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Rolling Cylinders

Y
M
),
R X
S H¢5 ..............
“dp
C
AN /¢‘

1.1) The point P which is fixed on the surface of M was at the position directly below O at time

t=0. Hence m must have rolled through an angle #R-6R radians relative to surface of M
r

in time t during which the line OC has also turned anti-clockwise through an angle 6.

Therefore the total angular displacement of m about its centre of mass relative to any fixed
reference line in time t is

_ ¢R;9R+9 _ ?‘”_(ng ........... (i) (0.8 point)

1.2) By differentiating the equation (i) twice with respect to time, we get

d? R d? R—r)d? .
i = —¢—| — |06 ... ii 0.2 point
dtZ W r dtz ( r jdtz (11) ( p )
1.3) v
M
]
R N X
0 )
0
f
N

mg
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The equations of motion of centre of mass of m are:

d2

m(R—r)Fe = f-mgsineg . (iii) (0.7 point)
d 2
m(aej (R-r) = N-mgcosd ... (iv)
The equation for the rotation of m about its centre of mass is:
d? R d? d? :
— Y = | = fr 0.7 point
cM dtz‘// [I’dt2¢ ( r jdt } v) (0.7 point)

1
where I, = Emrz.

Equations (iii) and (v) yield:

2 2
(m+lf—;"j(R— )329 = —mgsind+ CrM gt /O (vi) (0.4 point)

2
1.4) Here, %(ﬁ =0, sind=~@ and also I, = %mr2 , the equation (vi) is reduced to:

d? 29 . :
—0 = ———6 0.8 point
This gives a period
T o= 2SR (viii) (0.5 point)
29
1.5) The equilibrium position of m in question 1.4) is 8=0. (0.2 point)

1.6) But the equilibrium position for the case where M is rotating with a constant angular

acceleration « is by considering the equation (vi), namely,

3 d? , R : :
2(R—r)Fe = —gsm0+5a ........... (ix) (0.4 point)
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Let &,, be the equilibrium position; this implies that m remains stationary at this position if it

2
does not oscillate. Hence d—0 =0,and

prei (0.1 point)
. [ R .
O, = arcsm[—j .............. (x) (0.2 point)
29
1.7) Y
showing forces acting on m
M
d
R | x
0]
) g
f
N
mg
From the equation (i) we get, after changing the directions of  and ¢,
d Rd R-r\d :
—y = ——¢+|—1|—=60 i 0.5 point
i’ = v’ ( r jdt el (0.5 point
The equations of motion of m and M are:
1 d? .. :
Emrzwyx = —-fr (xii) (0.3 point)
d2
MRZWgé = +fR (xiii) (0.3 point)

Method 1: (Angular Momentum)|

The effect of gravity on the system as a whole is to change its angular momentum:
d

d 1 d > d ) X )
MR?> —¢ +=mr’—w-m(R-r) —6@| = +mg(R-r)sinéd ........ 1 0.4 point
dt[ a? 2™y MR } +mg(R-r) (xiv.1) (0.4 point)

2

d m(R-r) d?
H a- ) By 1
enee dt? ¢ (2M +m)R dt? (xv-1)

2
and (MR+%mrjR%¢—m(R—r)(R—grj ........ (xvi.1) (0.4 point)
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Combining the last two equations:

2 2M
4y __09 CM+m) e (xvii.1)
dt (R=r)(3M +m)
For a small-amplitude oscillation we put sin& ~ € and equation (xvii) is reduced to:
2 2M +m
dy-__9 @M+m), (xviii.1) (0.5 point)
dt (R—r)(3M +m)

The period of this oscillation is, therefore,

R—r |(3M+m .
T = 27[\/( . J[2M+mj (0.1 point)

Method 2: (Newton’s law)|

From Newton’s law: mgsind— f =ma

2
mgsin@d— f :—m(R—r)ZTf ........ (xiv.2) (0.4 point)

: _— d’¢
From equation (xiii): f= MRF
Substitute this into equation (xiv.2) we have

2 2
mgsinezMRiT?—m(R—r)?j—e ........ (xv.2)

From equations (xi) (xii) and (xiii), we then have

d*¢ m (R-r)d® : :
S A 2 0.4 point
dt? 2M+m( R jdtz (xvi.2) (04 poiny)
) Mm d?e d?e
Then (xv.2) becomes mgsin@ =— R-r)—-m(R-r)—
(xv.2) g M+m( )dt2 ( ) t?
2
0 ___ 9 2M+me (xvii.2)

dt?  (R-r)3M+m
For a small-amplitude oscillation we put sin& ~ @ and equation (xvii) is reduced to:

d’ g (2M+m) .
—0 = - e .. 2 0.5 t
ot (R—r) (3M +m) (xviii.2) (0.5 point)

The period of this oscillation is, therefore,

R—r\(3M+m .
T = 272'\/( . J[2M+mj (0.1 point)
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1.8) When M is made to rotate steadily at an angular velocity Q the equation (vi) becomes

§(R—r)d—29 = —gsind (xix)
2 a2~ @Y e
which implies that m remains at & =0 if m does not oscillate.

Hence the equation (i) is reduced to

R
y o= —¢
r
d R dg¢ R )
and — = —X = —=Q 0.2 point
dtl// r dt r (xx) (0.2 point)

. . . .. R . .
This means that m is rotating at a constant angular velocity —Q prior to the instant when M
r

is stopped.

After that instant m will accelerate itself by way of frictional impulse. This acceleration

process lasts for only a short time due to the high value of frictional coefficient (x). To

simplify the calculation we will take to lower surface of M to be flat.

m is skidding forwards

)| m
%
fm = umg
m%v = +f (xx1)
Y %a) = —f.r loy :lmrz .............. (xxii)

By solving these last two equations for v(t) and (t) with initial conditions v(0)=0 and
a)(O):EQ , and imposing the condition v'(t)=a'(t)r for the onset of pure rolling we get
r

Vo= éRQ, o = %BQ .............. (xxiii) (0.8 point)
r
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From now on m will roll up the side of the cylindrical wall. And since frictional force does not

do work in pure rolling we can use the principle of conservation of energy.

lmv2+lICMa)2+2mg(R—r) G +llc,\,,a)’2 .............. (xxiv) (0.8 point)
2 2 2 2
V2
We have also N = m . -mg (xxV) (0.2 point)
—-r
2
N = (%j(%j —%1 .............. (xxvi) (0.2 point)
m will reach the top if N >0.
R-r :
Hence Q > [33g o7 (0.3 point)

*khhkkkhkkhkkkhkkhkkkhkhkkhkkikkhkikkikk
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A Self-excited Magnetic Dynamo

2.1) L%HRi = E (i) (1.0 point)

2.2) |If the length ¢ of solenoid is much greater than its diameter, then the magnetic flux density in

the inside mid-section of the solenoid is given by

B = “OTN' ................... (i) (1.5 points)

brush

B is directed out of plane of paper
The electric field intensity (E) at distance r from the centre of the axle is
E=Bor

pointing towards the rim of the disc. The induced e.m.f. (E) between terminals P and Q is
given by

a H 2
E = [Bardr = iBgpa? = N (iif) (2.0 points)
I 2 20

r

2.4) By combining the results in 2.1) and 2.3) we get

2
LLivRi = (—“ONa “’}i
dt

20
d. 1( g Na*w . . :
— = +=1 2L " _Rli = +7 0.5 point
dt L( 20 j 4 (05 point

i(t) = i(0)e" (iv) (1.0 point)
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2.5) In order that the current i(t) will grow, the value of » must be positive otherwise the current

will gradually decay.

2
M—R > 0 (1.5 points)
20
@i = Z(ZRZ ..................... v) (0.5 point)
HoNa

2.6)

sliding contact

ior— f/

B is directed out of plane of paper

At the instant t the current is given in4) as i(t) = i(0)e”".

The magnetic force 6 f on the current element ior is 6 f = Bior. (1.0 point)

The torque o7 = ro f = Biror opposes the rotation of the disc.

The total torque 7 = [ Birsr = %Bia2
0

r=

2 2
%iz - %iz(o)e*” ..................... (vi) (1.0 point)
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In order to maintain the angular velocity of the disc at a steady value we must apply a turning

torque of equal magnitude and of opposite direction to that of (vi).

tw=1’R +%(magnetic energy in solenoid) (1.0 point)
=i’R+ Lﬂi
dt
mNa* Na* 2 .
=—-1Ii = —=—i°(0)e™ 1.0 point
EY, TR (1.0 point)

*kkhkhkhkkhhhkhkkkkkkhkhkhkiiikikkx
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The Leidenfrost Phenomenon

3.1) Asgiven in the problem

d 1dP .
Ev = [;sz ............... 0]

Integrating (i) with respect to z , we get

v(z) = (%Z—TJ-22+C ............... (ii) (0.5 point)
2
3.2) v(gj = 0 = (id—Pj(Ej +C (ii1)
2 2n dr ) \ 2
2
C = _b" aP (0.5 point)
8n dr

. . aP . .
Note that C is not a real constant; its value depends on o which is a function of r.
r

3.3) Let Q be the volume rate of flow of the vapour through the cylindrical surface of 2zrb.

8Q = v(z)-2zréz where from (i) and (iii): (0.3 point)
1dP)|_, b? :
V(Z) = [ZWJ{Z —Z:| ............... (lV)
P 27t dP 2 , b?
@ - 2z — (22l Tp
g = AP ) (0.7 point)
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) . rPKAT
3.4) The total rate of heat flow from the area zr° of the hot surface to the drop is ————. We
assume that this heat goes into vaporizing the drop.
2
Hence pQl = T L(AT and using (v) we get
P® 6’7KAI SR (vi) (0.4 point)
dr yoN4s)
This gives P(r) = —(3T7KAI ]-rz +B (0.4 point)
pylb

where B is an arbitrary constant whose value can be found by applying the boundary

condition P(R) = P,, the atmospheric pressure.

Hence B=p+|3KAT e (vii) (0.4 point)
: pylb’

and P(r)=P +[3Z;§I ]-(RZ —r*) (viii) (0.8 point)
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3.5) The net force due to pressure is in the upward direction and of magnitude

R 4
37K ATR
f = I[P(r)—PaJZﬂrdr = ot

r=0

......... (ix) (1.0 point)

The weight of the drop is %ﬂRSpOg , Where p, is the density of liquid.

2 37nKATR*
_7Z'R3p0g — m7—4
3 2p,(b
1
4
b = [Mj ............... (x)
4p,py 09
3nKAT 4 p,9 . .
Note that = == Xi 1.0 point
T 3 (xi) (10 poiny)
3.6) Use equations (xi) and (viii) to obtain
P(r)="P J{ﬂpng (R*=r®) .. (xii)
“ {3 R
% P(r)= —(g%g)r ............... (xiii) (0.8 point)

Then use (v) to calculate the total mass-rate of vaporization Qp,, at r=R:

27b°R 8,009) 47p, p,OR
= = R = | R0 3
o ( 127 )(3 R ) 9

k]
B 47zpvpogRj(977KRAT ]4
9 4popy L9

1
_ T Pvpog( )} R* = BR* ... (xiv) (1.2 points)

e’
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3.7) The life-time (7) of the drop, is to be found from

d gzst = -Q = —,BR%
qt\ 3 Po Pv
1
redp - A
dt 27p,

4
_ 8wy _ 8| pl” : Ré
50 5( 4K’p,g(AT)

*khhkkkhkkhkkkhkkhkkkhkhkkhkkikkhkikkikk

Solution: Question 3

Page 4 of 4

(1.0 point)

(1.0 point)
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Problem 1: The Earth’s Horizontal Magnetic Field
Section |
d
a/2 N
| A .
a O< >P X
X
| ( a
Fig. 1
At O, the centre of coil, the magnetic field for a single turn is
. 9 :
Bo — 4>< /JOI (az'/ ) - — 2\/5/10' )
RO
2 St
2 2
At P, the horizontal magnetic field is
By = cos¢. [0.3 point]

27zd /
/ 2
FromFig. Lwehave d = and cos¢g = M. [0.2 point]
2

Then, for a square coil of N turns [0.2 point]
B - 2144iN al2 al2
px o n ' > ) a2
2 = X+ =
X +2[2j (2)
2.
or Y e N ! [0.3 point]
px 2 2 2
a a
x? +(j x? +2(j
2 2
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which becomes B, = 224N as x=0

ra
Section 11

Measurements to justify that we can ignore the torsion of the string.

length of string | time for 10 oscillations
(cm) (sec)
2 9.38
4 9.69
6 9.90
8 10.13
10 10.13
12 10.22
14 10.12
25 10.12

(Note that this data is from a different magnet used in Section I11.)

We can see that the period is constant for length of string > 10 cm.

Section 111
The distance between the center of the magnet and the top surface of the platform for Part a), b) and
c)is 14.0+0.5cm.

a) Coil’s magnetic field and Earth’s horizontal magnetic field are in the same direction

Since the coil’s magnetic field (B) and Earth’s magnetic field (B, )are in the same direction, from

T = 27['/|_B we have Tiz = [B+ B, where ﬂ:l By plotting linear graph of Tiz
m

4721

and B we can find B, from its slope and intercept.
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Measurement of 20 oscillations at different distances from coil, we get the result as in table.

x (cm) | time for 20 oscillation | period T B(xlO"‘T) 1/T?
(sec) (sec)
10 7.44 7.35 0.370 2.878 7.305
12 8.19 8.13 0.408 2.259 5.998
14 8.87 8.91 0.443 1.773 5.088
15 9.5 9.62 0.478 1.573 4.377
17 9.91 9.97 0.497 1.245 4.048
18 10.43 10.35 0.518 1.111 3.734
19 11.47 11.31 0.569 0.994 | 3.085
20 11.78 11.81 0.591 0.891 2.866
21 1241 12.34 0.619 0.801 2.613
23 13.41 134 0.671 0.652 2.222
25 14.22 14.28 0.714 0.535 1.964
1UT? (5)
8.0

y = 2.281x + 0.8856

0.0 T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 B(x10™T)

From graph we have: slope = (2.281+0.063)x10* ST
intercept B, = 0.886+0.076 s*

The value of Earth’s magnetic field is

o= &564 = 0.39x10* T = 0.39+0.04 G
2.281x10

2 2
The magnetic moment of magnetis m = £°4x*M [1‘—2 + %) =1.68+0.09 A m?
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b) Earth’s magnetic field only
Time for 30 oscillations: 36.28, 36.25, 36.24 s.
Averaged period T. = 1.209+0.001 s

! 1

By = —5—=— —=0.30+0.01G
T2B  121°x2.281x10

c) Coil’s magnetic field and Earth’s horizontal magnetic field are in opposite directions

The equilibrium (neutral) position x, =31.0+0.2cm.

2.
B, =(“°a 'N) L ~0.31+0.01G

*khhhhkkhkkkkhkhkhkiihhiikikikk
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Problem2: Oscillation of Water-Filled Vessel

Section |

iy m = pﬂ[Rz—(R—t)z}L = pr(2RE-)L (i)

i) m, = pr(0.6cP)R* (ii)

igm, = z(R-t)’L (iii)

v) M = m+2m,+m;, e (iv)

v) Water, as an ideal fluid, does not take part in the oscillatory motion of the water-filled vessel.
We therefore shall not include contribution of water in the expressions for the moments of inertia.

1 2 2 1 2
l, = Eml[R +(R-t) }+2[EmzR } ....................... W)

¢=35.6 cm,g =978 cms?, a=R=2.5cm,
p=270 gcm> h=9.2 cm, L=9.2-1.2=8.0 cm
m = 339.3t—67.86t° g,
m, = 318 g,
m, = 157.1-125.7t + 25.13t* g,
M = 220.7+213.6t—42.73t° g
I, = 198.8+2121t-1273t*+339.3t> —33.93t"

y

Section 11

a)

M | .
T, = 2z E'M;Z ....................... (vi)

Time for 50 oscillations is 43.3 s, hence

T, = 0.866s £ 0.004 s

y

Substituting these values into equation (vi), we get

t*—10t° +33.42t° - 41.97t+1536 = 0 e (vii)
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The solution of (vii), by numerical iteration, is t = 0.62 cm + 0.02 cm
(The error can be estimated from a repeat of the procedure or a differential equation for dT anddt)
Hence, we get

m, = 18445 g,

m, = 31.8+0.2 g,

m, = 89+2 g,

M = 337+6 g.

IX
Ma?

X

T =27z£~
g

¢=33.6 cm, a:D = % =4.6.cm
2 2

Time for 50 oscillations is 38.0s + 0.2 s, hence
T = 0.760s =+ 0.004 s

X

Andfrom T, = 2x L. IX2 where (=33.6 cm, a:D:%:4.6 cm,
g Ma 2 2

g =978 cms?, M =337 g, we get
I2° = 3036 gcm? +£94 gem’®

Also 1™ = 3261 gcm*+68 gcm’

c)
Al = 11" —12° = 225 gem?

X

The experimental value 159 is smaller than 17" by 225 g cm®.

This difference is probably significant and it is due to low viscosity of water. The mass of water in

the middle section does not take part in the oscillatory motion of the vessel.
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Al can be estimated to be due to a stationary cylindrical portion of water in the middle.

Al = 7(R —tmaterﬁa;fz LR ;”2}

Lwater ~ 57 cm
This corresponds to the water mass of ~ 63.8 g

The percentage of the water that takes part in the oscillation is ~ 28.5%

*hkkkkhkhkkkhkhkkkhkkhkkkhkhkhkkikiikkik
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Marking Scheme

General marking guidelines

1. Giving correct answers without calculations Deduct up to 50% of the
total points for that part

2. Minor mistakes in the calculations e.g. wrong signs,

0,
symbols, substitutions Deduct 30%

3. Missing units in the final numerical answers (for each

part) Deduct 0.1 point

4. Final answers (for each part) containing too few or too

S . Deduct 0.1 point
many significant figures.

5. Using wrong physical concepts (despite correct answers) | No points awarded

Error propagated from earlier parts: minor errors Full points

7. Error propagated from earlier parts: major errors (such

0,
that the solution becomes trivial). Deduct up to 20%




Marking Scheme: Problem 1

No. Description Scores
Section | Derivation of formula 1 point
- the horizontal magnetic field for a coil of a single turn

i a/2 .
By = 4 mi _(32) oS ¢ (0.3 point)
2rd a )
d? +(]
2
a 2
d =[x J{Ej (0.1 point)
a/2 .
CoS¢p = L)Z (0.1 point)
X2 +[a)
2
- For a coil of N turns, replace the current with iN
(0.2 point)
2.
B, :(ﬂoa N ! (0.3 point)
2r a)? a)?
x? +(j x° +2(j
2 2
Section 11
Measurements to justify that we can ignore the torsion of _
0.8 point

the string

- Tabulated data of lengths and periods (total 0.8 point)
- At least 1 data point for length of the string from 0 to
10 cm (where the effect of torsion is prominent (0.2 point)
- At least 3 data points for length of the string greater
than 10 cm (where the effect of torsion is negligible)
(0.2 each = 0.6 point)




Section 111

- Provide the value of the distance 0.2 point
Coil’s magnetic field and Earth’s magnetic field are in the
(@) o 5.0 points
same direction
- Show that — = B+ B, f=—0 (0.2 point)
T 477l
- Tabulated data from measurements for at least 5 different
values of x (total 3.0 points)
Provide values of B (1.0 point)
Provide values of T (minimum 5 measurements with at
least 10 oscillations each) (1.5 points)
Provide values of Tiz (0.5 point)
- Provide a complete graph of Tizand B (0.8 point)
- Provide a value of the slope of the graph. (0.3 point)
- Provide a value of the interception of the graph (0.1 point)
- Provide a numerical value of B, (0.2 point)
- Provide a numerical value of m (0.2 point)
- Error estimation (0.2 point)
(b) Earth’s magnetic field only 1.0 point

Measure the period accurately (minimum 5 measurements

with at least 10 oscillations each) (0.3 point)

B,, is from 0.25 to 0.35 gauss (max 0.5 point)
B, i1s0.1-0.25 or0.4-0.5 gauss (0.3 point)
Otherwise (0.0 point)

- Error estimation (0.2 point)




(©

Coil’s magnetic field and Earth’s magnetic field are in

opposite direction

2.0 points

If B, is from 0.2 to 0.4 gauss, (max. 2.0 points)

Provide the correct value of x,and its

measurement details. (1.0 point)
Provide the correct value of B,,. (0.5 point)
Estimate the error of B,,. (0.5 point)

If B, is 0.1-0.2 or 0.4-0.5 gauss, (max. 1.0 point)

Provide the correct value of x,and its

measurement details. (0.3 point)
Provide the correct value of B,,. (0.2 point)
Estimate the error of B,,. (0.5 point)

For other value of B,

Estimate the error of B,,. (0.5 point)

*khkkkkhkhkhkkhkkik End Of Problem 1*************




Marking Scheme: Problem 2

No. Description Scores
Section | Derivation of formulae 2.0 points
e m = pﬂ[Rz—(R—t)z}L :pﬁ(ZRt—tz)L (0.1 point)

e m, = pr(0.6cm)R? (0.1 point)
e m, = 7Z'(R—t)2|_ (0.1 point)
e M = m+2m,+m, (0.1 point)
L= ImRe+(R=t) |+2| 1m,R? | realize that th
e I, = Eml[ +( —)}+ 5 MR" |- realize that the
water does not contribute to the inertia (0.5 point), correctly
use the formula for the disc (0.2 point)
e Measurements of R,h,L with errors. (0.3 point)
e Numerical expressions: for example
m = 339.3t-67.86t° g, (0.1 point)
m, = 318 g, (0.1 point)
, = 157.1-125.7t+25.13t> g, (0.1 points)
M = 220.7+213.6t—42.73t> g (0.1 point)
|, = 198.8+2121t-1273t*+339.3t*-33.93t* gcm’
(0.2 point)
Section Il
@ Angular oscillation about the axis of symmetry 4.0 points

- Provide the measured value of T,

Let N be the number of oscillations. (max. 0.8 point)
n>30, (0.8 point)

(20<n<30, (0.6 point))

(10<n< 20, (0.2 point))

(n<10, (0 point))




Number of data points (max. 0.8 point)

n>5, (0.8 point)
(3<n<5, (0.6 point))
(n=2, (0.2 point))
(n<2, (0 point))
- Provide the error of T, (0.2 point)
- Provide the polynomial equation for t (0.3 point)
- Perform numerical iteration (0.5 point)
- Provide the value of t (max. 0.5 point)
0.60<t<0.70, (0.5 point)
0.50<t<0.60 or 0.70<t<0.80, (0.3 point)
0.80<t<0.90, (0.1 point)
t<0.50 or t>0.90 (0 point)

- Provide the numerical values of m;,m,,m,and M

(0.1 each = 0.4 point)

- Provide the error of twith a correct method (0.5 point)

(b)

Angular oscillation about the central axis perpendicular to
the length

2.8 points

- Provide the measured value of T,

Let N be the number of oscillations. (max. 0.8 point)

n>30, (0.8 point)
(20<n<30, (0.6 point))
(10<n< 20, (0.2 point))
(n<10, (0 point))
Number of data points (max. 0.8 point)
nx>5, (0.8 point)
(3<n<5, (0.6 point))
(n=2, (0.2 point))
(n<2, (0 point))




- Provide the error of T, (0.2 point)
- Provide the numerical value of 1°° (0.5 point)

- Provide the numerical value of 17" (0.5 point)

(©)

Comparing experimental and theoretical values of the

moment of inertia

1.2 points

- Provide the correct value of Al (0.3 point)
- Show that Al, is statistically significant (0.2 point)
- Provide the value of the percentage (0.7 point)

*khkkkkkhkkikkikhkkkkk End Of Problem 2*************




