polarizability of helium can be neglected (¢ = 1).

D1 (0.5)

Y

l

A\

X
>

Figure 9: Straight vortex in a uniform electric field.

Consider a straight vortex charged with uniform linear density A < 0 in a
uniform electric field E. Draw the vortex trajectory. Find its velocity as a
function of time.

e 3

A\
X

FE
—_—
Electric force ' = E)Xd moves the vortex
with velocity

v 27ripd - er?:p (15)
perpendicular to E.
e Trajectory is straight line parallel to Y axis .................. 0.1
e Correct direction of velocity ........... ..o, 0.2
e Correct expression for velocity magnitude .................... 0.2

A circular vortex loop of radius Ry initially charged with uniform linear
density A < 0 is placed in a uniform electric field E perpendicular to its plane,
opposite to its momentum Fj.

11



—

Figure 10: Vortex ring in a uniform electric field.

D2 (0.25)
Draw the trajectory of the loop center C.

' zZ
e C¥ lﬁ
X
e Trajectory plotted correctly .......... ... ... 0.25
D3 (1.5)

Find its velocity v(t) as a function of time.

12




Electric force upon the loop F' = 27 E Ry is constant and fluid momen-
tum linearly depends on time

P = Py + 2rERp)t = 212 pR%k. (16)
The loop is growing and its radius is increasing with time ¢

ERoAt
R=/R:+ 22 (17)
TPK

The loop velocity v can be easily found from a relationship between the
energy change rate and the momentum change rate

_ap

dU
_ ="y,
dat ’

- = Fv (18)

This gives for the velocity

TPR
dU K R K/log \/R(%+ER0At/( P )

a

B mlog%

(19)
This means that the vortex is moving in the direction of the force but
its velocity is decreasing.

v=—~ —lo = ~ .
dP " 2R ®a 2¢/R? + ERoM/(mpr)  24/RZ + ERogMt/(mpk)

o Correct expression for R(t) ..........cooiiiiiiiiiii... 0.5

e Expression for v oc 510g(R) ... 0.5

e Correct expression for v(¢) ....... ... ..o 0.5
D4 (0.25)

The field is switched off at a time t* when the velocity reaches the value v*
v(t*). Find the loop velocity v(t) at a later time ¢ > t*.

When F = 0 = P = const = R = const = v = const = v(t) =

v*.

o Correct expression for v(¢) ..., 0.25

E. Influence of the boundaries (2.75)

Solid walls alter the velocity field created by a vortex filament, because the fluid
cannot flow through them. Mathematically this means that the wall-normal

13



velocity component vanishes at the wall surface.

Figure 11: Straight vortex filament near a flat wall

E1 (0.5)

Draw the trajectory of a straight vortex, initially placed at a distance hg from
a flat wall. Find its velocity as a function of time.

e A

Well known technique of image charges (currents) in electrostatics (mag-
netostatics) can be directly used to solve this problem. Namely, the wall
can be “substituted” with a reflected fictitious vortex on the other side of
the wall. The velocity distribution of two vortices together in the upper
semi-space is identical to the one produce by a single vortex above the
wall. Indeed, the symmetry of the problem ensures that there is no flow
through the plane of symmetry. Thus, a straight vortex line situated a
distance hy above a flat wall with its image behave as a pair of vortices
of opposite circulation a distance 2hg apart. This means that the vortex
moves along the wall with velocity

v=—. (20)

\r Mlustration of the image method for the straight
vortex filament near a flat wall

e Trajectory is plotted correctly ............. ... ... ... ..... 0.25
e Correct direction of velocity ....... ..., 0.1

e Correct expression for velocity magnitude ................... 0.15

14



Consider a straight vortex placed in a corner at a distance hg from both
walls.

ho
C—Pi
P —
~
ho
Figure 12: Straight vortex filament in a corner
E2 (0.75)

What is the initial velocity vy of the vortex?

The velocity of the filament is given by superposition of the velocities
U1, U2 and ¥ induced by the image vortices 1, 2 and 3, respectively (see
Fig. in E3 solution). One readily obtains

K K

K
V] = 5, VUp=———, U3= —.
YT 2n T 2vRhy 0 2hg

The modulus of the filament velocity at the initial moment is

U0=|171+172+173\=\/§Ul—v2=

_R
2v2hg

e Ideas of using superposition principal and technique of image

Charges ... ..o 0.25
e Correct direction of initial velocity ........................... 0.2
e Correct expression for initial velocity magnitude ............. 0.3
E3 (0.5)

Draw the trajectory of the vortex.

15



ol ho
o] S
ho hO
ho hO
P ~—x
92 pg | by 3T

tices in the corner.

e The trajectory has correct form and asymptote .............. 0.5

E4 (1.0)

What is the velocity of the vortex v, after very long time?

Energy for the system of vortices is proportional to

2 2
Utotr < log vEAY log r_ log z (21)
a a a
The energy conservation implies that
2 2
T4y 2
C=———=— (22)
2292 h3

is constant along the trajectory. After very long time y — ho/+v/2 and
the vortex velocity is

K
Voo = ——- 23
= hov2 (23)
e Correct expression for velocity after very long time ........... 1.0

F. Charges + Walls (1.0)

The vortices in this section are charged with uniform linear density A < 0.

F1 (0.5)

Draw the trajectory of a straight vortex initially placed at a distance hg to a
dielectric wall with charge density o < 0. Find its velocity as a function of time.

16
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Figure 13: Straight vortex near a charged wall

2TK2€0p 2mK2€0p
—_— AD>S —
ho /) g hO

< ® >

oA <

The vortex
velocity in electric field E = o/(2¢p) is summed up with the fluid velocity
generated by the image vortex

K oA
v=— —
2hy  4megkp

(24)

and parallel to the wall. Its direction depends on the competition of the
two terms above.

e Trajectory is plotted correctly ............. ... ... ... ..., 0.25
e Correct expression for velocity ............. ... 0.25
F2 (0.5)

Draw the trajectory of a straight vortex initially placed at a distance hg to a
conducting wall. Find its velocity as a function of time.

17



Figure 14: Straight vortex near a conducting wall

The conduct-
ing wall produces electric field identical to the field of an image filament
with opposite charge density E = —\/(4mweghg). The velocity is then

A2 K
=+ —. 25
v 87T280l€ph0 + 2]’L0 ( )
e Trajectory is plotted correctly ............ ... ... ... ..., 0.25
e Correct expression for velocity ................c.ooooiiii., 0.25
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Evolution of Supermassive Black Holes Binary
Solution

A. DYNAMICAL FRICTION

A1l. The deflection angle is defined from: tana ~ a = ]’Z—Z, assuming that a < 1. One can find
py = [ F,dt, and according to Newton’s gravity law

GMm
F, = e cos® ¢
Changing the variable dt = Mbj—sﬁw we have
GM [™? 2GMm
Dy = —F— cospdyp = .
b J _z/ bv

Here we assume that the body moves along the stright line, due to a < 1, see Fig 1. So

Py _ 2GM _ 2b
a_p_ bv? T b

A2. During the transit of a massive body, star’s energy remains constant: p> + pz = const.

Hence

(p— Ap.)* + p} =p°.

We know that p, < p, so the momentum change along the x-axis:
pz a? 2G2M>m

A = ——— = ——— = -
b 2p 9 P b2v3

A3. To calculate net force we might integrate over stars with different impact parameters. The
number of stars’ transits during the time At equals AN = 2wbvn db At, so force, decelerating
the object along the x-axis,

1 nm [t db p
1 Fpr=— | Ap,dN = —4nG?*M?*— — = —ArG*M?* = log A
(1) DF At/ ped G 3 / 7 G 2 log

bmin
The above formulas are true only for b > by, so the lower integration limit is b,,;, = by, and the
upper limit is determined by the galaxy size b,,,, = R. So we have

2) Fpp = —47TG2M2§ log A
where A = R/b;.

A4. We calculate: b; = % =11 pc, log A = 7.6.

B. GRAVITATIONAL SLINGSHOT

B1. From the second Newton’s law
mu? B GMm

2 492
1




and we have for the orbital velocity vy, = 1/ =—=. The system energy is

M2 GM?  GM?
E=FEu+U=2-"2 _ —_ .
2 2a 4a

B2. From angular momentum conservation law
bo = r,,vo,
express vg. Write down the energy conservation law
o vy GM,

2 2 Tm

and derive b = rp,4/1 + QUCQ;—TM;

B3. To estimate the time between collisions let us use an analogy with the gas. As known from
the molecular kinetic theory, given that molecules have radii r, thermal velocities v, and the
molecular concentration is n, time ¢ between collisions of one molecule with the others can be
estimated from the relation 7r?vtn = 1. In our problem b,,,, stands in place of the molecule

radius, therefore for estimation it can be written At = —5—.

Estimate the maximal impact parameter b,,q,, corresponding to the star collision with the
binary system. The star should reach the distance of a to the binary system to collide. When
the star is at large distances from the SBH binary, it interacts with it as with a point object

4G M
o2a °

of mass My = 2M. From the results of B.2, assuming r,, = a, we obtain b,,,, = ay/1+

Taking into account that o < €4 simplify: by = %\/ GMa, so we have

a
mao

At = )
GMpa

B4. During the one act of gravitational slingshot, star energy increases at average by AFEy,, =

2
MVhin, _ mo?

2 2
So after the one collision the energy of the binary system decreases by the same magnitude.

. . . . 2
Taking into account that o < vy, we derive AE = —Zvy; .
. 2 02 2
Average binary system energy loss rate equals % = % = —%. In respect to % = Cjﬁ, ,

orbit radius variation rate can be estimated as

da Gpa®
(3) i :

o

B5. Obtained equation can be easily integrated
d G
(4) 2o P

To reduce the radius twice it takes time Tgg = ﬁ = 0.0048 Gy.



C. EMISSION OF GRAVITATIONAL WAVES

C1. Using previous results (B) one can obtain:
) d_E:i(_GMz) :GMQda‘
dt dt 4a 4a? dt’
This leads to the differential equation:
GM?da 1024 GuwSM?a*

(6) 4a2 dt 5 cP ’

|GM
where angular velocity is known from part B: w = R
a
The desirable result is:

da G3M3
) b _ M

a3

C2. Solving the equation one can obtain:
sda  GPM?®  ay 256 GPM?

8 — = = -8 — —- ;
(8) i cd 4 5 cd oW
The final result for time:
5  asc®
9 Tow = — ———.
©) W 1024 GAMB
C3. Solving the previous equation:
41024 tyG3M3
(10) ag = F — ~ 0.098 pc.
c

D. FULL EVOLUTION

D1. The galaxy is spherically symmetric, so mass enclosed within a sphere of radius r equals

m(r) = [ 4na?p(x)dr = %F. Thus t?)e free fall acceleration of the body equals in the
Gm(r)

2 "72 Therefore the body velocity is determined

gravitational field of stars is g(r) =

. 2 2 .
by relation *- = g = 2=, which means v = o =const.

D2. The energy of SBH in this gravitational field is

M 2
E=—"+U
dUu Mo? dE dU dU da Mo? da
and 0o = g(r)M = Z2=. S0 Gt = 5 = T = TG
Using the result of A2 we have
dFE GM?clog A
dt ) a

and the answer is

da GM log A
11 =

ao



4

D3. To estimate one can assume that SBHs form a binary when the mass of stars inside the
sphere of radius a equals to M:

oca

G
soa; = Y4 =11 pe.

o

DA4. Integrating the equation (11) we have

at — a2 _ GMlogAT1

2
and using that a; < ag we have
aio
Ty = ——2——=0.12Gy.
' T 2GMInA Y
D5. Total energy losses are caused by gravitational slingshot and gravitational waves emission,
S0
(12) dE  G*M?p  64G'M°
dt 4o 5cdad
Energy losses due to GW dominates when GQ{X?“ 6‘%,554;‘545 i.e. a < ag where
s 256 G*MPo
ag = — )
5 ;i

Numerical answers are p; = 6 x 103Mg/pc® and ay = 0.026 pe.

D6. For rough approximation it can be considered that at the slingshot stage losses are due to
slingshot only, so T, is calculated analogiously to B5:

Ty= -2 —027Qy

- Gpas
And at the GW emission stage losses are due to GW only, so T3 is calculated directly from to
C2:

4.5
asc

T o

T 16GEMB 16Gpas
D7. Total time of SBH binary evolution from the moment of galaxies merging to SBH merging
equals

= 0.067 Gy

Tevol = T1 + T2 + TGW = 012 + 027 + 007 Gy = 046 Gy



Space Debris
APhO 2017

Introduction

In more than half a century of space operations quite a large number of man-made objects have
been amassed near Earth. The objects that do not serve any particular purpose are called space
debris. The most attention is usually paid to the larger debris objects, i.e. defunct satellites
and spent rocket upper stages, which stay in orbit after delivering their payload. Collisions
of such objects with each other may result in thousands of fragments endangering all current
space missions.

There is a well-known hypothetical scenario, according to which certain collisions may cause a
cascade where each subsequent collision generates more space debris that increase the likelihood
of new collisions. Such a chain reaction, resulting in the loss of all near-Earth satellites and
making impossible further space programs, is called the Kessler syndrome.

To prevent such undesirable outcome special missions are planned to remove large debris ob-
ject from their present orbits either by tugging them to the Earth’s atmosphere or to graveyard
orbits. To this end a specially designed spacecraft — a space tug — must capture a debris object.
However, before capturing an uncontrolled object it is important to understand its rotational
dynamics.

We suggest you to take part in planning of such a mission and find out how the rotational
dynamics of a debris object changes in time under the influence of different factors.

Rocket Stage Schematic

The debris object to be considered is a “Kerbodyne 42" rocket upper stage, whose schematic
is shown in Fig. 1. The circle line in Fig. 1 marks the outline of a spherical fuel tank.

y

A

\/ /f\\/ i )

A 4

Figure 1: “Kerbodyne 42” upper stage

We introduce a body-fixed reference frame C'xy with the origin in the center of mass C', x
being the symmetry axis of the stage, and y perpendicular to x. The inertia moments with
respect to x and y axes are J, and J, (J, < Jy).

A. Rotation

Consider an arbitrary initial rotation of the stage with angular momentum L (Fig. 2), where
0 is the angle between the symmetry axis and the direction of angular momentum. Fuel tank



at this point is assumed to be empty. No forces or torques act upon the stage.

L

\-

Figure 2: Rocket stage rotation

1.(0.2 pts) Find the projections w, and w, of angular velocity & on z and y, given that
L = Jyw,ez + Jyw,é, for material symmetry axes  and y with unit vectors €, and €,. Provide
the answer in terms of L = |L|, angle 6, and inertia moments J,, .J,,.

L cosé
Iy = , Al
= =2 (A1)
0.1 point
Lsin@
= . A2
wy Jy ( )
0.1 point

2.(0.4 pts) Find the rotational energy E, associated with rotation w, and E, associated
with rotation w,. Find total rotational kinetic energy £ = E, + E, of the stage as a function
of the angular momentum L and cos 6.

Jpw?
B, ==, (A3)
0.1 points
J 2
B, =22, (A4)
0.1 points




Jw?: Jw? L2 22 1271 1
E(f)=E,+E,="=+2Y= x+—y:—+—<———>60829- (A5)
v % 2 20, 20, 2J, 2 \J. J,

0.2 points

In the following questions of Section A consider the stage’s free rotation with the initial
angular momentum L and 6(0) = 6.

3. (1.2 pts) Let us denote by zy the initial orientation of the stage’s symmetry axis Cx
with respect to the inertial reference frame. Using conservation laws find the maximum angle
¥, which the stages symmetry axis C'x makes with xg during the stage’s free rotation.

Note: Since there are no external torques acting upon the stage, the angular momentum
vector remains constant.

Both kinetic energy and angular momentum are conserved, and cos?# can be obtained
from equation Ab5.

Consequently, the set of values that 6 can take is discrete (one value in each quadrant for
every value of cos®#), and in the process of continuous motion # cannot change its initial
value. Therefore the stage’s axis of symmetry moves around L making a conic surface
with aperture 26,. Consequently

W = 26,. (A6)

1.2 points for the correct answer for 1.

If the correct answer is not provided 1.0 point is given for the proof that 6(t) = 6, and
does not change in time.

If this is not done:

e (.2 points for the formula expressing the angular momentum conservation,
e (.2 points for the formula expressing the energy conservation,

e (.2 points for the formula expressing ¢ through any given constant parameters of
the problem




Figure 3:

Let us now introduce the reference frame Czyy,2; with y; along the constant angular mo-
mentum vector L (Fig. 3). This reference frame rotates about y; in such a way, that the stage’s
symmetry axis always belongs to the C'z1y; plane.

4. (2.0 pts) Given L, 6(0) = 6, and inertia moments J,, J,, find the angular velocity €(t)
of the reference frame Czyy; about y; and direction (i.e. angle ~,(t) that &s(t) makes with
the symmetry axis Cz) and absolute value of angular velocity of the stage dy(t) relative to the
reference frame C'rqy; as functions of time.

Note: angular velocity vectors are additive & = &, + &, = Q-+ &

The symmetry axis is at rest with respect to the rotating reference frame, because 0(t) =
0y and the symmetry axis always belongs to the C'z1y; plane. Hence, s must be collinear
to the symmetry axis at all times. Thus

7s(t) = 0.

0.5 points

Projecting the sum O + @, onto Cz and Cy yields for any t:

Lcos6
ws—i-Qcosﬁzwz:%, (AT)
I
Qsinf = w, = 81n9‘ (A8)
Jy

0.25 points for each of the equations A7 and A8




Whence

L
Q=—. A9
- (A9
Thus €2 does not depend on time.
1.0 points
Taking into account that 0(t) = 6o:
1 1
Ws = (J_x — Ty) L cos 6y. (A10)

And wy also does not depend on time.

0.5 points

NB:

1.0 points is given for the correct answer for €.

For w, 0.5 points is given for the direction of Wi (along Cz)
0.5 points is given for A10

Alternatively:
0.25 points is given for any of the A7, A8 equations

B. Transient Process

Most of the propellant is used during the ascent, however, after the payload has been separated
from the stage, there still remains some fuel in its tank. Mass m of residual fuel is negligible in
comparison to the stage’s mass M. Sloshing of the liquid fuel and viscous friction forces in the
fuel tank result in energy losses, and after a transient process of irregular dynamics the energy
reaches its minimum.

1.(0.6 pts) Find the value 6, of angle # after the transient process, for arbitrary initial values
of L and #(0) =0, € (0,7/2) .

Interaction of the residual fuel with the fuel tank walls can be considered an internal
force. Hence, as before, no external forces or torques act upon the system, and the
angular momentum is conserved.
For the given initial value of # and knowing that J, < J,, it is easily shown from A5 that
E(cos 0) reaches its minimum for 6 = /2.
Thus .

0y = o (B1)

0.6 points




2.(0.6 pts) Calculate the value wy of angular velocity w after the transient process, given
that initial angular velocity w(0) = wy = 1 rad/s makes an angle of v(0) = 7, = 30° with the
stage’s symmetry axis. The moments of inertia are J, = 4200 kg - m? and J, = 15 000 kg - m?.

B1 implies that after the transient process the stage rotates about the axis perpendicular
to its symmetry axis.

0.2 points

Final angular velocity value ws can be obtained from the angular momentum conservation
law:

I \/Jg cos? v, + J7 sin? 7y -
Wy = Ty = Jy Wi ( )

0.2 points

wo &2 0.56 rad/s. (B3)

0.2 points

C. Magnetic Field

Another important factor in rotational dynamics of a debris rocket stage, which is orbiting
the Earth, is its interaction with the Earth’s magnetic field. Let us first consider an auxiliary
problem.

Torque due to Eddy Currents

Let us place a thin-walled nonmagnetic spherical shell with wall thickness D and radius R in

a uniform magnetic field E, which slowly changes so that its derivative B is a constant vector
making angle a with the direction of B (Fig. 4). Electrical resistivity of the shell’s material is

p.



B
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Figure 4: Spherical shell in magnetic field

1. (1.0 pts) Find the induced magnetic moment i of the shell, neglecting its self-inductance.
Provide the answer for ji in the form of projections on xyz (see Fig. 4).

Let us cut the sphere into ring slices so that B is perpendicular to their planes and
introduce angle ¢ as shown in Fig. 5.

-
X&

Figure 5:

According to Faraday’s law the absolute value of eddy current EMF, induced in such a
slice by the varying magnetic field is

£ = =SB =nR?sin’pB (C1)

0.2 points




The ring slice resistance is

2mpR sin ¢
dr = ————— 2
"~ " DRy (€2)
0.2 points
Current in the ring slice
1 .
dl =&/dr = Q—DRZB sin pdp (C3)
p
0.1 points
And, finally, magnetic moment:
. 1 .
dy = SdI = = DR*Bsin® pdp = — Bd.J, (C4)
2p 4p

where d.J is the moment of inertia for a slice ring of unit density with respect to the
central axis, which is parallel to y.

0.2 points

Thus | ;
. v .
= _—_JB=="DR'B C5

where J is the moment of inertia of the sphere with respect to the axis, passing through
its center. Taking into account the direction:

pz = 0, (C6)
21 .
= —__DR'B
=20 (C8)

0.1 points for each ji component

2. (0.3 pts) Find the torque M acting on the spherical shell. Provide the answer for M in
the form of projections on zyz (see Fig. 4).



The torque is given by M = [, ﬁ] It is directed along the z axis and equals

2 .
M, = pBsina = 3—7TDR4BB sin a. (C9)
p

0.1 points for each M component

NB: Alternatively, if the task of the previous assignment (find ) is not completed, but
the answer for M is, nevertheless, provided, the points for intermediate steps from the
previous assignment (except 0.3 points for /i components) are redistributed for the actions

to find M.

Attitude Motion Evolution in the Earth’s Magnetic Field

Let us find out how the rotation changes for a rocket stage, which moves in a circular polar
orbit with orbital period T" = 100 min (Fig. 6). It transpires that the characteristic times of
dynamics due to interaction with the geomagnetic field are much greater than the duration of
the transient process. We will now study what happens to the rocket stage after the transient
process has completed. To start our analysis consider the stage rotating with angular velocity
wy about the axis perpendicular to the orbital plane.

Figure 6: The orbit

1.(0.4 pts) The Earth’s magnetic field Bp can be modeled as the magnetic field of a point
dipole in the Earth’s center. Its dipole moment jig is directed opposite to Y axis. The absolute
value of the Earth’s magnetic field B at the point where the orbit crosses the equatorial plane



X7 is By = 20 uT. Find EE(U) at a current position of the stage in the orbit defined by
the angle u as shown in Fig. 6. The positive direction of u is along with the orbital motion.
Provide the answer in the form of the projections of Bg(u) on XY Z axes.

Note: Magnetic field of a dipole at point 7 is given by

Gt (3@ )T [
4 rd r3 )

Note: Tt may facilitate subsequent calculations if projections of B £(u) are given as functions
of 2u instead of wu.

Let Ro be the orbit radius. The dipole field formula at point 7= (Ro cosu, Ro sinu, 0)
and i = (0, —fig, 0) yield

3 [olE .
BX = —im S1n 2U, (C].O)
: HolLE
By = (1 — 3sin’u ) (C11)
( ) 4T RY)
B; =0. (C12)

0.05 for each B component, if no final answer (see below) is obtained.

At point, where the orbit passes through the equatorial plane (u = 0) the magnetic field
is

Bx =0, (C13)
HolE
By = Cl4
Y 4T RS’ (C14)
Bz =0. (C15)
Thus BO = %.
0.1 points for By
Finally, the Earth’s magnetic field is:
3. .
Bx(u) = —§B0 sin 2u, (C16)
1
By (u) = 5 (3cos(2u) — 1) By, (C17)
Bz(u) = 0. (C18)

0.1 points for each component of B

The “Kerbodyne 42” rocket upper stage is mostly made of wood, and the only conductive
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material is used for its cryogenic fuel tank. We, therefore, consider the stage’s interaction with
the geomagnetic field as that of the spherical shell with wall thickness D = 2 mm, radius
R = 4 m and resistivity p = 2.7-107% Q- m.

2.(1.3 pts) Find the torque M (u) acting on the stage, as it rotates with angular velocity w
collinear to Z. Provide the answer for M (u) in the form of projections on XY Z.

7~

Using C9 requires us to find the magnetic field derivative in the body frame.
Consider a body frame xyz, whose axis z is collinear to Z and plane xy is rotated by
angle B with respect to XY. Magnetic field in this reference frame is

B, = Bx cos 8 + By sin 3, (C19)
B, = —Bxsin 8 + By cos 3, (C20)
B, =B, =0. (C21)

0.1 point for any idea that provides understanding that there are two processes in
which B changes with respect to body-frames — orbital motion and rotational dynamics.
The same 0.1 point is given for any approach overcoming this issue.

The derivative of magnetic field is therefore

B, =Bx cos 8+ By sin 8 + (—Bxsin 8 + By COSB)B =

= (B’ (u) cos B + Bi(u)sin 8) @ + (—Bhx sin 8 + By cos 8) 3,
B’y :—BXSinﬁ—FByCOSﬁ—l—(—BxCOSB—BySiHﬁ)B:

— (=B (u) sin B 4 B} (u) cos 8) i + (—Bx cos f — By sin ) j,
B, =0.

0.1 points for each component of E related to the orbital motion
0.1 points for each component of B related to the rotational dynamics

Full points are also given if B is found in the vector form

Substituting @ = 27 /7T and A = w and using the expressions C9, C16, and C17, we obtain
that the torque is directed along z and equals
2

M, = —DB}R'
3p " <

3

T (3 — cos2u) — g (5 — 3 cos QU)) = M. (C22)

0.1 points for M, and M,,
0.5 points for M, (for complicated calculations)

J

3. (1.0)Find the absolute value of angular velocity w(t) as a function of time, given that the
change in the stage’s angular velocity over one orbital period is negligibly small.

11



We will average My over u and use the obtained expression instead of M. This helps
getting rid of the members, containing cos 2u:

2T 97  bdw
M;)=—DB’R* = — = . 2
iz) = o5 (- 5) (23

0.25 points for the explicit idea to average My over u
0.25 for the correct expression for (M)

As the torque is directed along with the rotation axis, it does not change the axis’ direc-
tion, which means that the obtained formula always holds for the rocket stage rotational
dynamics. As we consider the transient process to have completed. It follows from Bl
that the rocket stage rotates about the axis, which is perpendicular to its symmetry axis.
Thus the angular momentum of the stage is

LZ = Jyw. <024)

0.25 for the correct equation with the correct inertia moment

As Ly = My is the governing equation for the angular velocity:

2T Or bw
D= DBZR | — — — . C25
N 3Jyp ’ ( T 2 > (C25)
Its solution is: 8 18
78 78
W(t) = 5_T + (Wg - 5—T> 6_&, <C26)

where § = %DB%R‘*.

0.25 points for the correct solution of the differential equation for w
Alternatively 0.15 for the exponential dependence of w from t.

4. (1.0) Find the ratio of the orbital period T" and the rocket stage’s rotation period T} in
the steady-state regime, which sets in after a long time.

From C26 it follows that the angular velocity asymptotically tends to 187 /27. Thus the
ratio of the two periods
T  Tw(oo)
T,(0) 2w

=9/5=18. (C27)

1.0 for the correct result.
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YAKUTSK 2017 RUSSIA Solution
Part A
A1l. According to diffraction grating formula
hsin¢@ = mA, where m = 1, thus
hsing = A (1s)
A2,
o, o 9, o
35 61,5
36 55,5
37 49,5
38 45
39 39
40 35
41 31,5
42 25
43 18,5
A3. Using Bragg-Snell law (2) from the task:
2D+/n? —sin? 0 = mA (2s)
and (1s) we get
2D+\/n? —sin? 0 = hsin g
h 2
n? —sin? @ = (—) sin? ¢
2D
) 2 hy? )
sin?§ = n? — (—) sin? ¢ (3s)
2D
n = ,/Intercept, (4s)
where intercept is taken from Fig.1
D h
24/ ISlopeI' (5s)

where slope is taken from Fig.1
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0,8
]
0,6
&
=
“ 04 )
Value Standard Error
0,2 - Intercept = 2,35022 0,05236 u
Slope -4,86099 0,13127 \.
0,0 . : . : ,
0,30 0,35 0,40 0,45 0,50
sing

Fig. 1
A4. Taking slope and interception point from the Fig. 1 from (4s), (5s) we get:
ny = 1.53
Dy =227 nm
Part B

B1. Minimum can be observed only in the red zone, so we use red laser with wavelength A = 650 nm
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B2-B3.

300--I___iI\JI___JL\JI

N
o
o

'\:\f&./'/

Transmittance, uA

ra

T T T T T T T T T T T T L
0 5 10 15 20 25 30 35 40 45 50 55 60 65
Incidence angle 6, deg

Fig. 2

B4. From the Fig. 2 we find minimum at 8; = 37° with width of A9, = 14°
B5. Using (2s) we get
2D+/n? — sin? ; = mA;

For the normal wavelength we can write

2Dn = miy;
An
Ay = ———==707 nm.
n2 —sin2 6, (6s)
B6. Using (6s) we determine
Hmin =27°=> Amin = 683 nm
Omarx = 41° = Apax = 719 nim
A = Apax — Amin = 36 nm
An = At _ 0.12
n=-=n 7 =0
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B7. Minimum for the wet sampleisat 8, = 51°.

Sample X
—u—dry
- -o- - wet
300
] .\.—.\.\
n
- -0~ _o_ _@- - Q- x- - -®
) ' T ~e-
O 200 3 .
c 3
: \ BN
E \ / [ ] .\I
- 1 ‘, S ~
% ! , : ®
= 100 = ]
\ ]
)
0 o

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70
Incidence angle 6, deg

28 o

B8. Using (2s) for ny,e; and ng,-, one can obtain

2D /nfiry —sin26, =21
2D /nﬁ,et —sin?6, = 1

Using (4) and (5) from the task we determine

7
ap =n2, — ngry = sin? @, — sin? 6,
p =0.31
n2 —
Ngao = " p =1.72
S

B9.Taking An = 0.12 and p = 0.31 we get

An
n1=n+7=1.59
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n
n,=n——=147
2

Equation (4) yields

2
Ngao — N1

P =g =022
Naao

2 2

Naao — N2

Py =g =041
Naso —

Part C

C1. For the normal incidence (6 = 0) we can observe three minima at angles ¢, = 43°, ¢ = 35°, 1 =
29°, therefore lip = 682 nm, l;p =574 nm, l;p = 485 nm.

c2.
Sample Y —u— Red laser
I\
3 " | /": l
~
\ . "~
| \I

() \. —H
2 ; / \I
© 2 . ]
= \ 0 \
g [ ] / n
C \ .
- X
g \

1 '\

|
0

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90
Incidence angle 6, deg

Fig. 4
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C3.

Ca.

Sample Y —m— Green laser
200 {"—m
|
|
“\
< 150 n
@
e m
8 \ -
= |
€ 100 '\ f =
8 u |
2 1 :
o / -
50 (W u
||
0

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90
Incidence angle 6, deg

Fig. 5
Sample Y —s— Blue laser
1500
H—
I\~.\\
[ ]
-
o 1000 \
2
S . Tt
= | |
; ]
© W \
= 500 .
1I
\. -.“ .\.\
"'"n.'i -
u
[ ]
0

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90
Incidence angle 0, der
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Fig. 6

C5. Using (6s), we calculate normal wavelengths for an arbitrary order m' = m + const

a An
Y ="
n? —sin? 0,

Anm | 0,deg | Ay, nm | m’
659 21 678 1
530 34 569 2
400 57 478 3
400 30 423 4
. (1 .
C6. According to (2s) dependence m (E) should be linear:
2Dn = (m' — const)A
, 2Dn
m =——+ const
A
Sample Y
. | | |
7] Value Standard Error
Intercept -3,92698 0,14776 /
1 Slope 3343,2861 75,72663
3 /

I
1

0,0014 0,0016 0,0018 0,0020 0,0022 0,0024
1/, nm”

Fig. 7
m =m' — Intercept,
where intercept is taken from Fig.7
Intercept =~ —4

7
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677 5
568 6
479 7
423 8
c7.
Slope
Y7 2n
where slope is taken from Fig. 7
Dy = 1080 nm

C8. Let I; be the half-sum of intensities to the left and to the right from the minimum, and I, be

. I - . I
intensity in the minimum. Transmittance t = 1—2
1

A, nm |t

677 0.42
568 0.29
479 0.22
423 0.63

PartD

D1. One can find up to 6 maximums:

Az, nm
808
696
611
499
462
402

D2. According to (2s) dependence m’ G) should be linear:

2Dn = (m' — const)A

, 2Dn
m = T + const

Dependence m'’ (l) will be linear if we take m’=1,2,3,5,6,8 for visible minimums (see fig.8).

y!
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Sample Z

1 Intercept
7 Slope

Value
-6,03651
5587,2903

Standard Error
0,23187
123,57751

From fig. 8 Intercept = —6.

D3.

where slope is taken from Fig. 8

D4.

m

0,0020
1/h, nm™

Fig. 8

m = m' — Intercept

m=m'+6

Az, nm | m m
808 1 7
696 2 8
611 3 9
499 5 11
462 6 12
402 8 14
Slope
Z =
D; = 1802 nm
Slope Slope
= = /1 =
A m
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Missed minimums correspond to order m=10 and 13:

m | Aznm
10 | 559
13 | 430

Part E

E1l. We recognize the sample Y by such feature, that 2 central transmittance minimums are deeper than

2 side transmittance minimums. So, it is n-6.

E2. For the sampleZm = 10 and m = 13 are missing, m = 8,9, 11, 12 are not. So, it is hi5-5.
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Marking scheme
(minimal score 0.1pt)
Marker Student
TOTAL
Task Criteria Max. | Marker | Consensus
points
Al Diffraction grating equation 0.1
A2 6(p) measurements: 1.0
- 0.2 for each point (not greater than 1.0)
¢ in range 35-45° ¢ inrange 15-65°
A3 Linearization:
- sin? @ from sin® ¢ dependence; 0.3
Calculation of the sin® @ and sin® ¢ values; 0.3
Graph plotting (only in linearized coordinates) 0.9=
(axis labeled and scaled, experimental points plotted, 0' 323
linear fit line shown); ’
A4 Sample parameters calculation (scored only if A2
score >0.4):
Numeric parameters of the linear fit written
All points approximation
Two points only 0.2
Formulae for D, , n, calculation using linear fit (0.1)
parameters
n, value in range 1.4-1.6 0.2
D, value in range 210-250 nm 8\,23
Part A total 3.5
Bl A =659nm selected 0.1
B2 I (@) measurements:
Scored only if minimum is found in range 20-45° and
its transmittance value is lower that 0.5
- number of points 10 and more (from 5to 9, less 0.6
than 5) ; (0.3;0)
- angles range (not less than 25°near minimum) 0.4
B3 Graph plotted:
(axis labeled and scaled, experimental points plotted, | 0.2
approximating curve shown); 0.6
0.2
B4 6, value in range 20-45° 0.1
A6 value in range 10-20° 0.1
B5 Formula for A, 0.1
Numerical value for A, inrange +15 nm from the 0.1
real value for the sample
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B6 AA calculation:
Transition from 6 to A; 0.2
Low A@ value approximation 0.1
Numerical value for An inrange 0,09 —0,15 0.4
B7 Numerical value for @, in range 30-60° 0.3
B8 Formulae for p and n,,, calculation 0.2+0.2
Numerical value for p inrange 0,15 - 0,35 0.3
Numerical value for n,,, inrange 1,55-1,75 0.3
B9 Formula for p; versus n, 0.1
n,, n,values selection 0.1
Numerical values for:
p, inrange 0,05 - 0,25 0.2
p, inrange 0,2 -0,45 0.2
Part B total 5.0
Cl Values
2% inrange =30 nm from the real value for the 0.2
sample
A7 inrange +30 nm from the real value for the 0.2
sample '
A7 inrange £ 30 nm from the real value for the 0.2
sample
C2 I (@) measurements for red laser:
Scored only if minimum is found in range 10-30°
and its transmittance value is lower that 0.9
- number of points is 10 and more (from5t0 9, less | 0.3
than 5) ; (0.2,0)
- angle range (from 10° to 50°) 0.2
C3 I (@) measurements for green laser:
Scored only if minimum is found in range 20-45°
and its transmittance value is lower that 0.5
- number of points is 10 and more (from5t0 9, less | 0.3
than 5) ; (0.2,0)
- angle range (from 10° to 50°) 0.2
C4 I (@) measurements for blue laser:
Scored only if at least 1 minimum is found in range
10°- 65° and_its transmittance value is lower that
0.9.
- number of points is 10 and more (from 5to 9, less
than 5) ; 0.3
(0.2, 0)
- angle range (from 10° to 65°) 0.2
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C5 Normal wavelengths calculation (in the wavelength

descending order) 0.1

A" value in range + 15 nm from the real value for

the sample

A" value in range + 15 nm from the real value for 0.1

the sample 0.1

A" value in range + 15 nm from the real value for

the sample 0.1

A" value in range + 15 nm from the real value for

the sample 0.2
C6 Appropriate method 0.2

Correct value for m corresponding to A™ (in case of 402

. XU.

errorin m =1) 0.1)
C7 D, value in range 1000 — 1160 nm 0.2
C8 I,, 1, values obtained for 3-4 minima (for 1-2 0.2

minima) (0.1)

t numerical values:

t, >0.45 01

t, <0.35 81

t, <0.35 0.1

t, >0.45

Part C total 4.5

D1 Experimental setup for wavelength measurement

sketch; 0.1

Formula for A™ calculation; 0.1

Wavelengths values (in the descending order)

A" value in range 790 -840 nm

A value in range + 15 nm from the real value for

the sample

A8 value in range + 15 nm from the real value for

the sample

A" value in range + 15 nm from the real value for

the sample

A" value in range + 15 nm from the real value for

the sample

A value in range 400-420 nm

0.2 pt for each (no more than 1.0) 0.2x5
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D2 m deriving method:
1/ A" values analysis 0.4
Searching for missing minima (using graph or
A(L/ A™) calculation or equivalent) 0.4
m numerical values 0.2%6
0.2 for each correct value (no more than 1.2 in total) '
Error £1 for mvalue 01
.1x6
D3 D, value in range 1680 — 1920 nm 0.3
D4 m’ values obtained from D2 0.1x2
Values for missing A obtained in range + 15 nm
from the real value for the sample 0.4x2
Part D total 4.5
El Scored only if t values in task C8 obtained
Correct sample structure name selected (n-6) 0.2
t values are in agreement with the table in Appendix
(central minima are deep, peripheral minima are 1.0
shallow)
E2 Idea: structure selection using missing minima 0.3
numbers
Points below are given only if the missing minima
in task D4 are correct! 0.2
Correct sample structure name selected (hi5-5)
Missing minima numbers are in agreement with the 0.8
table in Appendix
Part E total 2.5
Total points 20




